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Summary

Geomagnetic variations are studied due to the effect of stress
on magnetization of rocks when a hydrostatic pressure is applied
from inside to the cylindrical surface embedded in the earth. If
the earth is assumed to be composed of a homogeneous rock with
an intensity of magnetization 3x10-3 emu/ee, the maximum change
of approximately 27 in total intensity is expected for the cylindrical
source of 5km radius being placed at a depth of 14.5km and sub-
jected to an internal pressure of 100 bar. For the cylinder of
10.5km depth, the variation amounts to 3y.

1. Introduction

It has long been a matter of dispute whether any change in the
geomagnetic field can be observed in association with an earthquake.
It is attempted in this paper to estimate a possible variation in the
field caused by the stress effect on magnetization of rocks.

The stress effect on the magnetic susceptibility was experimentally
studied by Kalashnikov and Kapitsa®, Grabovsky and Parkhomenko?,
Domen® and Nagata and Kinoshita®. It was also investigated theoreti-
cally by Stacey® and Nagata®. All these studies can be summarized
by stating that the magnetization in the direction of compression is
decreased, whereas the magnetization perpendicular to the applied com-
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pression is slightly increased.
On the basis of the above experimental results, Stacey attempted

to estimate possible variations in the geomagnetic field at the times of
earthquakes and volcanic eruptions. Assuming a specific distribution of
stress due to a fault, he obtained a maximum variation in the magnetic
field of 407y for the earth model composed of igneous rocks having the
remanent magnetization of 10~ emu when a peak stress in the fault is
assumed as 100 kg/cm? and 4v for the earth model of remanent magneti-
zation of 10~° emu”. He also calculated magnetic changes associated
with stress fields when a spherical magma chamber beneath a volcano
is under a critical condition for tensile and shear failure®, obtaining a
local maximum effect of 7v. In his calculation of stress distribution,
however, he ignored boundary conditions for stresses at the ground
surface, This simplification does not seem relevant to the present
problem. The magnetic change to be observed at the ground surface
is greatly affected by changes in the magnetization of shallow origin.

In relation to the study of the earthquake mechanism, a number of
theoretical works have been conducted on simple models to obtain stress
and strain distributions. When a sphere is embedded in a semi-infinite
elastic medium, and various types of stress distribution are given on
its surface, stress and strain distributions at the ground surface were
calculated by Soeda® and Yamakawa'”. Recently, Rikitake developed a
theory for the cylindrical source model, in which a hydrostatic pressure
is applied from inside!”. In these studies, boundary conditions for
stresses and strains at the ground surface are taken into consideration,
whereas those at the spherical or the cylindrical surface are ignored.

In this paper, magnetic variation is calculated on the basis of
Rikitake’s work, which seems more relevant to calculate the magnetic
variation at the surface than does Stacey’s model.

In section 2, Rikitake’s theory is outlined and the distributions of
stresses and strains within the earth are computed. Changes in the
remanent magnetization associated with the stress changes are calculated
in section 3 and numerically integrated in such a way as to give the
magnetic variation at the ground surface.
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2. Stresses and strains produced by a cylindrical source

Rikitake studied a stress-strain problem when a cylinder is embedded
within a half space and a hydrostatic pressure is applied from inside
the cylinder.V :

Firstly, stresses and displace- .
ments when the cylinder of radius X
a is placed in an unbounded space (x,2)
and subjected to a hydrostatic
pressure (—p,) from inside are | 46
calculated. When the Cartesian
coordinates (x,2) and the polar j
coordinates (r, #) are taken as in
Fig. 1, displacements and stresses

outside the cylinder are obtained z :
as follows: Fig. 1. Coordinate system.
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where u,, u, are the x and 2z components of displacement and t,,, 7gs are
the 7r and 66 components of stress tensor. p designates rigidity, f
the depth to the center of the cylinder.

At the ground surface z=0 the normal stress z,, and tangential
shear stress 7,, are required to vanish. Let us take the solutions pro-
duced by a cylindrical source with the same intensity —p, at a mirror
point (2= —f), the displacements being given as

w. — a’p, X
T2 S (3)
_p, 2+ f

z

C2u (et

On superposing them on the above solutions (1) and (2), z,, vanishes at
the ground surface. However, 7,, remains finite:
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2 2
7, =2a? @S at z=0. 4
Do @ Y (4)
In order to cancel the normal stress at the surface, we may add
the following displacements to those given in (1) and (3). Such a
procedure does not disturb the boundary condition for z,,.
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where \ is a Lame’s constant.
For simplicity, here we assume A=g. Then the solutions which
satisfy the boundary conditions are given as follows,

(5)
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Principal stresses (r,, 7,) outside the cylinder and their directions
., n), (I, m,) are easily obtained as

— Tz + Toe —-—-*_—l/(z.xx _ Tzz)z + ng
2 ’

T

(7)
Y, = 2T —7T.) ’
Ty,

where vi:%':tango t=1,32),
For a few cases, the strain and stress distributions were calculated
at an interval of 1km in the a-direction and at intervals of 1m for

0<2=<10m, 10m for 10m<2<100m, 100 m for 100 m<z=1km, 1km
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for 1km<2<20km. Examples are shown in Fig. 2 and Fig. 3 where
p, is taken as 10°dynes/cm?® (100 bars) and A= p=10"cgs. The cylinder
with a radius of 5km is placed at depths of 14.5km and 10.5km.
Magnitudes and directions of principal stresses were calculated and are
shown in Fig. 4 and Fig. 5, in which tensile stresses are shown by solid
lines and compression by broken lines.

Figs. 8 to 5 indicate that the stress 7,,, the nonzero component at
the ground surface, changes its sign from positive (tension) to negative
(compression) at about 14.5 km distance from the origin when the cylinder
is placed at the depth of 14.5km and at about 10.5km for the cylinde
of 10.5km depth, :

As stated before, the present calculation ignores the boundary con-
dition at the cylindrical surface. Accordingly, the effective stress acting
on the cylindrical surface is not a hydrostatic pressure. However, the
errors produced by neglecting the boundary condition at the surface
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20km 20km
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20 %Okm 20 40 km
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Fig. 2. Distributions of strains when a hydrostatic pressure of 10° dynes/cm? is
applied to the cylindrical surface from inside. From the top to the bottom, e:s, e.: and
ez for the cylinder of 14.5km depth for (a), and 10.5km depth for (b). Unit is 10-5.
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Fig. 3. Distributions of stresses. From the top to the bottom, sz, 7z and 7., for

the cylinder of 14.5km depth for (a) and 10.5km depth for (b).
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Fig. 4. Distribution of principal stresses when the cylinder is placed at a depth

of 14.5km. Solid lines denote tensile stresses and broken lines compression.
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Fig. 5. Distribution of principal stresses when the cylinder is placed at a
depth of 10.5km. Solid lines denote tensile stresses and broken lines compression.

become small when the cylinder is situated at a depth much larger than
the radius of the cylinder. They have been estimated to be of the order
of (a/f)’ in the case of a sphere being embedded in the earth.”® In the
cylindrical case, they can properly be supposed to be of the order of
(a/f)’. Numerically calculated values of the normal stress on the
cylindrical surface were confirmed to vary within 30% of the prescribed
value.

3. Magnetic changes

In this section, changes in magnetization due to stress effect are
caleulated numerically, based on the stress distribution obtained in the
previous section. It is assumed here that the isotherm of the Curie
temperature lies at a depth of 20 km and that no contribution to the
field change at the surface is made from beneath the 20 km depth.

We shall denote the major component of the principal stress by oz,
and the minor one by o7,. Let J, and éJ, be the magnetization in the
direction of the major axis of the principal stress and the change in the
magnetization due to stress effect in the same direction. J, and 6J,
are the corresponding quantities along the minor axis. Then we have

3JJI = (k157M + kzafm)Jﬂ[ ’
8Jm = (k257nl + klafm)']m ’

where k, is the constant representing the stress effect on the magneti-
12) ibid., 10).
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zation in the direction of the applied stress while %, represents the stress
effect orthogonal to the applied stress.

x and z components of the magnetization vector (6J,, é.J,) are obtained
by the simple transformation,

0J,=0J,, cos p+dJ,, sin @ ,
0J,=06J, sin p—dJ,, cos p ,

In the present two dimensional case, magnetic potentials due to
magnetization changes 4.J, and é.J, are written as follows,

W;: Sg 20, (a', 2')- (x—2') da'dz’
‘ (=) +(z—2) ’

({200, &) G=2) g
W e 20

(1)

where (x, z) denotes the coordinate of the observation point. Then the
magnetic change (4H,, 4H,) observed at a point (x, z) become

JH,= g g[aﬂg +OHNdwde |

4H,= S S[ﬁH; +8Hdx'd?
where
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The integration should be carried out over the region 0<2'<20km,
— oo L' < oo, excepting the cylindrical area, where it is assumed here
that the stress has no effeet on the magnetization change.

Analytical treatment of the integrals (8) seems impossible when the
changes in magnetization calculated in the previous section are introduced
in the integrand of the equations (8). It is attempted, therefore, to
calculate the equations (8) numerically in this paper.

A problem of convergence arises if the equations (8) are integrated
numerically. When «’ and 2’ approach to x and z respectively, 6H;, for
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example, increases infinitely for a finite dJ,. In order to avoid this
difficulty, 6H}, 0H?, 0H} and 6H? are analytically calculated first within
the interval [x,— 4, x;+ 4], assuming that 6J, and d6.J, remain constant
within the region. Here 4z is half of the unit length of each mesh
point for which the variation in magnetization is calculated.

i zi+dx L , , x__xl z;+dz
AHI - 5szx —259];5(%“ z) ’
wy—dz (—2)2+(2—2') Joy—1z
- z;+dz . ;o , 22— z! zi+d4z
AHY = 0HMx' =20J (x;, ) - - ,
vy—dz (x—2')+(z—#') Jdog—sz
) x;+dx 22— z/ r;44dz
AHY = g 5 Hidaw =267 (x,, z’)[ La ] ,
zg—dz (x—x ) +(z—z')2 zg—dz
x;+dx ot 444z
amE= "o = ~ 200, | 2t [T
zy—dz (x_xl)2+ (z—z’)z z;—dz

Then summation is taken over ¢ as follows,

AH, = S S (4HS+ 4H¥)dz'

i

AHZ:SZ(AH,“—l-AH:‘)dz' .
There still remains the problem of integration when z’' approaches to z.
In the following calculation, it is assumed that the observation is always
conducted. 10 m above the ground surface, i.e. z=—10°%¢m. Integration
for 2’ is carried out by Simpson’s rule, by dividing 2’ finely for the shal-
lower part, i.e., éJ, and éJ, are calculated at the interval of 1m for
0=<2'<10m, 10m for 10m< 2 <100m, 100m for 100m <2’ <1km and lkm
for 1km<z’<20km,

Although there are no satisfactory experiments as yet on the piezo-
magnetic effect on the remanent magnetization of rocks, %k, and k, are
tentatively assumed as 1.0x 10 *cm?/dyne and —0.5x10"cm?/dyne re-
spectively, following Stacey'.

Changes in magnetization and hence changes in the magnetic field
caused by stress changes in the previous section are calculated in the
case where the earth is composed of a homeogeneous rock magnetized
with an intensity of 3x10~*emu/cc.

. For the purpose of examining the numerical procedure, the magneti-
zation and the field change are calculated for the case of zero magnetic

13) <bid., 7).
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inclination where the geomagnetic field is horizontal. In Fig. 6, changes
in magnetization J, and J, are shown when the cylinder is situated at
a depth of 14.5km and a pressure of 10° dynes/ecm?® is applied from
inside. Field variations at the ground surface caused by the change
in the magnetization are shown in Fig. 7. As a matter of cource,
distributions in the field change become symmetrical along the meridian
for the north component (4X) and the total intensity (4F'). Differences
between the maxima of positive and negative field variation amount
to 2.97 in 4X, 2.8y in 4Z and 2.9y in 4F.

When the inclination is 50°, distributions of magnetization and field
changes are calculated for the different depths of the ecylinder, i.e.
14.5km and 10.5km. Results are shown in Figs. 8 through 11, When
the source cylinder of 5km radius is at a depth of 14.5km, the maximum
change of 1.77 in the total field is expected at the surface. The dif-
ference in the field variation amounts to 2.5v in 4F. When the source
is at a depth of 10.5km, the maximum change in the total intensity
amounts to 2.7y and the largest difference between the field variation
in AF reaches 5.37.

~20km

Fig. 6. Changes in magnetization for a homogeneous earth having an intensity
of 3X10—%emu/cc, the magnetic inclination being zero. Unit is 10—5emu/cc.
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Fig. 7. Changes in the magnetic field along a meridian when the inclination
is zero. From the top to the bottom, the change in the north component 4X,
the vertical component 47 and the total force intensity AF.

-20

Fig. 8. Changes in magnetization for a homogeneous earth having an intensity
of 3x10—3emu/ce, the magnetic inclination being 50°. Unit is 10~%emu/cec.
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Fig. 9. Changes in magnetization for a homogeneous earth having an intensity
of 83x10—3%emu/ce, the magnetic inclination being 50°. Unit is 10—-5emu/cc.
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Fig. 10. Changes in the magnetic field along a meridian when the inclination
is 50°. From the top to the bottom, the change in the north component 4X, the
vertical component 4Z and the total force intensity 4F.
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Fig. 11. Changes in the magnetic field along a meridian when the inclination

is 50°. From the top to the bottom, the change in the north component 4X, the
vertical component 4Z and the total force intensity 4F.

4. Discussion

In the present calculation the earth is assumed homogeneous with
a magnetization of 3x10~%emu/cc. The earth is, however, composed of
large masses of sedimentary rocks, with much weaker intensity, as well
as igneous rocks. When the existence of sedimentary rocks is taken into
account, the field variation becomes much less than that obtained here.
Actually the complex distribution of the igneous rocks and the sedi-
mentary ones makes the field change much more complicated. In this
case, the field gradient may be distributed irregularly and become much
larger than the present one, though the field variation itself is lessened.

In this study, it is also assumed that the magnetization inside the
cylinder cannot be subject to any change. This may be the case where
the material within the cylinder has already met destruction and no
stress can accumulate there any longer, or the case where the cylinder
ig filled with liquid such as a magma reservoir,

The present model gives the maximum strain of 3.4x10~° at the
surface, whereas strain changes of 10~ were often observed at the time
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of earthquakes.*® Although it is difficult to infer the real distributions
of stress and strain within the earth, those calculated in this paper seem
to give a rather moderate order of magnitude for estimating the change
in the geomagnetic field which may be associated with an earthquake.

At the time of the Matsushiro earthquakes, gradual changes in the
magnetic field have been reported at two stations approximately 6km
apart from each other at the time of the most seismically active
periods.’® At a northern station the total intensity decreased about 5y
during 2 months, while at a southern station the total intensity in-
creased by approximately the same amount. Although the earth is not
composed of a single homogeneous rock as in the model studied here,
nor is the earthquake mechanism so simple as assumed in this paper,
it is still interesting to point out that the total force intensity decreases
in the north and increases in the south of the cylinder (or epicentral
area) and that the order of magnitude of the change is, in the case of
the cylinder located at a depth of 10.5km, not very different from the
observed variation in Matsushiro.
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