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Abstract

The effect of the continental slope is mathematically treated,
and a numerical example is given.

1. Introduction

As is well known, a tsunami is a train of long waves, almost, non-
~dispersive in the leading part, almost inperceptible in the open ocean
masked by wind waves. It comes to our notice only when it approaches
the coast or enters a harbor, hence it is called tsu(harbor)-nami(wave)
in Japanese. The amplification of the wave height is sometimes due to
the squeezing of wave energy into a shortened wave-length and crest-
width, and at other times due to the resonance of bay water. The tsunami
waves must, however, pass through the continental slope beforehand,
where they suffer some deformation in the wave form.

The pressure set-up is the main cause of the sea-level change in
the case of a storm surge in the deep open ocean. "The level change
due to wind stress would be very small in the deep ocean far distant
from the shore. Although the pressure set-up water hump is a forced
wave, which moves with the depression, it suffers the effect of bottom
topography as tsunami waves do, since the diameter of the depression
is generally very large compared with the sea depth.

As a first step to the study on coastal effects we will consider the
effect of the continental slope on these waves in the following section.

2. The effect of the continental slope

We will first study the effect of continental slopes upon incoming
long waves. We assume the wave-leﬁgth to be very long compared
with the depth at all places under consideration so that long wave ap-
proximation holds good everywhere. If we consider only waves with
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periods longer than 5min, this condition will be approximately fulfilled
for seas shallower than 5,000 m.

We assume a continental shelf of a constant depth %, an ocean of
a constant depth #,, and a continental slope where the depth is taken
to be proportional to the square of the distance w, that is, the long
wave velocity is assumed to be proportional to the distance. To avoid
abrupt changes of depth at #, and x,, we make h,=ax? and h,=ax?,
i.e. we have

h=h=ax} for T 2w,
h=ax* for o,=<v=w,
h=h,=ax} for T,Z .

This assumption of sea depths makes mathematics very simple. Lord
Rayleigh? treated the case of reflection of sound waves when the medium
density varies as an inverse square of the abscissa. Kajiura® caleulated
the reflection coefficient for long water waves when the depth is supposed
to vary as the square of the distance. We will calculate in the following
the transmission coefficient of the continental slope when the depth is
given as above.

The sea surface elevation due to waves in the oceanic region (x>,)
may be written as follows :

. 77=Aeikgz+Be-—ikzx

the time factor e** being understood. A is the amplitude of incoming
wave and B that of the reflected wave. We have ki=c?/agx?.
The wave on the continental shelf (x<(x,) may be written as

7}:E€ik12

where ki=¢*agxl, because we do not consider at present any reflected

wave in this region.
As the differential equation of the wave for the reglon U fr:s'vz,

we obtain .
(.

>+n =0 |,
a:c\ 6:::

where n*=c¢fag. The solution of this equatlon 1s glven by

1) LORD RAYLEIGH, Theory of Sound (1962), §148D.
2) Kinjiro KAJIURA, “On the partial reflection of water waves passing over a bottom
of variable depth”. Xth Pacific Science Congress, 1962, Tsunami Symposium.
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77=Cvg(l._uu-im__[_Dx—é—-im ,
where mi=n'—1/4.

The boundary conditions that the elevation of the sea surface and
the quantity of flow of the sea water must be continuous at «, and =,
gives the following four expressions :

Aein+ Be—in —_ Cx;1/2+im + Dx2—1/2~im ,

Aein— Be=i*=C. ’W.b gUtim 4 D wm g,V

++1m F—im
) Eein =Cx1—1/2+im+Dx1-1/2—im R
Eein =C M _grunvimgp Mg -apemim
++1m —im

In the above expression the relations klxi=Fkir;=n> were used.
Eliminating B, C and D from these expressions we can obtain after
some reduction

E / m
2, m cos (m log p)-+in sin (m log 1)

where
H=[2,

Then transmission coefficient is then

2m
ElA|=y22 .
|BIA]= xl 1V 4 m* + sin® (m log p)

If n*<1/4, m becomes imaginary. Then putting m=im’, we have

.

E_Ju m
A x, m’ cosh (m’ log 1) +n sinh (m’ log 1)

and

2m’
x, vV Am +sinh (m’ log 1)

|BjA|=)/%

If n*=1/4, m=0, and we have

A
\/'vl 1+m log 2
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and
.2 ‘
1/4+(log e

In Flg 2. 1 the values of IE/AI are given for a topography as shown
in the same Flgure.
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Fig. 2.1. Transmission Coefficient of a Continental Shelf.

When o is very large, that is, when the wave length 2 is- short
compared with x,—x,, m becomes also very large and |E/A| approaches
to v/w,[x,, that is, to ¥h,[h, the value which is given by Green’s law.

When o is very small, m’ approaches to 1/2, and |E/A| reduces to
2x,/(x,+2,). This is exactly the same with the value obtainable in the
case of abrupt change of depth, if we notice that the wave velocities
on the shelf and in the ocean are respectively proportional to x, and =,
in our case. When mlog t==/2, 8z/2,-.., |E[A] becomes equal to
V'a,fw,. |E[A| curve therefore starts from the value 2,/(%,+ %), oscillates
between the curve \/z,fx, m/n and v/,[z,, and finally approaches to the

latter value. The maxima and minima correspond approximately to the
cases when 2s-2/4 and (2s-1)-2/4 are contained between x, and x,, where

4 is the local wave-length and s=1,2,8, ---. - _,
Energy density transmission coefficient will be given by |F[A4]>. From
the law of conservation of energy, the reflection coefficient can be ob-

tained as




Coastal Effects upon Tsunamis and Storm Surges 179

2= A

The phase angle ¢ of E[A can be written as
ﬂ:arctan[itan (m log ,u)]‘ )
m .

but may be.substituted by 6=—o(log )/ ag in a -rough approx1mat10n
When plotted against o, 6 gives a wavy curve, startmg from the origin,
and then passing through the ‘values, —#/2, —n, —37/2, - svuccesswely
corresponding to the successive values of ¢ which makes §?§(’m log 1) =0.
The amplitude of the wavy fluctuation decreases rapidly with increasing
o, finally becoming a straight line.

The E/A curve seems. therefore to-be approximated well by the
followmg expressmn '

o QeyEsefes T
1 ( psnfe) oo (1),
'A‘ 1//’!< I+p S ) o ~( )
where ‘ f=71; log /¢ .

: ag

The wavy fluctuation of the transmission coefficient seems-to.be fhe
result .of seiche oscillations provoked on the continental slope -owing. to
the slope discontinuities at @, and 2,. In the real sea, the slope would
rather be continuous. -In such casethe wavy fluctuation of- |E[A| would
dlsappear and E[A: may well be approximated. by such.an expressmn -as

AV Nt
__1/ ( ( M=V /) “"’/")e ife . . (2),
R \ I
If we write the spectrum of the incoming tsunami or storm surge waves

as W(s) in the open ocean, then the wave E(t,%) on the continental
shelf would be

B(t, 1)= \/ S : mW(O_)ew'(t-X-:c—zl/cl)do_
@, -=m cos (m log f)+in sin (m log p)

where
c=agx} .

If we assume as the incoming wave
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A, e‘vz““_—Tlez)z:r W (o)eiot+==lewdy |

then writing
t=t+a—nc,, ci=agw?

W(G):ir e emividem ALV T oot
27 J-w 27 P

Using the approximation (2) for E[A, we have, after reduction,
e 1=V ) e
E(t, x)=A me """ — A/ ( ) g=stur—pz
where

c=tto—mle,, L=-L tafyz.
4s*  4p?

The second term represents a lower and flatter hump than the first

term since s<p. The term f repre-
sents the delay caused by propagat- A~ st term
. . / ‘/
ing the distance x,—x,. I
It is somewhat queer that a ,"/ \\
positive hump of water in the open = A
sea should be superposed by a T | >~
secondary negative depression when 2nd term

it proceeds into the continental Fig.22. The deformation of wave form
shelf. If, however, the positive due to a continental shelf.

hump be succeeded by a negative trough of the same size, the secondary
waves, which superpose on the primary ones, will almost compensate
to each other, and there will practically remain only the primary ones,
the crest and trough being reduced to 2w./(x,+x,) times the original
values.
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