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Abstract

A method is proposed which gives a clue to determine the degree
(m) of the free oscillation of the earth, or the azimuthal characteristic
of the origin of disturbance. This method is based on the principle
that the series of zero points of the guiding curve of spectrum peaks
depends on the degree number m. If a specific spherical surface
harmonics with a certain value of # has a series of zero points that
conform to the zeroes of the guiding curve of the observed spectral
peaks, the degree number s is determined.

1. Introduction

Basic solution for the free oscillation of a radially heterogeneous
elastic sphere involves the spherical surface harmonics P,™(cos 6)-exp(ime)
or a somewhat modified form of the same function. (#=co-latitudinal
angle and ¢=azimuthal angle.) In this solution the order numer n is
closely connected with the period of the free oscillation, while the
degree number m has nothing to do with the period. Consequently,
the frequency analysis of the observed long period oscillation yields the
knowledge concerning the free period of the earth, but does not give
the azimuthal characteristic of the free oscillation or of the source of
the disturbance. '

In the following sections, however, a method is proposed which
gives a useful clue for determining the degree of free oscillation, or
the azimuthal characteristic of the origin. This method is based on the
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principle that the zero points of the guiding curve of spectral peaks,
which are given by the spherical surface harmonics or its modified form,
depend on the value m.

2. Basic theory

If we look at Fig. 1, which is the result of the spectrum analysis
of the theoretical seismogram obtained by the present authors”, we are
naturally led to the questions: (1) can we draw an envelope of the
spectral peaks as is given in Fig. 1, and (2) what is the meaning of
such a guiding curve.

In order to make this problem clear it will be better to go back to
the fundamental expression for the displacement or the strain. In a
radially heterogeneous elastic sphere disturbances are expressed as

D= 5,0, Ry(ry ipn)-0,7(0)- Gl mep-f*(p)-exp(fipat)  (21)

where
Radial mode number.
4: Unit of imaginary number.
n, m: Order and degree of the spherical surface harmonics re-

spectively.
C,m: Coefficient due to the space distribution of the applied external
force. ;
f*Gp,): Fourier conjugate of the time function of the applied force
F@®.

:p.. Frequency of the free oscillation. Since the modes with
different degree m have an identical degenerated frequency,
;D. has no superscript m. :
R,(r,p,): Function giving the radial distribution of disturbance.

6),,'“(())-(:0s m¢: Function giving the surface distribution of disturbance.

sin
The actual form of the function 6,™(¢) depends on (1) the
kind of oscillation, whether it is spheroidal or torsional,
(2) the quantity measured whether it is displacement or
strain and (3) the component whether it is radial, colati-
tudinal or azimuthal. ‘
The spectrum of the disturbance D obtained at a point on the

-T) Y. SAT(‘),A;IT: Ué;’&l and M. LANDISMAN, “Spectrum, Phase and Group Velocities
of the Theoretical Seismogram, and the Idea of the Equivalent Surface Source of Distur-

bances”, (in print).
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surface with an epicentral distance 0=80, and azimuth ¢p=4¢, is

S,m =0, Bty 0,070+ 5 mepe-f*(,) 2.2)

where a is the radius of the earth. If the following notation (2.4) is
introduced the spectrum is given by the form

S, =,(common spectrum),™-6,™(0,)- g?rsl Map, (2.8)
in which
;(common spectrum),”=C,"-R,(a, ;p,)-f *(:D.) 2.4)

Spectrum obtained at a certain point on the surface is, therefore, the
product of this common spectrum and the function 6,(6)- (S:OISI mep, which

is determined only by the coordinates of the point. Of the three factors,
of which the common spectrum consists, the first one C,” depends on
the geographical distribution of the force applied. If the force is
localized within a small range of area this quantity is a slowly varying
function of n. The second function R,(a, ;p,) also varies slowly if the
vertical distribution of the material is not exceptionally complicated.
The last function f*(;p,) does not change rapidly, either, if the force is
an impulsive one, which is the usual case. If, therefore, the guiding
curve of the spectrum peaks is drawn, its zero pomts should be mostly
those of the function &,™(6).

The solution for each kind of problem is given in Table 1, and the
actual form of the function 6,”™(6) can be found in the corresponding
section. For example, if the radial displacement of the spheroidal oscil-
lation is observed, the guiding curve of its spectrum should approach to
zero at the zero points of P,™, while for the azimuthal displacement
of the torsional oscillation at those of the function dP,™/dd.

3. Tables and figures

Table 1 gives the basic solutions for a number of typical problems.
These solutions are chosen because they are well observed by long
period inertia instruments and strain seismographs. In this table the
underlined part expresses function 6,"(6).

In Figs. 2a-2i the zeroes of the function 6,"(0) given in Table 2
are drawn with the abscissa ¢ and the ordinate ». Since the above
functions are either even or odd function of 4 about §=90°, 4 is assumed
to be between 0° and 90°. The degree number m is assumed to be 0,
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1 or 2, since these are the cases in which we are interested.
When 7 is fairly large and sin @ is not very small, the asymptotic
expansion of the associated Legendre function

P,™(cos ) ~(—)"n™ ]/n si2n ; cos {(n + —é—)ﬁ+mé—”—zf} (3.1)
T

is useful, because it holds with a good degree of accuracy.

Most of the numerical work was carried out using the IBM 7090,
and the rest by OKITAC 5090. Some of the zero points near #=90°
were obtained from the above asymptotic expression. This formula is
accurate enough for preparing the figures, which are, considering the
precision of the present observational work, more than enough for the
actual work.

4. Example of the application of the method

When a seismogram is given, the first step is the spectrum analysis
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of the observed disturbance. Then the zero points of the guiding curve
of the spectral peaks are compared with those of the specific 6,™(6)-
function corresponding to that problem. If one of the series of zeroes,
picked up from the figures for m=0, 1 and 2, agrees well with the
observed ones, the degree number m, or the azimuthal characteristic of
the source is determined.

The speetrum given in Fig. 1 was obtained analysing the theoretical
seismogram for the azimuthal displacement of the torsional oscillation
at the epicentral distance 0=150°". Therefore in Fig. 2b, which is for
the case m=0, drawing a straight line parallel to the ordinate at 4=30°
(=180°—150°), zero points are found as follows.

n=6.85, 12.92, 18.95 4.1)

These values are given by the arrows in the same figure exactly showing
the zeroes of the guiding curve. If another value is assumed for m,
the zero points come out as follows;

m=1; n=3.15, 9.73, 15.80, 21.87
m=2; n=5.50, 12.40, 18.62 (4.2)

These values are plotted in the same figure, but the discrepancy from
the zeroes of the guiding curve is large and it is hard to adopt either
of the two values of m.

For §=60° the same method was applied and the zero points came
out as follows.

m=0; n=38.25, 6.25, 9.25, 12.25, 15.25, 18.25, 21.24
m=1; n=1.66, 4.67, 7.70, 10.72, 13.73, 16.75, 19.75 (4.8)
m=2; mn=2.84, 6.06, 9.12, 12.15, 15.18, 18.22
The result is given in Fig. 1, from which we may conclude that (1) the
observation near the pole is preferable to the one near the equator, and

(2) the long range of the time of observation is not always good for
this kind of analysis.
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