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Summary

Self-induction effect of electric current flow around a circular
hole in a thin conducting sheet is studied in an approximate way.
It turns out, however, that the seif-induction is not so large that
marked frequency dependence of the vertical field component as ob-
served, for example, on Hachijo-shima Island can be attributed to
this origin. A phase lag amounting to several degrees seems likely
to have arisen by the self-induction effect provided a periodic varia-
tion having a period of 30min. and an island of which the diameter
is 10km are assumed.

1. Introduction

That a geomagnetic variation observed on an island is often affected
fairly seriously by electric currents in the surrounding sea has now
become established by a number of observations:***®¢"*9,  Such an
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island effect is best demonstrated by the reversal between the vertical
magnetic fields observed at :tations at opposite sides of the island. The
usual interpretation of the island effect is based upon the fact that
electric currents induced in the sea are deflected by the poorly conducting
island in such a way that the vertical magnetic field produced at one
of the two stations takes a sign different from that at the other station.

Observations on Oshima®® and Hawaii® Islands actually indicated
beautiful reversals between the vertical magnetic fields observed at
northern and southern stations for changes having a period range 10-60
minutes when the geomagnetic field changes in the north-south direction.
Numerical calculations of the induced electric currents and magnetic
fields by Sasai” and Kondo and Sasai'® seem to account for the observed
effects very well although the effect of self-induction has been ignored
completely in their numerical work.

It has also been noticed, however, that an island effect is sometimes
controlled by rapidity of geomagnetic variation. One of the best ex-
amples of such a frequency-dependent effect has been observed on
Hachijo-shima Island”. The ratio of the change in the vertical com-
ponent (4Z) to that in the horizontal component (4H) amounts to — 0.3
or thereabouts for a period range 10-30 minutes at a few stations on
the island. The 4Z/4H seems to approach zero as the period of geo-
magnetic variation gets longer and it takes on a positive value for
variations having a period range 60-100 minutes.

The interpretation of island effect mentioned in the preceding para-
graphs being based on a steady-state approximation, it is clear that no
explanation of a frequency-dependent effect can be provided. It is the
aim of this paper, therefore, to estimate the extent of frequency-de-
pendent island effect for a simple case and to see whether the theory
affords a proper explanation of the observed effects. In Section 2 will
be developed an approximate theory that can possibly be applied to
estimating the time-dependent behaviour of electric currents deflected
by a circular obstacle in a thin conducting sheet. The later sections
will be reserved for comparisons between observed and estimated re-
sults along with some discussion.

2. Theory

2.1. Steady-state solution
Distortion of a uniform steady flow of electric currents in a sheet

10) M. Konpo and Y. SAsAl, “Effect of an Island on a Geomagnetic Variation of
Short-period ”, Proc. Conductivity Anomaly Symp. 2. Earthq. Res. Inst., (1969), 163-174
(in Japanese).
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by a circular obstacle has been studied by Chapman', Nagata et al®
and Ashour and Chapman®™ mostly in relation to effects of solar eclipse
and island on the geomagnetic field.

According to these theories, the current function of the distorted
flow, when a circular area of radius a has zero conductivity, is given by

I, —a?r? >a,
qrm):{ (1—a*rd)y for r=a (1)

0 for r<a,

provided a current of intensity I, flows in the a-direction at points very
far from the circular area, the origin of a two-dimensional polar coordi-
nate (r, ¢) being taken at the centre of the circle.

If we define the anomalous portion of current flow by the difference
between the actual flow and that for a uniform sheet for which the
conductivity in the circular area is the same as that for the remaining
part of the sheet, the anomalous current function is given by

LT { —L,(af{o') sing for r=a , (2)
—Irsing for r=a .

In Figs. 1 and 2 are shown ¥® and 4% respectively. The mag-

netic field components on the sheet (2=0) due to the anomalous current
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Fig. 1. Steady current function 7'® in Fig. 2. 4% ©® in units of Ipa.

units of Ilpa.
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Terr. Magn., 38 (1933), 175-183.

12) T. NAGATA, Y. NARATA, T. RIKITAKE and I. Yokovama, “Effect of the Solar
Eclipse on the Lower Parts of the Ionosphere and the Geomagnetic Field”, Rep. Ionos.
Res. Japan, 9 (1955), 121-135.




192 T. RIKITAKE

flow as shown in Fig. 2 are calculated as™

4HY = —4zT,a sin ¢ gmJl(za)Jl(M')d/1 ' ’
A4HY =4zl sin ¢ ngl(Za)J((Z?‘)dﬂ , r (3)
0

AHG = (4zLa/r) cos 6 rl“lJl(Za)Jl(lr)dl .
0

Figs. 3, 4, and 5 show the
A4HQ, AHS and 4HY distributions
on the sheet in units of I,, These
distributions are calculated by
making use of (3). 4H.? becomes
infinite at the edge of the circle.

2.2. Approximate solution of
current function when the
self~induction 1s taken into
account

Price has shown that a
successive way of approaching the
exact solution of an electro-
magnetic induction problem within
a thin sheet can be utilized

Fig. 4. 4HY in units of Io. Fig. 5. 4H)) in units of I.

0
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provided a parameter inversely proportional to the conductivity and the
period of time variation and also proportional to the spatial wavelength
of the inducing field does not exceed a certain limit.

In a similar fashion, an approximate solution of the present problem
when the self-induction is taken into account may be obtained starting
from the zeroth order approximation or steady state. It is assumed
that the electromotive force that drives the electric currents in the
sheet is induced somewhere very far from the circular area which re-
presents an island. Only the influence of self-induction when these
currents flow around the island will be discussed, the electromotive
force arising in the vicinity of the island being entirely ignored on the
assumption that the island is much smaller than the wavelength of the
inducing field.

The first approximation of the current function under the influence
of self-induction may be given by

U=yo4ye, (4)
where 7@ has already been given in (1) and
P = KoHD [0t (5)

in which K denotes the conductivity integrated over the thickness of
the sheet. As HY can be obtained from (3), the righthand-side of (5)
is known provided the time variation is specified.

Supposing that ¥® is obtained by solving (5) and calculating H{,
the z-component of the magnetic field at z=0 produced by the electric
currents represented by ¥®, the second approximation may become

U=UOLTOLre (6)

where
rpe =KoHy ot . (7)

Proceeding further in a similar way, we may get at an exact ¥ on
the condition that the series like (6) converges. It should be pointed
out that the above procedure is to be applied only to the portion of the
sheet of which the conductivity is finite. In contrast to that portion,
¥ is always nil in the circular area where K=0.

Let us now think of an electromagnetic induction by HY within an
entirely uniform sheet for which a non-conducting area as has been
considered in the preceding paragraphs is non-existing. The current
function ¥ of the induced currents for such a case can be obtained
by solving

prd = KoHD ot (8)
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on the condition that the sheet extends to infinity.
The first approximation of the anomalous current function given
rise to by the presence of the circular obstacle is then defined by

AV =AU 4 g | (9)
where
O =y _yn (10)

In a similar way is obtained & from
Ve =KoH® /ot | (11)
and the second approximation becomes

AU = AT O 4 JPO 4 gT @ (12)
where
ATV =ga_go (13)

It is therefore possible, at least in theory, to arrive at the anomalous
current function provided the series like (12) converges.

2.2.1. 47D for periodic induction
In the case of a periodic induction with period T, we may put

o/ot=ia (i=1"—1, a=2x/T) . (14)

A solution of (5) appropriate to the present problem can be ex-
pressed as

o S:g;m(?- ; )ddsing , (15)

whereas ¢V gatisfies
dPP [dr*+(1fr)dd® Jdr— O [r* = AT, (a) T, (2r) (16)
where

A=—A4AmiIC ,
} 17

C=aKa .

The solution of (16) which becomes vanishingly small for an infinitely
large 7 is given by

PO 3 ) =CO+(A/2)],(2a) [rE;JI(Zr)dT—r"l g'waf,(zr)dr] . (18)
which can be rewritten as

O (r; H)=COr— A1, (Qa)J,(r) . (19)
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The boundary condition that the electric current normal to the
circular boundary vanishes implies

¢ a; =0, (20)
R so that we obtain
C = Aar [, (a)]® - (21)
Putting (21) into (19), we obtain
g0 (r; 2)=A2"J,(Qa)(a/r)],(2a)—J.(A)] . (22)

Going back to (15) and putting (22) into it, the analytical expression
of W is obtained as

o {A ["reralamon—Jenidsing for rza, o

0 for r=a.

It is obvious that the solution of (8) for the whole area of the sheet
including =0 and = is given by

vy = 9w arsing, (24)
0
where

POy )= — A2, Qa)d (r) for 0=sr=-co , (25)
so that the first approximation of the anomalous current function as

defined by
: P Sm[w(o-; D—g® (@ H]dasin g (26)

. becomes

Aa/r) SWZ“E[JL().a)]de sin¢ for r=a,
AU = ‘ (27)

Arz—ﬁJl(/ia)J,().o')d/l sing for r=a.

2.9.9. Numerical calculation of integrals involved in (23) and (27)
Gegenbauer’s integral as given in text books of Bessel function™
leads to

—~1f2
u./

sz"le(Za)Jl(Zq')dZ - ar __F(1/4, 3/4, 2, f) , (28)

4 (a:+7.2)1/2

15) e.g. G.N. WATSON, A Treatise on the Theory of Bessel Functions (Cambridge
Univ. Press., 1922), p. 407.
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where F is a hypergeometric function and
B=4a%2/(at+ 17 . (29)
When r=a, (28) reduces to
S:/l*?[,]l(la)]zdlz(7r/2)‘/2(a/4)F(1/4, 3/4, 2, 1)
=(@/2)"™a/4)/["(T/4)(5/4)] . (30)

From the definition of hypergeometric function, (28) can be written
in a form of infinite series as

| r0an oy

Tt ar [ 1.3 1.3.56.7 . , 1.3.5.7.9.11 _, J
= _ar 1y el |
4 (P * 422 F+ 4'213! g 4°314! p

Since the series on the righthand-side of (31) converges fairly
rapidly, ¥® and 4% can readily be evaluated numerically. Their
distributions in the first quadrant are shown in Figs. 6 and 7 in units
of iCla.

2.3. Magnetic fields due to AWW
The first approximation of the magnetic fields at z=0 due to the

2.0
1.5

(<

Fig. 6. 7' in units of {Cla. Fig. 7. 4¥® in unit ofiCla.
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anomalous currents can be obtained by

AH® = —276(4¥7 ™M) [ox ,

AHY = — 22847 ™) [0y

amy == 1awo 0, 7, 0) - w01 dplp0
0

oo
0

197

(32)
(33)

(34)

in which 4¥® denotes the value of 4% (0,r,¢) at a certain point on
the sheet which is the origin of a polar coordinate p and 6.

It is of course possible to get at analytical expressions of the mag-
netic field components on the basis of (27). But the writer does not

see points in doing so because
(32), (33) and (34) enable us to
compute the field components
fairly easily with the help of an
electronic computer. In fact,
the analytical expressions in-
volve double integrations from
0 to o, so that they are too
complicated to Dbe handled pro-
perly.

In Figs. 8, 9 and 10 are
illustrated the three components
of magnetic field due to 47" in
units of ¢CIL,a. We see that the

distribution patterns are not
greatly different from those for

Fig. 9. 4H.J in units of iCl.

Fig. 10. 4H[Y in units of iClo
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479 as shown in Figs. 3, 4 and 5.

2.4. Further approvimation

It is possible to get at ¥® by solving (7) numerically because HY
on its righthand-side can be obtained in a fashion similar to what we
studied in the last section. A preliminary calculation indicates that
HY in units of ¢CI, is of the same order as HY in units of I, and also
that the distribution patterns of the two fields are not largely different
from one another. It is therefore seen that ¥® and consequently 4¥®@
in units of (iC)’I,a would be of the same order as those for the first
approximation. For a relatively slow variation for which C«1 may be
assumed, 47® becomes very small. In this paper, only variations for
which the above condition holds good will be studied, so that no in-
fluence of the second as well as higher approximations is taken into
account.

3. Opver-all field

Let us assume that the electromotive force, which gives rise to the
island effect, is induced in an infinitely extending sheet by an external
magnetic field of which the potential is given as

W,=A,e" e*sin ly . (35)

According to the theory of electromagnetic induction within a sheet”,
the induced potential is obtained as

W B,ei** e *gin 2y for z>0, (36)
" (=B, e e*sin Ay for z<0 ,
where

B,=2mia(p,/+2mic) ' A, . 87)
Let us further put
B,=(U+1V)A4,,
U=1/1+79),

V=r/(1+%,
7:()02/2:(1' .

(38)

The conductivity of sea-water being taken as o(=4x10""e.m.u.),
the sheet resistance is given by

po=1/(cd) , (39)
in which d denotes the thickness of the sheet.
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As for 2, we may assume
1=10"tem™, (40)

on the assumption that we are concerned with geomagnetic bays and
similar changes in middle latitudes.

Assuming a sea having a depth of 1km, for instance, U and V are
calculated for various values of period as given in Table 1.

We see, therefore, that the
imaginary parts of the inducing Table 1. U and V for 1km depth.

field are so small that the phase

difference between the real and Period U v
imaginary parts amounts to only 10 sec. 1.00000 0.00063
10° or so even for 1-hour period 30 1.00000 0.00190
variation. In other words, the 60 0.99999 0.00380
sea behaves as though its con- 300 0.99964 0.01899
ductivity is nearly perfect. If we lggg g‘zZﬁs g'(l)‘:’;iz
deal with a sea of a greater depth, 5600 0. 95060 0. 21671

the perfect conductor approxima-
tion becomes even better.

In the following treatment, we shall assume y=0. The assumption
leads to a condition that the magnetic field normal to the sheet is always
very small. The condition does not conflict with the magnetic variation
field in low or middle latitudes.

The current function of the induced currents is given by

V= (A,/27)(U+1V)sin 2y, (41)

which may be rewitten as
Fpo=(AL2m)(U+iV)y , ' (42)

for a small value of Zy.
Comparing (42) to ¥® in (1) for a large value of », we may put

All2r =10 . (43)
"It is therefore seen that a magnetic field, of which the components
are given by
onzo )
H,,=2ral(1+ U+iV), (44)
Hzﬂ=0 y

iz accompanied by the electromagnetic induction. As the writer pointed
out before, the electromotive force arising in the neighbourhood of the
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island is not important for the induction by a field having such a long
wavelength.
What have been studied in Section 2 now lead to

H,=H,+4H3 +4HY ,
H,=H,+4H3 +4H,3 (45)
H.=H.+4HY+4H}

the additional field components being given in (3) and (32), (33) and (34).
The first approximation of the
field is proportional to C which is
Teor «ok?  defined by (17). Taking o=4x
3 107" e.m.u. for the conductivity of
| sea-water, changes in 1/C as the
m‘ P period increases are shown in Fig.
e { o 11 taking the product of the
e radius of the island (a) and the
e depth of the sea (d) as the pa-
e e rameter. Typical values of C for
e 500 ad=10km* are listed in Table 2
o o Hsee. for a number of periods. From
Fig. 11 and Table 2, it is seen
that the present method may not
work for combinations of large ad and small period because C exceeds 1.
An example of over-all field components is given in Table 8 on the
basis of a calculation indicated in (45). It is assumed that ad=10km?
and T=1800sec. and the calculation is made only for points on the ¥
axis. In this case, it is obvious that H,=0 on the ¥ axis.
The real and imaginary parts of H,/H, ratio at a few points on the
y axis are shown in Fig. 12, 1/C being taken as the abscissa. It may
be caid that the real part of the ratio takes on a nearly constant value
for C’s smaller than 0.05, while its imaginary part is so small that the
phase lag amounts to only several degrees. As far as the present theory
holds good, therefore, it does not seem possible to account for the re-
sults that 4Z/4H depends largely on the period of geomagnetic variation

Table 2. C for ad=10km-.

2000
Period —=

Fig. 11. Changes in 1/C for various ad’s
as the period increases.

Period C ‘ Period C
10 sec. . 2.5133 600 sec. 0.0419
30 0.8378 ‘ 1800 0.0140

60 0.4189 | 3600 0.0070
300 0.0838 -

LY
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Table 3. H, and H, in units of I,a on the y axis when
ocd=10km?* and T'=1800sec.

H, H, H,/Hy
rla
Real pt. | Imag. pt. Real pt. | Imag. pt. | Real pt. | Imag. pt.

0.9 12.454 0.983 9.849 1.765 0.797 0.079
0.8 12.428 1.217 7.026 1.443 0.571 0.060
0.7 12.418 1.300 5.513 1.201 0.499 0.050
0.6 12.410 1.369 4.318 0.981 0.352 0.040
0.5 12.407 1.396 3.431 0.782 0.280 0.032
0.4 12.404 1.424 2.611 0.605 0.213 0.024
0.3 12.401 1.451 1.957 0.460 0.160 0.018
0.2 12.399 1.465 1.236 0.295 0.101 0.012
0.1 12.399 1.465 0.733 0.153 0.060 0.005
0.0 12.398 1.479 0 0 0 0

r/0:09

Fig. 12. Changes in H./H, ratio at a few points on the y axis as estimated
for various values of 1/C.

-and that it sometimes changes its sign at a certain period as observed
on Hachijo-shima Island.

4, Discussion and conclusions

The change in amplitude and sign of 4Z/4H of geomagnetic variations
observed at stations on Hachijo-shima Island does not seem to be ac-
counted for by a simple theory of island effect even if the influence of
gelf-induction is taken into account in an approximate way. When the
‘geomagnetic field changes very rapidly, it is obvious that the present
theory of which the zeroth order approximation relies on the steady
state does not work. In such a case a theory, in which the zeroth
order approximation of current function should be that for an infinitely
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extending sheet of perfect conductor with a circular hole, is needed for

getting at a solution. Although a few theories’™™ for such an electro-

magnetic induction exist, they are not formulated in a way applicable-

to the present problem.

It should be pointed out, however, that the theory developed in this.
paper may be applicable to the period range for which we observe a.
remarkable frequency dependence of island effect on Hachijo-shima.

Island. The writer is of the opinion, therefore, that the cause of such

a frequency-dependent island effect should be sought elsewhere rather

than in the effect of self-induction.

One of the possible causes of the frequency-dependent effect would’

be the possible difference in site for effective flow of induced currents
between short and long period variations. As has been shown by Ashour?®,

the intensity of electric currents induced in oceans is almost uniform:

throughout the depth for geomagnetic variations having a period of 1

hour or longer, while, for variations of short period, 10sec. say, the

intensity decreases exponentially with depth just as for ordinary skin

effect. The depth of the sea around an island usually getting deeper:

gradually as the distance from the shore gets larger, it is readily sur-

mised, therefore, that the induced currents for g rapid variation flow
closer to the island than those for a slow variation. We therefore think:

that the effective radius of an island is large for a slow variation, so

that 4Z anomaly actually observed on the island is to be small because.
the observation stations are concentrated over the central area of the
effective island. On the contrary, the induced currents flow close to the-
actual island when the period is short, so that stations near the edge of”

the island may be affected by the anomalous field to a large extent.
The above consideration leads us to a conclusion that, on an island that
upheaves steeply from deep ocean bottom, the island effect should

best be observed even for fairly long periods. One of the best examples.

for such a case is Hawaii Island.

A less certain cause of the abnormal island effect would be the:

role of sea water permeating the interior of an island. When the rocks
composing an island are highly porous and permeable, conductivity con-
trast between the island and surrounding sea would become small. In
such a case, the island effect would possibly become less clear and ir-

regular. Some evidence for such a situation has been reported on Oahu.

16) T. RIKITAKE, “Electromagnetic Induction in a Perfectly Conducting Plate with.

a Circular Hole”, J. Geomag. Geoclec., 16 (1964), 31-36.
17) A.A. ASHOUR, “Electromagnetic Induction in Finite Thin Sheets”, Quart. J.
Mech. Applied Math., 18 (1965), T4-86.

18) A.A. AsHOUR, “The Depth Variation of the Intensity of Current Induced in a.

Model Earth and Ocean, Geophys. J., 17 (1969), 321-325.
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Island® where the effect on geomagnetic variations is not quite the one
expected from a simple theory. Nothing has been practically known,
however, about the detailed influence of subsurface water on island
effect.

In conclusion, it may be said that the present theory of island
effect, in which the influence of self-induction is approximately taken
into account, does not seem to account for the frequency dependent
effect on 4Z/4H ratio of geomagnetic variation as observed on some
islands. A possible cause of such frequency may be sought in the fact
that the effective dimension of an island differs from variation to varia-
tion when the difference in the frequency is considered although no
quantitative amount had as yet been taken account of. Klein® has
reached a conclusion of a similar sort in relation to the interpretation
of geomagnetic variations over Oahu Island.

19) S. ARAMAKI, Personal communication, (1968).
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