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1. Higher modes of surface waves

In the previous papers” concerning the dispersion of surface waves
in heterogeneous media, we treated only fundamental mode. Turning
to higher modes, we readily see that the dispersion formula becomes
rather simple, owing to the fact that the parameter ¢, is now very
large and we have only to use the first term in the asymptotic expan-
sion of the solution for large argument.

For Love waves, we can use 1 (11):

tan (—}‘%):m—m:—m{‘z‘”") f; —nof’?i} . (1)

instead of I (17).
In the dispersion equation for Rayleigh wave II (52), the left side

is written merely as tan(%—cp0> :

_ g () — P AEe)
V (6, — 1)L —7,) f’coda(%) S0 V1—k, (2)

tan (f_ —900)— <1—%>2

4

Using (1) and (2) we have drawn the dispersion curves for the
second mode of both Love and Rayleigh waves, assuming that p be
constant and g be linear, and have confirmed the coincidence with the
results achieved by Y. Sato.”
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In the following we shall treat the case where a low velocity layer
exists. Wave number f is assumed to be very large, so that the first
approximation is obtained by putting 1/f=0. For (1) we have

¢0¢(7z+%>z. (n=1, 2, ...) (3) '

2. Higher modes of Love waves in media having -
a low velocity zone

We use the following notations:
v, phase velocity
v,(z) shear velocity
£(R)=(vo/v,(2)),  w(H)=1.

When £>1 (v,>v,(2)), we define ¢,5 by

‘faﬂ:fgi‘/m dz . (4)
Similarly for £<1 (v,<v,(2)), we define ¢ by
doo=t | Vi dz . (5)
Then the asymptotic expression of the amplitude V() of the Love wave
is
L1 — ) VetV (k<1), (6)
or
= (R ) 3D (T) '

In case (k—1) changes sign at z=q«, there exist the so-called con-
nection formulas of H. Jeffreys® which are expressed as

2(—1) 008 (2 gl ) —m (=gt (8)

(k—1)~"* sin (i_ — ,%a]) —— (1—g)Vel¥as! | (9)

V(2) must converge to zero at infinity. Then, near the surface,

3) H. JEFFREYS, Proc. Cam. Phil. Soc., 52 (1956) 61.
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V(z) takes the form
—1/2( 1)~ V4 T
PV (5 —1)"V cos <_4 - go,a,) , (10)

when (¢—1) has only one zero point. (1) is the immediate result of
applying the boundary condition

L

0)=0 11
. V(0) (11)
to (10).
\Vs(2)
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Now we assume that there exists a low velocity internal layer as
shown in Fig. 1. For v,<v,<%, (¢—1) has three zero-points H,, H,
and H,, v, or v, being the maximum or minimum value of v,(2).

We observe

k—1>0 for H>z=0,

k—1<0 for H,>z>H, ,
k—1>0 for H,>z>H,,
£k—1<0 for 2>H, .

We further assume that in the above four regions, the asymptotie
expression as (6) or (7) holds, which may be allowed for fairly large f
and for v, not too near to v, or v,
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Following the treatment of H. Jeffreys,” we proceed as follows:
When z>H,, we have

V(@) ~p (1 —k) e e (12)

where ¢,, means Drge '
By the connection formula, we have for H,>z>H,

V(2)~ 24/ (k—1)~* cos (g —¢.) .

___2#—1/2(,‘.1_1)—1/4 CoS (%— + 952:_5523)

|

=24V (k—1)"H {sin (23 COS (i- —qu>+cos o sin ( - —¢2,>} R

(13)

|

where P =Puu,=Po: T ¢uz «
In the region H,>z>H,, (12) is connected to

V(z)~ (1 —k)""{sin ¢.e™¢22 42 COS ¢pet=}
=7 (1—k) 4 {sin e~ 12 Y1+ 2 eoS ¢yueve Y1) | 14)

Similarly we have for H,>2z>0
V@)~ 1= 1) " sin g~ sin (2 —g,)

44 cos ¢yet12cos <;4_. —gﬁ,,)} . (15)

3. Appearance of C branch

Putting (15) in the boundary condition (11), we obtain the disper-
sion equation

1 sy, (; e )
7t gne e ttan (o —¢a) =1 (& ) (16)
2/ V=T \ py * 2(k—1)

1 e 2.
T tan ¢, tan <Z- —g&‘m)e"" 1241

As 1/f is assumed to be very small, we have approximately

4) H. JEFFREYS, M.N.R.A.S. Geophys. Suppl., 7 (1957) 332.
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tan ¢, cot (% —‘/701)’—::462“’12 . am

For large f, ¢*¥:z becomes very large, then at least one of the factors

of the left side, tan ¢, or cot (—Z— —%1) , must be very large. And we

have as a rough estimation

9023%<n+—;->7r (n=1, 2, ...), (18)
or

'%1#(%@ —I——Z—)n‘ (m=1, 2, ...). (19)

(18) and (19) show that there exist two sorts of branches of dispersion
curves.

From the definition of ¢ we see easily that when v, approaches v,
in (18), f becomes indefinitely large, which means that these branches
start from the point with coordinate v, on the velocity axis. The
existence of such a branch has already been pointed out by R. Yama-
guchi®, who treated the model of four homogeneous layers, of which
the third is the low velocity layer and the last is the half-space, and
obtained the results as shown in Fig. 2. We follow his lead in adapt-
ing the name C branch.

The branches (19) are the continuations of the ordinary higher
modes which start from ov,.

To see the nature of these branches, we write

¢01=fSEH/n—1 de=fH,V5=1 , (20)
0
¢23=fg”31/1c—1 de=fHV 71 | 1)
H,
where &, and &, are some mean values of £ in the corresponding region
and H,=H,—H,.

If we adopt the approximate values of ¢, and ¢, given by (18)
and (19), we have

VEaS=Fmg).  VET=Fr(ntg). @

5) R. YAMAGUCHI, Bull. Earthq. Res. Inst., 39 (1961), 653.
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Fig. 2. Phase (solid line) and group (broken line) velocity dispersion
curves of Love waves due to R. Yamaguchi. Rigidity, density and thick-
ness of the respective layers are taken as pj:po:pgip=1:3:2:4,
01=0:=p3=ps, Hi=H.=H3;=H.

or

vQ=5q/1+4L?;<m+%)g , 7)0=173}/1+Z%(n+%>2 . (23)

These are the equations of dispersion curves. Notice that v, v, H,

and H, are all functions of v,.
The condition that these branches should intersect is expressed as

1
/Eo—l _H2,"rT (24)
f—1 n—{——é—

Putting n=1, H,=H,, (24) is written as
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(4m +1)2_1

6
(4m6+ 1) — (@)

As we assume v,/v,>1, it is easy to see that (25) is not satisfied when
m=1. That is, the first C branch (n=1) does not intersect the ordi-
nary second mode (m=1).

For m=2, the numerator of (25) being positive, the denominator
must be positive and smaller than the numerator. Then we have

=k >1. (25)

AR 4””6“ (m=2, 3, ...). (26)

This is the condition required for the first C branch to intersect the
ordinary (m-+1)-th mode.
For example, if

3

E>17a/?70>1 ,

we can expect that the first C branch intersects the ordinary branches
of m=2.
The above is a rough explanation of Yamaguchi’s curves of Fig. 2.
When (18) holds, from (15) and (17) we obtain

(4 (,— 1)1 V(0)==sin gazae—“’m{sin (% —9001>+C0s(—z— ——g01>cot (% —¢1)}

—_ siney gy (27)
sin (—Z— —§001>
For the ordinary (m+1)-th mode, sin (—Z— —9001> being nearly zero, we

transform (27) into

e L) V()= — 2B g, (28)

e

These relations show that, even if the amplitudes in the lower
layer are the same, at free surface the amplitude of the C branch
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becomes very small compared with that of the ordinary higher modes.

4. The case of Rayleigh waves

If we want to treat Rayleigh waves under the same assumptions
as those in the former section, we have only to replace H(g,) of 1I(52)
by the left side of (16):

1
i tan ¢e 12 +-tan (Z——%I)

1+ltangﬂ3tan< —901) Rt

(1-2) "y
=_ N 2/ _Fo oy k)—-P 9—”0), (29)
V(k—1)1—7,) fno feo V1—kq

which is the dispersion equation for v,>w,>u,.
In (29) we observe that, if tan¢., is not great tan ¢,e*“1z becomes
very small and we can write

tan (

which is similar to (2).
Another alternative is that tan ¢, takes a large value and tan ¢, ¢
becomes comparable with the right side. In this case we have

(1 _ﬁ>2
e = 2 _ "‘0 P(“”O) 30
("’1) Lt T N fpo 1/ 1=k, 0

N

. 1>
L= N+ =)z 31
Cay ( 5 (31)

From (30) and (31) we can expect branches similar to those of Love
waves to appear.
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