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Introduction

In the preceding papers”—® the author demonstrated the effectiveness
of Momoi’s method for treating the tsunamis in the canals. In this
paper he has also applied this method to a tsunami in a canal of varying
width and further study is made towords developing a theory to produce
a new formula. For convenience of reference Momoi’s method is outlined
here :

(1) the first reduction is an application of the long wave approxi-

mation,

(2) the second one is to eliminate the “buffer domain” by the

relation of the wave number components (for the meaning of
“Dbuffer domain” refer to Part I.

Having outlined the method, it remains for the author to solve a
particular problem following the principles of this method. The present
purview is composed of two parts:

Part 1: the case where two canals of different widths are connected

(Fig. 1),
Part I1: the case where three canals of different widths are con-
nected (Fig. 2).

Part 1.
The case where two canals of different widths are connected.
I.1. Theory

Assuming that (refer to Fig. 1),
D, : the domain in the range x>d,, d,>y>0;
D, : the domain in the range <0, d,>¥>0;
D, ,: the domain in the range d,>x>0, d,>y>d,;

1) T. Momol, Bull. Earthq. Res. Inst., 40 (1962), 719.
2) T. Momor, ditto, 40 (1962), 747.
3) T. Momor, ditto, 41 (1963), 357.
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y Dy,: the domain in the range
d,>x>0, d,>y>0;
| Zi oy Eoy Coe . the wave heights

<—d . .
4j - in the domains D,, D,, D,,,
Do,l E Surging D""—’;
I S ! D d Waves t : time variable;
] ! RN o : the angular frequency of
d2 Dz DO,g : th . .
‘ v ' e surging waves;
0 X H : the depth of water;
g : the acceleration of gravity;
Fig. 1. ¢ : the velocity of long wave,
l.e., VgH ;

k : the wave number of the surging waves, i.e., wle ;
then we have, as basic equations,

(6' + 0 ),,_0 (j=1; 2; 0,1; 0,2), (L.1)
ox?
and, as boundary conditions,

05 _0 (2>d, y=0 and d,),
0y )

0% 0 (w<0, y=0 and d.),
oy

=0 (d,>2>0, y=d,), (1.2)
oy 3

Bor 20 (d;>y>d,, ©=0),
ox

B0 (d,>2>0, y=0),

where the time factor exp (— iwt) is omitted as usual; the length of
d, is of order such as the relation

kd, <1, ; (1.3)

holds.

The domains D,, and D,, have temporarily been made in order that
the conditions at the crooked part are satisfied. Using Momoi’s method,
the expressions of the wave heights in these domains are later eliminated.
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These domains, therefore, have been named “buffer domain” in the
introduction of this paper.

When the periodic waves proceed from the domain D,, the solutions
of (I.1) satisfying the boundary conditions (1. 2) are as given below :

for the domain D,

CIZCOQ—UM_{— i C;m) cos "’g? Y- e+u¢1(m)x ;o (1.4)
m=0 1

for the domain D,,

&= S0 cos Ty e | (L5)
m=0

2

N 2 2
where ¢™ is an arbitrary constant; k™= —I—\/ k2—<»f%£-> ,
) 2

for the domain D,,,

Con= fz, A, cos kPx cos kP (y—d,) , (1.6)
0,1

where 4,, is an arbitrary constant; k*=(k{) (k") Z the integration

over the range permitted by the relation k”—(k‘”)+(k 1y 2
for the domain D,,,
Coo= >, (A, COS k‘”:)c—l—Bo . sin kP x) cos kEPy (1.7)
fo.2 ‘

where A4,, is an arbitrary constant; k*=(k®)+(kP)*; Z the integration

over the range permissible by the wave number relatlon

The derivation of (I.4)—(I.7) should be referred to the previous
papers.?™®  Available conditions to determine the arbitrary constants
are as follows:

at z=d,,

&, (for d,>y>d,)
Lo (for d,>y>0)

or (for dy>y>dy) x a (1.8)

ox
or =0 (for d,>y>0);
7-;1 (for d,>y>0) o

4) T. Mowmol, loé. cit., 1).
5 T. Momol, loc. cit., 2).
6) T. Mowmo1, loc. cit., 3).

=¢ (for d,>y>0),




378

T. Momol
at =0,
cﬁ:CO,z ’
0%, _ 0%,  (for d.>y>0);
oxr ox
at ’y=d2,
Co 1:Co-’ y
00,1 _ 0%, (for d,>2>0).
oy oy

(1.9)

(1.10)

Substituting (I.4)—(1.7) for (I.8)—(I.10) and as the result of the

following integrations:

a
Sd Londy|
dz #—So Cldy
S Lo dY
d . (m=d4) ’
0,1 )
Sdz ox y a4 5”

S‘z ) dy= Sd"’ 6:0,2d1 (x=0) ’
T
S:‘Co.ldlv:Sl“CO,‘ldx \
} e [ =),
S 650,1d _S aso,ldx
o oY o 9y
S A, cos kOd,- L.
fo.1 k
+ Z (A, cos kPd,+ B, , sin k‘"’d;) -sin k{?d,
=(Coe—lkd4+C;0)e¢zld4)dl ,
3 Ao~ k)sink®d,- -1 .sin kP (d,—d.)
o kz(/l)
+f2,( Ao, kP sin kd,+ B, .k cos kPd,) - k‘”
0:2

:(_Coenu‘d‘+C{°)3de‘)(+ikdl) ’

-sin £{"d,

(1.8)
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Wy = 5 Ay sin kds,

k(‘l)
(1.9)
G (—ikds)= 5. Bkt km sin kPd, ,
- Z { 5 Sin i+ By - klm *(1—cos kiz’d4)}cos kpd, ,
N k | ’ L (1.107)

—d,)

- fz {A% sin k9d,+ B, , - —= - (1—cos lc"”d4)}( k) sin kPd, .
0.2 z

k(2)

Following the principles of Momoi’s method, i.e.,
(1) the application of the long wave approximation :
kid; <1 (5=1,2), k’d, <1 (1=1,2; p=1,2; ==, y), and kd, <1,
the last of which is from (I.8),
 (2) the elimination of the expressions in the buffer domains D,,
and D,, by use of the wave number relations k’=(k¢)*+ (k)
(=1,2), |
the next two equations are obtained from (I.8")—(I.10):
e+ikd4c(0)+(_ikd d1+d2)C;0)_d e—ikd4co ,
—d,ettaur® 4 (—ikd,d,+d,)0 =d e, ,
where the actual reductions to attain the results mentiond above should
be referred to in the preceding papers”—?; the equations (I.11) are two
simultaneous equations in terms of two unknowns ¢ and £, i.e. the

first modes of the expressions of the waves in the domains D, and D,.
Solving (I.11), we obtain, to the first order of kd; (=1, 2, 4),

(1.11)

(O)Zdl—"dz‘
=g .
w=r2h s,

1 2

where the reduction

7) T. Momoi, loc. cit., 1).
8) T. Mowmol, loc. cit., 2).
9) T. Mowmol, loc. cit., 3).
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1—ikd,~e "

is used.

Here it should be noted that the expressions (I.12) (the first modes-
of the waves in the domains D, and D,) are, to the first order of kd;
(7=1, 2, 4), independent of d, (the width of the buffer domain), if the
widths of the buffer domains are taken within the long wave approxi-
mation.

The nature of the buffer domain is detailed in the section (1.3).

As a next step, the higher modes of the waves are considered in
the following.

In a manner similar to the analysis described in the fore-going part,
applying the operators:

SO Cos d

to the condition (I.8), and

Zoydy (m'=1,2,8,---),

1

0

do (.
S'cos 7’;“-ydy (m'=1,2,3,---),

to (1.9), and by use of the long wave approximation (the first reduction
of Momoi’s method), we have:

-2 Ao,l{(k!}’)"’ L Bd=da) | o —‘—1—+L} -sin m'nﬁ}
foa d1

(m'=y d, m=
5 (Ao Bostd) { =y Bl cos minde s D gin mnd)
for | ’ (m'=) d, m'n L
—gn G grula (1.13)
2
Z 140 l(k(l))Z d4 {(k(l)) d (d d ) . COS /rn pre d + dl s' ’ d2 }
foa T ! (m'm)? d, m= .
+ Z{ A, (E2Yd,+ B,, lc‘”}{ (ki - (d d) - cosm ug—-l-d— sin m'z%: }
=i (i) - Dot (118)
Cém’) .dZ — Z o 0( 1)‘!11’—:-1 (k d ) 2 s (1.15)

E To.2 ( )
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(k) G 5 B2y d;ﬁ di,  (L16)
where m'=1, 2, 3,-- .

In order to reduce the above equations, three more relations are
needed.

So long as the problem is confined to the case of the long wave
compared with the width of the canal, these relations are supplied by
the latter of (I.9°) and the two of (I.10") after applying the long wave
approximation, i.e.,

& (—ikd,)= Z B, .kPd, , I1.17)
fLAol— ZA“, (1.18)
0.1
S Ao (BPY(dy— dl)—- S Ay (Y, . (1.19)
foa Fo.2

As the second reduction of Momoi’s method, let us eliminate the
expressions in the buffer domains using the relations (1.17), (I.18) and
(1.19).

Substituting (I.18) and (1.19) for (1.18) and after some reductions,
we have

5 Bokd,: . {sm mnd_z +O((ked, )2)} £ d1 o™ (1.20)
0.2 .

Again putting (I.12) and (I.17) into (I.20), we finally obtain the
higher modes of the waves in the domain D,, to the first order of kd;
1=1,2,4),

G =g (—ikd) AL sin im0t T (' =1,2,8,:-), (121)

where the following reduction is used:

) (m'=1),

o m . m'z\?
—zk{’“z—z]/k?——<
d,
m'n

7 (by long wave approximation).
. 1

~ 4

From (I.15), the order of the higher modes of the waves in the
domain D, is as follows:

G~ 5 A s L o(kd,) . (1.22)
(')
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On the other hand, the following relation is obtained from (I.9")
after an application of the long wave approximation:

(=2 A . (1.23)

Jo.2

From (1.12), (22) and (1.23), we have

2d, 1

(m?) _p ,_ 2% |
G & d,+d. (m'z)

°O((kdl)2) (m’:]‘-’ 2) 3’ i ') .

More rigorous expression for ¢{™’, if one needs, can be derived
from (I.13)—(I.16) and the relations for the zeroth modes.

When the consideration is limited to the first order of kd; (j=1,
2,4), the higher modes of the waves in the narrower canal (D,) may
be regarded as null and those in the wider canal (D,) only remain in
magnitde of the first order of kd,.

1. 2. Particular Cases

In this paragraph the considerations for particular cases are made.
(1) when d,=d.;
=0,

GO)ZCO ’j
m=0 (m'=12,3,--+) (from (1.21)) .

(from (1.12)),

These are very trivial results for the waves in a straight canal. One

cannot expect any reflected waves. Only a progressive wave is expected.
(2) when d,—0;

=g,
o — 2%,

(=0 (m'=1,2,3,---) (from (I.21)).

In this case, the canal of greater width (domain D,) eventually becomes
a semi-closed canal. The surging waves are perfectly reflected at the
conjunction part of the two canals. In the very narrow canal the
progressive wave becomes twice the wave height of the surging one.
The higher modes of the reflected waves tend to zero, as would be
expected.

(3) when d,~2d.;
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C?’Z%CO ’
. (form (1.12)),
C:(:O):gCo ’

C{m'>~_«co.(—ikd4).§.L’.Sinﬂ.eﬂm'wdm .
3 m'n 2

(m'=1,2,38,--+) (from (1.21)) .

When the width of the narrow canal is approximately half that of
the wide one, the disturbance in the vicinity of the conjunction part
becomes most remarkable as shown in the last expression mentioned
above.

1.3. Property of Buffer Domain

Our primary concern is with the limitations of the dimension of
the buffer domain. The considerations for these points are described
in the following :

(1) the upper limit;

In order to apply the long wave approximation (the first reduction
of Momoi’s method), the dimension of the buffer domain must be taken
as

(the wave number of the surging wave)

X (the width of the buffer domain)«1,

(2) the lower limit;

The existence of the buffer domain is for the correction of the
irregular boundary. Therefore, the dimension of this domain is desired
to be taken as large as possible, so that all kinds of modes of waves
are contained in this domain.

The condition (I.3) corresponds to the first limitation described
above.
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Part 1II.

The case where three canals of different widths are connected.

Referring to Fig. 2, let us consider the case where three canals
are connected as stairs, the widths of which monotonically diminish
from d, to d,.

Y
i AN
Dot 1 <y |
. Dutle — | B
éz%Dz;Dl,zgﬁJ—%Dn Do, EDO .
eb,a} eQ_bo% X
x==01 X=-{o
Fig. 2.

The basic equations and boundary conditions are as follows :

(az +a—ﬂ+kﬂ):j=o (G=0,1,2),
oy’

ox’

9% g (bo<2z, y=0 and d,),
oy

. 1L.1)
%:0 (——ll+b0<w<_l01 y=0 and dl) !
y
oy
o ., .
+ +k~):q1=0 =0,1),
<ax2 o . (q )
_652«}1:0 (—l,<x< —l,+b, y=d, (¢=0,1)), (11.2)
Kar 0 (w=—1, d,>y>d,- (g=0,1));
o
( T+ +’°2):q.2=0 (¢=0,1),
oz" oy’ (11.3)

Loz (—l<w<—l+b,, y=0 (g=0,1)).
oy
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As shown in Fig. 2, the co-ordinates are centered at the first step
of the stairs and —I, is identically taken to be zero. The widths of
the buffer domains D,, and D,, (¢=0, 1) are taken in such a way that
the first reduction of Momoi’s method is possible, i.e.,

kb, <1 (¢=0,1). (I1.4)

The defined domains D; (7=0,1,2), D,, and D,, (¢=0,1) should be
referred to in Fig. 2, and ¢;, ¢,, and ¢,, are the wave heights in the
domains D;, D,, and D,,. Other definitions and notations are to be
referred to in Part I.

Then the solutions are:
in the domain D,, (from (II.1))

C Ce—ikx_)_ Zcém) COS d y e+ik(m) : (11.5)

0

in the domain D,, (from (II.1))

= E {gm et ™ 4 pime=ti™ cog 7 Ty ; (11.6)
1

in the domain D,, (from (II.1))

=S em cos MT gy . g-ik™s (I11.7)
m=0 2
in the domain D,, (¢=0, 1), (from (II.2))
¢ 1:}21 A,y cos k@Y (x+1,) cos ki (y—d,) ; (1I1.8)
q.

in the domain D,, (¢=0,1), (from (11.3))
Lyo= fzz {4, cos k9 P(x+-1,)+ B, , sin k{*?(x+1,)} cos kl?y . (11.9)
q .

In the above-mentioned expressions, ¢ is the amplitude of the
incident wave surging from the positive side of x in the domain D,;
gim, etm e and ¢{™ the arbitrary constants relevant to each mode of
the waves in the domains Dy, D, and D,; k*=(ki*9)+(ki*?) (¢=0,1;
i=1,2); Z(q =0,1; =1, 2) the integration over the range under the

relation Ic2—(k“”’)2 (k95 Ag; B, (=0, 1; 7=1,2) the arbitrary con-

stants, which are the functions of f, ; respectively; k™ = +\/ kﬁ_(%)zf
. 7
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(7=0,1, 2); other undefined expressions are to be referred to in Part I;

fZ the summation under the relation k*=(k{?) + (ki*2)%
9,2
In the expressions (I1.5) to (II.9) mentioned above, the time facter

exp (—1wt) is abbreviated as usual.
In order to determaine the arbitrary constants there are the following
conditions available :

at e=—1,+b, (¢=0, 1),
Cq,l (for dq>y> dq+1)
Coz  (for dg:y>y>0)

% (for d,>y>d,.,) (I.10)
»z% (for d,>y>0);

r=¢, (for d,>y>0),

%oz (for dg.,>y>0)
ox

at x:—lq (q=07 1),

Ca1=Lq,n
0ess _ 050 [ (0T deni>y>0)5 (IL.11)
or  ox
at y:dq+1 (q:(): 1)1
Cq,l:Cq,Z ’
%4 __ 04, (for —l,<w<—l,+b,). (I1.12)
ox oy

In a manner similar to Part I, substituting (II.5)—(I1.9) for (I1.10)—
(I1.12), integrating (I1.10)—(I1.12) in the relevant intervals and using
Momoi’s method (the application of the long wave approximation and
the elimination of the buffer domains), we have for the first modes of

the waves:

Ao R0Ct? —(d, +ikbido)21” +(d— Tkbid)E = doo™C

— dog ™0 - (do kb, ) +(do— b )L =die~ L
(__ dz + ikbjdl)e-i-ikllcéﬂ) =dle+ik(—ll+ bl)C§m — d,e“““"'1+ bl)ao) R
(d1_ tkb,d,)er e = dle+.’k(—zl+ UL 4 dle-—ik(—zptb,)aw ,

(I1.13)

where the assumption (II.4) has been used in derivation of the above
equations.
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Solving the equations (II.18), we finally obtain:
as the reflected wave in the domain D,,

o — R, o+ R, 0t 4 N
- - ’
(1 +R1,o' R2,1e+t.2“1)

(11.14)

as the progressive and the retrogressive waves in the domain D,

—1(0) — P, N
(1+R1 0'R2,1e+i‘2kl1)
and
° P, R, et r (11.15)
- (1+R, o R, o)
respectively ;

as the progressive wave in the domain D,,

0y _ P10'P2,1

= i £, 11.16
GRS 3 T (IL.16)
where
“ :dp_dpﬂ ,
1”1’ dp+dp+1
(I1.17)
Pp+1,p=—ﬂp_“ ’
dy+dyn

(d,+:<d, by the assumption (Fig. II)).

In the expressions (I1.14)—(I1.17), it is noteworthy that the denomi-
nators have the term R, ,-R,.e*"*" in addition to 1. _

For convenience of physical interpretation of (11.15)—(I1.16), the
denominators are rewritten by infinite series.

Since |R,,- R, e*"*1|<1, (I1.15) and (II1.16) become:

0= [Pyt 3P oRI(— DR, grersmn]
" . (IL.15)
(0 =C-[ProR, et ™4 3 Py RETH(—1)R, o} et 2 mh]
m=0

and

G =[PP, 1 + goPl Rr{(—1)R, J"P, et 2mh] (1I.16")
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Using the notations (11.17), (1.12) becomes
!(.0) :R:’ ICO ’ P
C'g(”:P‘.’ 1o ,[

If d,>d,, the first expression becomes, in a manner similar to the
fore-going procedure,

for d.<d, .

CE(NO’=(_1)R:.1C0 for d.>d, .

Hence R,, and (—1)R,, stand for the coefficients of reflection for
the case d.<d, and d,>d,, while P,, that of transmission of the
waves for either case. On the basis of this fact, each term of the
expressions (I1I1.15°) and (I1.16') represents the multi-reflection of the
waves between the two steps of the canal.

If necessary, the higher modes of the waves can be computed in
the same manner as in Part I.

Concluding Remarks

As far as the dimension of the buffer domain is concerned, some
ambiguous points are present, which are accounted for by the ambiguity
of the long wave approximation, that is to say, kd is very small compared
with unit.

When d, (the dimension of the buffer domain) tends to zero, the
expression (I.21) (the higher modes of waves in the larger canal) also
tends to zero. Then no correction for the irregularity of the bonudary
becomes applicable. For sufficient correction, d, must be taken as large
as possible, but there exists the other limitation that

kd<1,

for application of the first reduction of Momoi’s method. Accordingly,
as far as the higher modes of waves are concerned, the arguments
should be limited to qualitative ones alone.
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wEFRE Bk I &
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