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Chapter 1. Introduction

The pioneering seismological studies of Lord Rayleigh in 1885 and
C. G. Knott in 1888 on the theory of elastic surface waves and reflec-
tion and refraction of the same body waves respectively, which in
themselves were directed along the way laid by Navier, Poisson, Cauchy,
Green and Stokes with a view to optical application, gave profound
stimulus to many theoretical investigators with the results that in-

1) The study of the case of a SH wave, which is appropriately included as a chapter
in this paper, has already been published as Part I in this Bulletin (Vol. 38 (1960), pp. 177).
Therefore in the present PartvII, a general review is made from the broader point of view
of all the subjects including those in Part I.
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numerable papers on the theory of elastic waves were written and great
progress has now been made thereby towards an understanding of earth-
quake phenomena.

However, there still remains many points to be clarified for a full
understanding of the complicated nature of seismic waves. The prob-
lems, as it seems to the writer, are rooted in part in the complexities
of the mechanism of an earthquake and in part in the structure of the
earth in which earthquake waves are propagated. In fact, if the struc-
ture of the earth were very simple, for example uniform and homo-
geneous, we would be able to grasp the nature of the earthquake mo-
tion much more easily because the seismic wave propagated from the
origin to the surface would have no chance to be modified by reflection
and refraction at the boundaries of different media. We may therefore
say that the voluminous existent seismograms of natural earthquakes
and artificial seismic shootings pile up vainly barren of important further
information which could be drawn if there were more data or some
theoretical clues could be found. Thus theoretical studies of the propa-
gation of elastic waves are deemed to occupy a very important position
in seismology.

One of the most important problems on elastic waves is the study
of the reflection and refraction of elastic waves at a boundary surface
or surfaces. With regard to cases of a plane boundary surface or sur-
faces, there have been many studies by senior authorities, but an im-
portant and interesting problem in this field which has not yet been
studied in detail, is the effect on the propagation of seismic waves of
corrugation or roughness of a boundary surface.

It is well-known in geophysics and geology that there are many
strata which are not bounded by planes but by corrugated interfaces
especially in mountainous regions. Many of the geophysical exploration
methods such as seismic, gravity and other prospecting and also geodetic
measurement on a larger scale have revealed such evidences in various
parts of the world. ’

We may also count many other phenomena supporting the above
inference, amongst which those cited below seem to the writer to de-
serve notice. :

(1) The distribution of earthquake intensity in north-eastern Japan
through Hokkaido in the case of an earthquake originating under the
sea off the Pacific coast of Hokkaido. In these earthquakes the seismic
intensity attenuates more rapidly in a direction perpendicular to the
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island arc from Hokkaido to the Kwanto District than in a direction
parallel to the same arc. It is to be remarked in most of the above
mentioned regions that the former direction is across the central moun-
tain range while the latter is parallel to it®.

There are many other regions in Japan which display abnormally
high or low seismic intensities in comparison to those in the neighbour-
hood of like epicentral distances.

(2) A remarkably similar situation, found by H. E. Tatel and
others in the Andes, South America, although it cannot yet be claimed
to be fully established. In the course of seismic explorations by these
investigators in the area, they found the fact that the seismic waves
across the mountain range could not be observed clearly at a distance
while on a similar spread along the Andes they succeeded in their work,
which fact was ascribed by them to the difference in dissipation of the
energy in the two directions®.

(3) The smallness of the reflected waves from the Mohorovicié
discontinuity (‘ Moho’) in western California as reported by Tatel and
others®. Needless to say, the observation of reflected waves from the
¢ Moho’ is one of the powerful methods of elucidating the crustal struc-
ture, and the difficulty in one region and no difficulty in the other in
the above inference is a very interesting fact in need of explanation,
although the above fact mentioned by Tatel and others was not found
during another exploration made by G. G. Shor in the vicinity”. Ac-
cording to the Japanese experiences, though meagre, the success or
failure in getting good reflected waves from the ‘ Moho’ seems to depend
on the crustal conditions under the observing point®.

In view of these circumstances, it is desirable to obtain some clue

2) For example, H. KAWASUMI, Publ. Bureau Central Séism. Intern., Série A, Trav.
Sci., Fasc. No. 19 (1956), 99.

K. WADATI and T. HIRONO, Publ. Bureau Central Séism. Intern., Série A, Trav.
Sci., Fasc. No. 20 (1959), 221.

3) H. E. TATEL, M. A. TUVE and COLLEAGUES, ¢ Abstract of paper presented at 39th
Annual Meeting of American Geophysical Union held in 1958 ?, Trans. Amer. Geophys. Un.,
39 (1958), 533.

4) H. E. TATEL, L. H. ApAMS and M. A. TUVE, Proc. Amer. Phil. Soc., 97 (1953),
658.

5) G. G. SHOR, Trans. Amer. Geophys. Un., 36 (1955), 133.

6) THE RESEARCH GROUP FOR EXPLOSION SEISMOLOGY, Bull. Earthq. Res. Inst., 33
(1955), 699; 37 (1959), 89; 37 (1959), 495.

T. MATUZAWA, Bull. Earthq. Res. Inst., 37 (1959), 123.

T. MATUZAWA, T. MATUMOTO and S. AsaNo, Bull. Earthq. Res. Inst., 37 (1959),
509.
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from theoretical knowledge of the effects of corrugation on the propa-
gation of elastic waves. This is one of the geophysical significances of
the writer’s attempt in this paper.

It was Lord Rayleigh who opened the gate of study on the present
problem, and introduced an ingeneous method towards this purpose
although his problem was confined to sound and light waves™. Recently
considerations concerning the reflection of a sound wave at the sea sur-
face have been examined by many investigators and various methods
have been attempted in these studies®. With respect to seismic waves,
S. Homma considered the problem of their reflection at a corrugated
free surface for the first time®, and R. Sato solved the same problem
by Rayleigh’s method™.

The present writer has been studying the case of the reflection
of elastic waves at a corrugated boundary surface between two different
media, using the same method as Lord Rayleigh, and part of the results
obtained will be reported in this paper.

Chapter 2. Fundamental Equations

§ 1. Equation of Boundary Surface

The coordinate axes are taken as shown in Fig. 1. That is, the =-
- and y-axis are on the mean

Yo$ horizontal surface of the

2 boundary of the two media

and z-axis is taken vertically
% 4 % downwards.

S I ' The equation of the
boundary surface is given as
z=¢, where ¢ is assumed to
be a periodic function of =z
but independent of vy, the
mean value of which being

YA zero by assumption. Taking
Fig. 1. the origin of coordinates suit-

PaSV | &of

7) LORD RAYLEIGH, Proc. Roy. Soc. Lond., A 79 (1907), 399.
8) For example, CARL ECKART, Journ. Acoust. Soc. Amer., 25 (1953), 566.
E. O. LACASCE and P. TAMARKIN, Journ. Appl. Phys., 27 (1956), 138.
9) S. HOMMA, Quart. Journ. Seism., 11 (1940-41), 349; 12 (1942), 17 (in Japanese).
10) R. SATO, Zisin, [ii], 8 (1955), 8 (in Japanese).
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ably, we can represent ¢ by Fourier’s series without a loss of generality
as follows:

C — gl(cneinpz +C_ne—inp:c)

=c¢, oS px+¢, cos 2px +8, sin 2px+ - - - +¢, cos npx s, sin npr4-- -,
(1)
where
L=Ca=6/2, Cin=(C, F18,)/2 .

When the boundary surface is expressible by one cosine term, i.e. (=
¢ cos px, the wave length of the corrugation is 2xz/p.

§ 2. Equations of Motion and Boundary Conditions

We will consider the case, in the following, where a plane wave
with a period of 27/w is incident with an angle of incidence « in the
case of a dilatational wave or 8 in the case of a distorsional wave to
the boundary from the lower medium to the upper one. The quantities
concerning the lower medium will be shown by suffix 1 and those of
the upper medium, by suffix 2.

Equations of motion in the case of the incidence of P or SV waves
are given by using displacement potentials ¢ and ¢ as follows:

(7*+hipi=0, (7 +a:h)¢i=0, (2)
where
7*=Laplacian, A, #;=Lamé’s constants,
hi=p,*[(+2p,), p. =density,
o= +2m) 11, i =1or 2.

The displacement (u, 0, w) is to be obtained from the potentials by the
following formulae

u=0p[/0x+0y[6z and w=0¢/0z—0P[0y .

In the case of the incidence of SH waves, if the displacement v is
parallel to the y-axis, the equations of motion are given as follows:

(7*+ohi)vi=0 . (3)
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Now let us deduce the conditions concerning the stress on a cor-
rugated boundary surface in terms of displacement potentials ¢ and ¢
or displacement v. Since the direction cosines of normal » to the sur-
face z=¢(x) are (1)v/I+¢% 0, {'V/1+¢7) and those of tangent ¢,
(=C'WV1+¢c? 0, 1V/1+¢*) where ¢'=d¢/dz, normal and tangential
stresses N,, T,, Y, in the vyt-system are connected to those X,, Z,, Z,
in the xyz-system by the following formulae,

N,=[(Z.— X){'+Z.(1—¢)][1+¢7)
Tv=[Z.+X,-¢"—2Z,-C]|(1+(7) (4)
Y,=[Y.—-Y.-{IIV1+®

Substituting the following well-known relations between displacement,

stress component and displacement potentials into (4),

X, =24+2p 6;‘ ;h¢+2;f”¢

’

6®6z
ouw , ow ¢ . RY,

Z,— (_ 4) (2__— I-'r—Z—),
+ —H oxoz oy ox®

ow _ q,’) iRY
Z,=M+2pu —h 2 —2p—
0z v+ ‘u #6:caz

ow ov ou ov
(G i) Ee )
# o0z rm "az a + ox "ax

the representation of stress by displacement potentials or displacement
is obtained as follows:

N”=[ (h‘b +2a¢ + aav;;z>

2~y —22;%)(1—:2)] /e,
ol
.__2/1( M;é; —ah*) — Z)C’ ]/(1 +¢3),

Y=p(2-20e) [yiegs .

6¢ ( . °p 0°¢ ) r2
—2 —ihp+2,.0¢ (5
”a a o+ 2p TR e ) (B)
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At the gradient of ¢, i.e. ¢’ is common to both media, the condition of
continuity of N, is equivalent to that of (1+¢"*)N, and so forth. Thus,
in the case of incidence of P or SV waves, the conditions of the con-
tinuity of stresses are equivalent to those of the continuity of (14-¢*)N,
and (1+¢%)T, at z=¢ and in the case of incidence of SH waves, the
condition is equivalent to the continuity of 1/1+¢"Y, at 2=¢.

Chapter 3. Cases of the Incidence of P and SV Waves

§ 1. Incident, Reflected and Refracted Waves

Next, the both cases of the incidence of P and SV waves are con-
sidered together, because the treatment for them is similar. The co-
ordinate system used is shown in Fig. 1.

In regard to the incident, regularly reflected and regularly refracted
waves, the following displacement potentials were adopted.

For the incidence of the P wave,
Displacement potential of the incident wave:

— pihy(V g1t 42 co8 @ +7 sin @)
(}510-—6 1V p1 ,

For the incidence of the SV wave,
Displacement potential of the incident wave:

— iV Tk (Vg t+z cos B+ sin B)
¢10_g 1M Vs ,

For both cases,
Displacement potential of regularly reflected wave:

ﬁbio) :Aoeihl(vmz—z cosatzsina)

¢i0) =B0ei V& 1hy(Vgt—2 cos B+ sin B) ,
Displacement potential of a regularly refracted wave:

PP = C eV mttecos yasiny)

0) 0 iV T gho(V got+2 €08 8+2 sin §)
oy =D,e?V 722V 52 ,

where V,,, Vg, V,, and V, are the velocities of P and S waves in the
lower and the upper medium respectively. By Snell’s law, the angle of
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reflection of the P wave, «, that of the S wave, B, the angle of re-
fraction of the P wave, 7, and that of the S wave, 8, are connected
as follows:

hysin a=v/ch, sin f=h,siny=1/o, h,sin o .

Besides these regular waves, it is necessary to take into considera-
tion the effect of the corrugation on reflections and refractions and to
introduce the following displacement potentials of irregular waves:

(1) Displacement potentials of irregularly reflected waves with whose
spectrum of the nth order being:

{’n) =An61‘h1(l’mt—z €os @, +z Fin @y) _}_A;eihl(r’mt—z cos @, /+zsin @y’) ,
¢{n):B"eiw’v_lhl(l'xlt—:cosﬁn+z sin gn)_{_B;ef»’Tlh,(vmz-zcossnl+zsin Ba') |

(2) Displacement potentials of irregularly refracted waves whose
spectrum of the nth order being:

G =C eV pat 47 cos Yz siny ) L (1 pihalV gtz cos vy tusinyy)
9”;") — Dneiv‘}"._,hz(rﬂwz c0s 8, +xsindy,) + D;ei Vo ahalVgot+z €058y +x5in8,’) R
where «,, a., £., 5., etc. are connected by the following relations:
sin a, —sin a=np/h, , sin a, —sin a= —np/h, ,
sin B, —sin f=np/(y/o k),  sing,—sinf=—np/(/ ok, ,
siny,—sin y=np/h, , sin y,—sin y=—np/h, ,
sin 8, —sin 6=np/(1/o: h.) , sin 0, —sin 6= —np/(1/ - hy) ,
h, sin @, =V o h,sin 3,=h,siny,=1/o, h.sin g, .

Superposing above displacement potentials, the resultant displacement
potentials are obtained in the lower and in the upper medium respec-
tively.

In the lower medium:

¢l:eth1: sin @ [aelhlz cos @ _!_Aoe—thlz cos @

+§1{Anei(npz—hlz cos @) +A;e—i(npz+hlz cos wn’)}] , ( 6 )
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g= gtz sin o [bei Vo hz cos B + By Yo hyzcos B
+ }:‘ {Bnei(np:— Vo hyz cos By) + B;e—i(np:c+ Yo hyz cos Bn')}] , ( 7 )
n=1

where a=1 and =0 in the case of incidence of the P wave and a=0
and b=1 in the case of incidence of the SV wave.
In the upper medium :

P, =gimzsine [Coeih2z cosy
+ i {Cnei(hzz €os Y, +upz) + C;eith2z cos “/n'-—npx)}] s ( 8 )
n=1
S!,Z:eihlx sin @ [Doei\/o'_fzhzz cos 8
+i{Dnei(~/'&—2h2z cos 8, +npzx) +D7'Lei(~/cr—2h2z cos snf—mm}] . ( 9 )
n=1

In the above formulae, the common time factor et is overlooked.

§ 2. Boundary Conditions

The boundary conditions are given by the conditions of the continuity
of stress and displacement on the boundary surface z=¢.

Substituting ¢;, ¢;, and their derivatives into (1+¢*) NP =(14-¢3) NP
or 1+¢H)TP=14+¢)TP, we can get the following relations between
A, B, C,, D,, A,, B,, etc.

_2,’11h%{(1 -2 Sin2 a)cl + (1 _Clﬁ)sin « COS a} a/eihli cos
—2ph{(1—2 sin® a)¢’—(1—¢")sin a cos a} Ao s @
-+ 2/‘12{ —hi' +2¢'(h, sin a+np)?
+h1(h1 sin a+ fnp)(l _CIZ)COS an} Anei(npx—hlg' cos @)
+ 2#1% {—hit'+2¢'(h, sin a—np)*
n=1
+h1(h1 sin ¢ — %p)(l __Clz) cos a;} A;e—i(nm+h1§ cos @,’)
+ k{45 ¢ sin a cos f—(o,—2 sin? a)(1—¢'2)} bei V71 cos b
—mhi{4/ 5, ¢ sin a cos f+(o; —2 sin® a)(1—¢'?)} Bye~ Vo 1hs oo B
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— p,:‘:[41/ oy bl (hy sin a+np)cos B,
n=1
+ {oihi —2(R, sin a+np)H(1—)]B, el Y Tihe s b
— 4V 7 (hy sin a—np) cos f,
n=1
+{oihi—2(h, sin @ —np)} (1—")]Bye i+ /i s ) :
= —2p,{(h3—2h;} sin® @)’ + (1 —¢"*)h,h, sin « cos 7} C e =Y
+ {4/ G byt sin a cos 6 —(auhi—2h% sin? a)(1—¢"?)} Dyet ¥ 73haf cos
— 2,3 {320, sin a+np)e’
+ (1 —¢"*)(h, sin a+np)h, cos 7,]C, e "r=Thk cos¥n)
—2/122[{h§—2(h1 sin a —np)’}¢’
+ @ —¢"*)(h, sin «—np)h, cos 1,]C e~ nrr-ha cos ¥a"
+ /12'2[41/ oz hot'(h, sin @+ np)* cos 6,
— (1= {o.hi—2(h, sin a+np)} ]D,,e“"”’* VThet cos 3y)
+,uzi[41/ o by’ (R, sin a—np)* cos 6,
n=1
—(1 =) {02 —2(h, sin @ —np)?} 1D e inrr=Yoskaleosdyt) | (10)
—h{2,+2p cos®* a—4m¢’ sin a cos a-+¢*(A+2p, sin® )} aetts < @
—hH{4,+2p cos® a+4¢ sina cos a+¢*(2, 42, sin *a)} Aeitb e @
—i[hf(z1 +2p cos® )+ 4Ry (R, Sin @ —np)cos «,,
n=1
O+ 241 Sin - )} A e e e
-—i[hf(x1 424, cos® a,)+4pL Ry (h, sin @ —np)cos «a;,
n=1
+¢*{Ahi+2p (R, sin @ —np)}JA e rethE e @a’)
+2mhi{v/ 7 sin @ cos f+¢'(0,—2 sin® @)
—™/ o sin a cos B}bei Yoiks e B
+2pmhi{—1/asin a cos f+¢'(o,—2 sin® )
+¢'%/ a1 sin @ cos B} Bye ™Y 1hé «os B
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+ 2,1121[—1/@1@ sin a+np)cos f, +¢ {orhi—2(h, sin @+ np)}
+&™*/ o, hy(h, sin a+np)cos fB,]B, e ==Y Tits cos By

+ 2ﬂ1§i[_1/ o1 hy(h, sin « —np)cos B, +¢' {oh:—2(h, sin a — np)*}
+&*/ a1 hy(h, sin @ —np)cos B,]B,ei =+ aimg cos By

= {— (424, co8* 1)+ 4L Bk, Sin @ cos 7
— AR5+ 2,0} sin? )} C eihet oy

- g}fhi(& +2p, cos® r,) —4pmh,¢ (h, sin a+np)cos 7,
+ &2 {hE+ 2, (R, sin a-+np)}]C e = thas eos vy
- gl[hg(lz +2p, cos® 1,) —4p,h.2 (hy sin @ —np)cos 7.,
N + ' {AhE+2p(R, sin o —np)?}]C e npa—het cos vy

+2p,{1/ 02 b, Sin a cos 6 +¢'(a,hi—2R! sin’ )
— &/ oy bh, Sin o cos 8} Dyet Y 7ahal cos d

+2y2§_’,1[1/£h2(h1 sin @ +np)cos 8, +¢ {ouhi—2(h, sin a-+np)?}
— &/ a5 byl sin @ ++np)cos 8,]D, i+ Taha cossy)

+'2;12n§i]1[1/&2 ho(h, sin @ —np)eos 6, ¢ {ohi—2(h, sin a —np)?}
~C*V/ a2 hohy Sin a—np)cos 61D 67 =V Taaf cosdy) (11)

From the condition of the continuity of displacement u and w, we
have

hl(aeihlg cos @ +Aoe—ih1§ cos w) sin a
+ 23 {(h, sin -+ np) A, g7 s s e
n=1
+(h, sin a—np) A, e imrrhd cos @y

+V/ o (et YTkt <=8 — BigmivTih B g5
Vo S B, eV Tihg w058y g Ba+t Bremimrat Yol s by oog 411
n=1
= hlcoeihzg Y sin

+ 3 {(hy in -+ np)Ce e+ <= (1, sin @ —np)Clremitore—tad e}
n=1



+1/ 73 hyDyei /o 2k8 <8 cos &

S/ { Dy T ) 03 0, + D T S cos 3
(12)
hi(aeé 3@ — Ae~iMé s ®) cos @ )
._hli{Anei(npx——hl{ cos @) a0y an_*_A;e-—i(npz-l—kl{ cos @y’) 6og a;}
n=1 .
_hl(beier—lhlg cos B _l_Boe_.'dE‘lhlg cos B ) sin «
- f:, {(Ry sin a+np)B,e == 71kt <3 B
n=1
+(h, sin @ —np)Be=imr=+ Tl cos uh}

o

=hzcoeih2§ sY g T+h22 {C"ei(ﬂp2+h2§ s ¥n) eog Tt C;e—i(nm—hgg s Ys") cog 7.;}

n=1

—h,D,et¥ a8 eosdgin
— >V {(h, sin @+np)D,e e+ Tkl cordn
n=1

4+ (R, sin @ —np)D e inrr=YThed cosdny (13)

§ 3. The Solutions of the First Approximation

As in the case of incidence of the SH wave, the amplitude of cor-
rugation, ¢, is assumed to be very small so that the terms of an order

higher than ¢ are neglected.
First the solutions of the first approximation will be obtained by

picking up the term independent of x and ¢ in (10) through (13).

—2phi(a—A,) sin a cos a+ ¢ hi(2 sin® a—a,)(b+ By)
+2,h,h,C, sin a cos 7 — . Do(2h sin® @ —a3h3) =0 ,

—h3(A+2p, cos® a)(a+ Ay)+ 2R3y o1 (b—B,) sin a cos
+ B3, 42, cos® 7)Co— 2451/ 0. Il Dy sin @ cos =0, (14)

hy(a+ Ag)sin @41/, hy(b—B,)cos f—h,C, sin «—1 o2 h,D, cos 6=0 ,
h(a—Ay)cos a—hy(b+By)sin a—h,C, cos 7 +h,D, sin =0

These equations are the same as those obtained in the case of the
reflection and refraction of elastic waves at a plane boundary surface.
From the coefficients of e™** in (10) through (13), the following
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formulae determining the first approximation of A4,, B,, C, and D, are
obtained.

2uh A, (hy sin a+np) cos &, — pB, {ohi—2(h, sin a+np)’}
+241,h,C, (B, sin a+np) cos 7, — D, {—o,hi+-2(h, sin a+np)?}
=2ipe, b (a+A,){np(l—2 sin® a)+h, sin a cos® a}
— i1/ o hiE(b—By) {4np sin a+h,(2 sin’ a —o,)} cos 3
—2ip,C o {np(h3—2R% sin® @)+ h,hj sin « cos® 1}

+ip, D)/ 72 holn {4nph, sin @ —(o,h;—2h1 sin’ a)}cos 6 , (
15)
—h2A, (4 +24, cos® a,)—2p/ o b B, (h, sin a+np) cos B,

+R2C, (2424, €08 1,) — 2,1/ 2 ho D, (B, sin a+np)cos 0,
=1hit.(a— A)[h(4+ 2 cos® a)—4pmp sin a] cos
— 20,03 (b+ By){np(o,—2 sin® @)+ ok, sin a cos® B}
+3Choln{ — (2424, cos® 1)h3+4nppsh, sin a} cosy
+ 24,0, Do{o,h,E sin @ cos® 6 +np(o ki —2hi sin® @)} ,
(k, sin a+np)A,—1/ o1 h.B, cos f,—(k, sin a+np)C, —1/ o2 h,D, cos d,
= —ih.(a—A,) sin a cos a—1io,hi¢.(b+ B,) cos’
+1hh,C, sin a cos 7 +10,h3¢, D, cos’ 0 )
—h,A, cos a,—(h, sin @ +np)B,—h,C, cos r,+(h, sin a+np)D, 1o
= —ihi,(a+ Ay)cos a+1/ o hig(b—By)sin a cos
+1ih%,C, cos® r —11/ a3 bk, D, sin a cos 6
From the coefficients of e~** in (10) through (13), the following
formulae concerning the first approximation of 4,, B,, C, and D, are
derived.
24,0, A (R, sin @ —np)cos a,— p B {ohi— 2(h, sin a —np)*}
+2p:,h,C(hy sin @ —np) €08 75+ p Dy {onhi—2(h, sin a— np)’}
=2iph¥_.(a+ A){—np(l—2sin®* a)+h, sin « cos® a}
+ i/ o1 ¢ (b—By)[4np sin a+(o; —2 sin® a)h,] cos f
—2ip,C ot { —np(hi—2h; sin® a) +h,h3 sin « cos” 1}
—ip3)/ a2 b Dol {4nph, sin a+(o.h;—2h; sin® @)} cos ¢



380 S. ASANO

—hiAL (4 +2p, cos® ;) —2p1/ o, by B.(h, sin a—np) cos f,
+RC (2420, c08* 17) —2p1/ 73 ho D (R, sin a—mp)cos &,
=thi¢_(a—Ao) {h(%+2p, cos® a)+4unp sin a} cos a @am
—2ip, R _o(b+ Bo){ —np(o,—2 sin® @) + o,k sin a cos? A}
—1Cohol o {(2+ 24, cos® r)R3+-dnpph, sin a} cosy
+2iml D, {0,k sin a cos® 6 — (o ,hi—2h2 sin® a)np} ,
(hy sin a—mp)A,—+/ o B, cos B, —(h, sin a —np)C.—1/ o, h,D’, cos o,
= —1hi¢_.(a—A,) sin @ cos e —io ki _(b+ B,) cos? B
+ihh,Cyt—, sin a cos r +io,hr_ D, cos® § ,
—h,A;, cos a, —(h, sin @ —np)B,—h,C, cos .+ (h, sin a—np)D.,
= —ili{_(a+ A,)cos® @+ i/ o hit_.(b— B,)sin a cos f8

+2hCL_, cos*y—iv/ o hht_, D, sin a cos é .

§4. The Solutions of the Second Approximations

If the terms, of an order higher than ¢, are omitted in the equa-
tions of boundary conditions (10), (11), (12) and (13),

—2phi(a—Aysin a cos a—2phi(a+ A,) {(1—2 sin® )2’ +1ik,¢ sin « cos? a}
+2p D[ {hi—2(h, sin a+np)?}
+h,(1—1h,C cos a,)(h, sin a+np)cos a,]A,e""*
+2p X[ {hi—2(h, sin a —np)?}
+hy(1—1h,¢ cos a,)(h, sin @« —np)cos a,]ALe ">
— 1 hi(b+ B,)(o,—2 sin® a)
+mbi(b—By) {41/, ¢’ sin a cos f—11/ o1 hyL(o,—2 sin® a)cos B}
— D[4 o b (R, sin a+np)cos S,
+ {ovh; —2(h, sin a+np)*} (1 —31/ o, b cos f3,)]B,e""=
—m 2[4/ b (b, sin a—np)cos B,
+ {ouhi —2(h, sin « —np)} (1—1i1/ o bl cos B,)1B,e~ "=
= —2p,Co{(h;— 2R3 sin® a)Z’ + hyl,(1+ 1k, cos 7)sin « cos 7}
+Dy {4/ 03 b’ sin a cos 06— (o3hi— 2R3 sin® a)(1+41/ o, ke cos 6)}
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—2p, S'[ {13 —2(hy sin @ +np)}¢’
+(h, sin a+np)(1+1hL cos 1,)h, cos 1,]C,e""*
—2pt, [ {1 —2(hy sin a—np)}¢’
+(h, sin a—np)(L+1ihL cos 1)k, cos 7,]C e~
+ py 3[4/ 75 ho( by sin a+np)L’ cos b,
— {ouh2—2(h, sin a+np)?} (14191 7: by cos 6,)]1 D,
+ s S\[4V/ 75 b by sin a —np)’ cos b,
— {o,hi—2(h, sin a—np)*} (L +11/ a3 hyZ cos 6,)]D ce~trrr (18)

—h¥(a+ A) (A +2p, cos’ )
—h¥(a— Ay) {thy(4+244 cos® @) cos ac—4,u1C’ sin « cos a}
—hy S {h(2+2p, cos? a,)(1—1h & cos a,)
+4pL'(hy sin a+np)cos a,} A6
—hy SR, +2p, cos® a)(1—1ih,C cos a,)
+4p,L'(h, sin a—np)cos a,} A e
+2umh/o1(b—B,) sin a cos f
+2p,h3(b+ By) {(o,—2 sin® @)’ + oy, ¢ sin a cos® B}
+2p, S\[—1/ a1 hu(h, sin a+np)(1—1/ a1 kL cos f,)eos fn
+& {o, 1 —2(h, sin a+np)’} 1B,e"*
+2, S[—1/71 hu(h, sin a—np)(1—11/ a1 b cos fB,)cos .
+¢ {o i —2(h, sin a—np)’} ]1B,e~""
=C,{— (A +2p; €08 7)(1+1hL cos 1) +4p8 hhy sin a cos 7}
— > {h3(A+2p1; cos® 7, M1 +1hoL cOS T,)
—4p,¢'(h, sin a+np)h, cos 7,} C,et"?®
— 3 {h3(2+ 21, c08? 1,)(1+1hof cOS T7)
—4p,¢ (b, sin a—np)h, cos 1,} Cre™tnr
+2,D, {1/ a3 bshy(14+11/52 by cos 6) sin « cos 0+¢'(oyhs—2h] sin’ )}
+2p, S\[V/ Tz oy sin a+mp)(1+i1/ o5 haf, cos 8,)cos 0,
+¢ {ouhi—2(h, sin a+np)’} 1D,e™"
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+2p, 3 [V/ 72 ho(hy sin a —np)(1+11/a5 hy? cos 8,)cos 8,
+ {o.hi—2(h, sin @ —np)?} D e~ inr= 19

h(a+A,) sin a+1ih(a—A,) sin « cos

+ 22 {(h, sin a+np)(1—1h¢ cos a,)A,e"r*
+(h; sin @ —np)(1—ih,z cos a,)A,e"inrz}

+1 o, hy(b—By)cos f+io,hig(b+ By)cos® B

—Vioi by S {1 —10/ o, hy¢ cos 3,)B,e™* cos 3,
+(1 =20, byt cos f3,)B,e """ cos f,}

=Cohy(142h,¢ cos 7) sin a

+ > {(h, sin a+np)(1+ ikt cos r,)C,emr=
—i—(i'L1 sin a —np)(1+1th. cos 7,)Ce~"77}

+vVo: h,Dy(1 441/ a; hy cos 6)cos &

+1V o2 by 33 {D,e"**(1 411/, h.Z cos 8,)cos 8,
+D,e~ "% (1 4131/, hot cos 6,)cos 6.} (20)

h(a—A,)cos a+ihi(a-+A,) cos®
—h, 21 {A,e"" (1 —1ihy¢ cos a,)cos a, + Ae~**(1—1ih, cos 8;)cos 0.}
—h(b+By)sin a—1thiy/ o, £(b— B,) sin a cos f3
— 2[Ry sin @ +np)(1 —11/o, by cos B,)B,e"**
+(h, sin a —np)(1—1i/ o, byt cos B,)B,e~ 7]
=h,Cy(1+1h,t cost)cos ¥
+hy 2 {Ce" P (1 41kt cos 7,)e0s 7,4 Cre~ " (1+5hyt cos 7,)cos 72}
—h,Dy(1+11/ e h,¢ cos 6)sin «
— > {(hy sin a+np)(1+11/ 7, bt cos 6,)D,e"?"
+(hy sin @ —np)(1+ i/ o: g cos 8;,)D e 77} (21)
From the above four equations we can obtain linear simultaneous
equations determining the solutions of the second approximation for A,

B,, C, and D, by picking up the terms independent of . They are as
follows :
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—2uh}(a— Aysin a cos a— phi(o,—2 sin® a)(b+ By)
+24,Cohshy sin a cos 7+ p,D(o ks — 27 sin’ @)
= —2ip¢_ A [np {hi—2(h, sin a+np)’} — hi(h, sin a-+mnp)cos® ]
+ 28, AL[np {Bi—2(h, sin a—np)’} +ki(k, sin a —np)cos’ a,]
—ip/ o1 hit_B[4Anp(h, sin a+np)+ {o:hi—2(h, sin a+ np)*}] cos B,
+ip/ o e Bldnp(h, sin @ —np)— {o:h]—2(h; sin a— np)?}] cos g,
—2ip,r_.C [ —np {hi—2(h, sin a+np)} +hi(h sin a4 np) cos® 1,.]
— 2ip2§nC;[np {h2—2(h, sin @ —np)*} + k3 cos’ 1, (h, sin a—np)]
—ip/ 75 hof— D, [4np(h, sin a+np)+ {ohi—2(h, sin a+ np)* ] cos 8,
+ip/ 75 bl D [4np(h, sin a—np)— {omhi—2(h, sin « —np)?}] cos d;, ,
— Ry +2p, cos® a)(a+ Ay)+2phi/ o (b—By)sin a cos
+C k(2 +2p, cos® 1) —2p1/ 2 bsh, D, sin « cos 0
= —ih_, A, (B4 424, cos® a,) +4pmp(h, sin a+np)} cos a,
+ il LAl {— 32 424 cos?® ;) +4pmp(h, sin a—np)} cos a,
—2ip¢_,B,[ohi(h, sin a+np) cos® B, —np {o1hi— 2(h, sin a+np)*}]
—2ip,¢, B[Rk, sin a—np) cos® B, +np {ohi— 2(h, sin @ —np)’}]
—thy_,C[hi2+2p, cos? 7,) +4nppe(h, sin a+np)] cos 7,
—ihot Cul R (2241, cOS? 17) — dnppr(hy sin a—np)] cos 17,
+2i gt D, [o,hi(h, sin a+np) cos® 8, —np {osht—2(h, sin a+np)*} ]
+2i D [y sin a—np) cos® &, 4np {oh; —2(h, sin « —np)’}],
(@ + Ak, sin a+1 a7 hy(b—By)cos f—Cohy sin a —v/ a3 h,D,cos 0
=1ih¢_,A(h, sin a+np) cos a,+ikg, AL (R, sin & —np)cos a,,
—iohi_ B, cos? B,—i0,hi, B, cos® f,+ thy_,C.(h, sin a+np)cosy,
+ihyt,Calh, sin @ —np)eos 7, +io,hil D, cos® 6, + 1o,k D), cos* S, ,
(@— Ah, cos a—(b+By)h, sin a—h,C, cos r+h.D, sin
= —ih¥_,A, cos® a, —1hiA,¢, cos® a,— 1V oy b B.( sin a-+np)cos f,
— 1/ 71 h&uBy(hy sin a—np)cos B, +ikig_,C, cos’ 1, + ihi,C, cos’ 1,
— i1/ 72 hot oD, (h, sin a+np)eos 8, — 1/ oz holo D o(h, sin a—np)cos On
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where for A4,, B,, A,, B,, etc. those of the first approximation are used.
Since A,, A,, B,, B,, etc. are of the order of . or ¢_, as shown in
the preceding section, 4,, B, C, and D, are of the order of e

From the coefficients of ¢»* in (18) through (21) linear simultaneous
equations determining A4,, B,, C, and D, can be obtained as follows:

—2tphig(a+Ap) {np(1—2 sin® @)+, sin a cos® ar}
2 =2 14(n—5)pZ s {hi—2(Ry sin a+7p)}
+ AL (hy sin @4-np) cos a, — 3, ikEA S, (R, sin a+jp)cos? a,]
J¥n

—2ip, i Ay Lukplhi—2 {ly sin a—(k—n)p)”]
+hi{h, sin « —(k—n)p} cos® ;. _,)
+ iy oy tn(b—Bo) {4np sin a—h,(o,—2 sin® a)} cos B
— w4/ o) hl,-%l Un—7)pBy,—(h, sin a+jp)cos B
+ {onhi —2(h, sin a+np)*} B,
—iV o hy ,%'L Cn-3By{ohi—2(h, sin a+ )} cos 3]
Ty g+g4kp {y sin a— (k—n)p)
—[o i —2{h, sin a« —(k—n)p}*])2.Bj—. c0S Bi—»
= —218,1,C, {(hi— 21! sin® a)np + 1,k sin a cos? 1}
+1, DL/ 72 by {4nph, sin a—(o,hi—2h: sin® )} cos &
—2;12[1% n—7)pC L. {hi—2(h, sin a+3p)*} +C.(h, sin a+np)h, cos7,

+ >3 thiC e y(h, sin a+7p) cos®1,]

ixn
—~2ip, :zl CCimallep {hi—2(h, sin @ —(k—mn)p)?)

+hi{h, sin a—(k—n)p}cos® 1._,]
+ |4/ o by 3, ipZ,— Dk, sin a+jp)(n—j) cos 8,
IEn

— {oh;—2(h, sin a+np)} D,
— 1V a2 hy 23—y Dy{ohi—2(h, sin a+7p)’} cos d,]
ixn
+ip/Fihy 3 Diolu(dkp {hy sin a—(k—n)p)
—[o:h3—2{h, sin a—(k—n)p}?]) cos 6;_, ,
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—ihit,(a—Ay) {h(2+2p, cos® a) —4pmp sin a} cos «
+ 2003, {np(o,—2 sin® a) + o4k, sin « cos® B} (b4 By)
Il A 24, coS @) — S ihiE A+ 2z cOS® a)eos a
Iixn

+,»§,1 4ippAL, (n—7)(h, sin a+jp)cos a]

+hy 35 i A [+ 2pn cos* i)
—4kpp, {h, sin a—(k—mn)p}] cos i,

+2m] —1/ o1 b B,(h, sin a+np)cos B,
+,% 0,1 .—;By(h, sin a+jp)cos? B
+ 2 Py Bin—1) {o1hi —2(h, sin a+7D)} ]

+2ip 3\ By oLuloili (b sin a—(k—n)p} eos’ Bi .
+kplohi—2{h, sin a—(k—n)p}’])

=1hyt,Co{— h2(A,+ 241, cOS® 7) +4npysh, sin afcos ¥
+2ip, Dl {0l R sin « cos® 8-+ np(oshi—2h; sin® a)}
- —[h2C (2 + 24, cos? 7,) + 3 WO o+ 21 cos® 7,)cos 7,

- Zﬂn‘ﬁ/‘zhﬂ’cﬁ w—s(n—3)(h, sin a+jp)cos 7,]
. gjhg Cr_ a2 +2p, c0S* 1e_,) — 4pakep {hy sin a— (k—n)p} Jeos 71—,
+241]1/ 72 hyD,(h, sin a+np)cos 4, —I—J% io,h2DL,— (b, sin a+jp)cos® 6
'*‘j% DD, —f(n—7) {ouhi—2(h, sin a+7Dp)’} ]
+ zf‘zkg-+’liC D' (ch2{h, sin a—(k—mn)p}cos® 5.,
+kplo,hi—2{h, sin a—(k—n)p}?]) ,
it (a—A)sin a cos o+ A, (hy sin a+np)— 3, AL (hy sin a+jp)eos
— kgih,gkA;% {h, sin a—(k—n)p} cos a;_,+ i, 1. (b+ B,)cos’

— v/ a1 h[B, cos B,—iy/ a1 by >, Ca—yB; cOS® B]+ ioahfki CxBion €0S® iy
Jxn =n+1
=4Coh.ht, sin a cos 7 +C,(h, sin a+np)+1ih, 3, €, yC(hy sin a+5p)cos 1y
Ixn
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+ i 1hoCron {hy sin @ —(E—n)p} cos ri_, + 10, kiDL, cos® &
kE=n+1

Jxn

+V/T D, €08 6,4 5, 1V/7: 1D,y 05 3]+ S oD}t cost 8,
k=n+1
(a+Ag)thic, cos® a—n, {4, cos a,—1h, 3\ AL, cos® a}

ik S, AL, cost oy, —(b—By)i/a kit sin « cos
k=n+1
—(hy sin a+np)B,+11/ o, hy Z Cn—3sBj(h, sin a+jp)cos B,

+i1/ily 3, Bi Lelhy sin a—(k—n)p}cos B,
=n+1

=1hiCL, cos® 7 +h, {C, cos 7, +ih, >, Cyf,_; cos® 1.}
ixn

+1h; > Chonly €OS* 17— 11/ 03 Rih, D7, sin a cos &
k=n+1

—(h, sin a+np)D,—iV/ o2 I, 3, Dz, (b, sin a+jp)cos 8,
2En
—i/7ah, S Dy £k, sin a—(k—mn)p} cos &,_,
c=n+1

From the coefficients of e~"* in (18) through (21), the following
equations to determine A,, B,, C, and D, of the second approximation
are obtained.

—2imhi¢_(a+ Ap) {—np(1—2 sin® @)+ A, sin « cos® a}

+2ip, i+ €A (kplI 2l sin @+ (k—m)p} ]

—hi{h, sin a+(k—n)p}cos® a;_,)
+2m[t 2 (n—5)pCs-n A {1 —2(hy sin a—jp)’}

+h,A(h, sin @ —np)eos o, —1 % higs-nA(h, sin a—jp)cos® a}]
—ip/ o ki (b—B,) {4np sin af—HJLl(al—Z sin® @)} cos
+ip11/o-_,h1k§“:_,~.Bkﬂu[4kp {h, sin a+(k—n)p}

+(o1hi —2{h, sin a+(k—n)p}*)]cos fy_n
—;11[41/Ek1j§ W5 —n)pZ;-.Bj(h, sin a—jp)cos 5}

+ {ohi—2(h, sin a—np)*} B,

— 0/ arh X {ohi—2(h, sin a—jp)*} ¢,-.Bj cos f5]

IEn
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=—2ipmt_,Co{—np(h;—2h} sin® a)+4-h,h; sin « cos® r}
—ip/ 7 hof Dy {Anph, sin a4 o,k —2k; sin® a} cos &
—2ipt, 3, € Crma(—113=2 (b sin at-(b—n)p) P
+h3{h, sin a+(k—n)p}cos’ ry_,)
—2pl2 19y-nCi( —n) {hi—2(h, sin a—35p)?}
+(h, sin x—np)h,C, cos 1, +j‘§ thiC it ,—n(h, sin @—jp)cos® ;]

—ip/Fihy 3, Do s 4k (I sin @+ (k—n)p)
+[o,hi—2{h, sin a+(k—n)p}*]cos 0;—_n)

+ 5, 401/7 9, DG — ) sin a—gp)eos o
— {o,ht—2(h, sin a—np)}} D,
— 3 (Vo2 b Dl {ouhi—2(h, sin a—jp)} cos 53] ,

—ihi_(a— Ap) {h(A 12 cos® a)+4pmp sin af cos «
+ 2003 (b + By) {—np(o,—2 sin® a) + a1, sin « cos® B}

o

—H’hlk :ZﬂC—kAk—n[(lrl-z#l cos? ) +4mkp {h, sin a+(k—n)p} Jcos

— [ AL (24 cos® @) — > TR, A4+ 2, coS® aj)cos o
jxn

= 4 pZy-nAi(n—7)(h, sin a—jp)cos aj]

fr
271 33 86 Byoloslt Iy sin @+ (k—m)p} cos® By
— kplohi—2 {y sin a -+ (k—n)p}*])
+2u] —/ o1 B, (h, sin a—np)cos §,,
+,% o0, Bk, sin a—jp)cos® §;
—,% 19s-nBi(n—7){o1hi—2(h, sin a—7jp)}]
= —1h,Col—n {P2(2y+2p, cOS® 1) +4npmsh, sin } cos 7
+ 2,8, Dy {ouh, i} sin « cos? 6 —np(o,h— 28] sin® ar)}
- ga“’ihzf 2 Cromnl B2+ 21, €0 71 —0) + A pkcp {1y Sin a+ (K — 1) P} [COS T

—[WC10a+ 201 €08* 12) + 33 ThiL s Ci(+ 21t COS" 1)C08 75
Jixn
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+ 25 4ippuholyCin—j)(hy sin a—jp)eos 7]
Jxn

+2ip1, 3, €Dy (ouhi {hy sin @+ (k—n)p} cos* b, .,
=n+l1

—kplo.h;—2{h, sin a+(k—n)p}*])
+2u[V/ o h,D (R, sin a«—np)cos 6, + > 10,038, D i(h, sin a—jp)cos® d;

Jjxn

— 2108, Di(n—3) {c.hi—2(h, sin a—jp)}} ],
FEZ]

hil_.(a—A4,) sin a cos a— f‘, & _A_, {h, sin a+(k—n)p}cos «a,
1

k=n+

+ ALy sin a—np)— 3, thy(h, sin a—jp)Z,-,Aj cos a

Fiohlon(b+By)eos' ftichi S € By, coS® Ben
k=n+1
—V/o | B, cos 3, —iV/a by 3, &;-,B; cos? 5]

jxn

=ihh,Col_, Sin a cos y + i WCrnl - {hy sin a+(kE—n)p}cos 7i_,

k=n+

+(h, sin a —np)C, + 3% 1h.z,_,Ci(h, sin a—jp)cos ri+1ia,hiD -, cos® 8
J&En
+ioh 2 Dy ol COS’ 6y
k=n+1
+V/ e h| D}, cos 6, +iV/ ar by 3, Dt cos* 851,
Ixn
(a+A)thi_, cos? a—}—ih‘;;:%lAk_n:_k €os’
—h, {4, cos a,—1h, > AL, cos® i} — i/ o hit_(b—By)sin a cos
ixn

+i/oihy S ¢eBecn {hy sin @+ (k—mn)p} cos B,
=n+1
—(ly sin a—np)B, +1V/a, by 3, &5 Bj(h, sin a—jp)cos g;

=1hi{_.C,cos’ r+ih; >, Cr_.{_\ cOS* 1y,
k=n+1
+h,{C; cos 1, +1ih, 3 CjZy-, cOS* 15} —ih /a2 h, Dy, Sin @ cos &
ixn :

—i/o. h, i Dy_l—i{h, sin a+(k—mn)p}cos 6;_,
k=n+1
—(hysin a—np)D,— 1/ o, 3, D¢y (b sin a—jp)cos 6 .

In these formulae for A,, B,, 4,, B,, etc. the values of the first ap-
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proximation are used for 4,, B, A, B, etc. As they are of the order
of ¢, A,, B,, A,, B,, etc. are of the order of ¢2.

§ 5. The Case of Normal Incidence on the Mean Surface of the Bound-
ary {=ccos px

As in the incident SH wave, the case of normal incidence on the
harmonic boundary surface given by the equation ¢=c cos px was calcu-
lated. In this case, ¢,=¢..=0 (n#l), =¢_,=c¢/2, a=f=r=0=0,
sin a,= np[h,, sin &, =— np/h,, sinpf,=np/\/o/h,, sinf,=— nup// ok,
€os @, =COoS «a,, ¢os f,=cos f3,, etc.

§ 5.1. The Case of Incidence of the P Wave

In this case, we get the following linear equations from which the
solutions of the first approximation for A4,, B,, C, and D, are obtained.

— 03B+ o HiDy =0
— A4+ 2m) +hiC (4 + 2p) = 14, +2p1)
Ve By+v/ o h,Dy=0 , hA,+hCo=h, .
Therefore, B,=D,=0,
Ay= {ho(ha+2pm) — b+ 2} {2+ 20) + (0 4-21)}
Co=2h2p1+ 1) [[ha {4+ 20) + P+ 20} ]

as far as the solutions of the first approximation are concerned.
With regard to the solutions of the first approximation for A4,, B,
C, and D,, the following linear equations are obtained.

211, A; cos a,— p,By(o1hi—2p%) 420,00, C, cos 7,+ g, Do,k —2p?)
=2iphipl(1+Ao) — 2010, C
—hi A, (2, +2p, cos® ay) —2p1/ a1 hpB, cos f,
+hiC\(A,+2p, cos® 1) — 251/ a2 hyp D, cos 6,
=1hiCi (A +2p)(1— Ag) —1C R (2 +28)
PA,—V o, B, cos f,—pC,—1/ 5, h,D, cos §,=0 ,
—h,A, cos a,—pB,—h,C, cos r,+pD, = —ihit,(1+ A) +ihi,C, .



390 S. ASANO

We see that the right hand side of the first equation becomes zero by
using 4, and C, of the first approximation obtained above.
If this set of linear equations is written in the following form,

ayA,—a,B +a,,Ci+a, D=0,
—a,A,—a.,B,+a,,C,—a.D,=1,,
ayA,—a,B —a,C—a, D=0,
—ayd,—a.B—a,C +a,D=l,,

the simultaneous linear equations giving the solutions of the first ap-
proximation for A;, B;, etc. have the following forms :

—ay A —a,,Bi—a,,Ci+a, D=0,
_anA;+a'2:B;+azsc;+a24D;:l2 ’
_azlA;—azzBi"*‘azsC;_auD;:O ’
—a,A+a.Bi—a,Ci—a,D;=I,.

By a simple transformation of a set of determinants of the coefficients
in the latter equations, the following relations between A,, B,, etc. and
A;, B;, ete. can be obtained.

A1=A; ’ 01:C; ’ sz—B; y D1='—D1 .

Since the case of normal incidence is under consideration, these relations
are very reasonable and simplify the problem.
For A, B, etc. of the second approximation by using the relations
above obtained, A,=A;, B,=—B,, etc., we have
- 3/11}7&‘40 + 3/12}1‘%00
=3mh,—2imh ¢ A (3R} +2p*)cos o, —4ip,¢,B,D°
—2tpht,C (3R +-2p*)cos 1, +4iml, Dip*

—hAy—h,Cy=—h,—2it, A\ (I} — p*)— 29/ o, ¢, B,p cos B
+2i¢,Cy(h;—p*)—20/ . hof\Dp cos 6, ,
- /llo-lthO + /jzo'ztho =0 ’

—V/@ By—1/a kD=0 .
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From the last two equations, B,=D,=0.

With respect to A,, B,, ete. of the second approximation, the mag-
nitude of the correction term to those of the first approximation is of
the order of ¢*. Thus as far as the present approximations are con-
cerned, 4,, B, ete. of the second approximation are the same as those
of the first approximation.

In the second approximation, 4,, B,, etc. must be taken into con-
sideration and A,, B,, etc. (n>2) are quantities of an order higher than
¢®.  Linear equations for A,, B, etc. are as follows:

4 pAsh, cos a,— 4 Byfo 1hi—8p%) +4p,pC,h, cos T2+t Dy(o o —8D%)

=240 AL(2h—3p%) + 3l By oy by(2p* — i})cos B,
—24p,pC.£1(2h3—38p%) -+ 81l Dy oy ho( 2p* — hi)cos 6,
“/llh?Al(l +4-2 cos’ az)“‘/‘l/‘ﬂ/o‘-lhqBﬁp Ccos ‘82
+ p.hiCo(1 42 cos? 72)—4V/ 72 h,pD, oS 6,
=— 3iﬂ1h1C1A1(hf —2p*)eos a, — 6iﬂ1pC1B1(2h? —%)
— 31,8, C (R —2p*)cos 1, —6ip,pl, D, (2h—p*) ,
2pA;—V o B, cos B,—2pC,—1/ o, h,D, cos 9,
=11 AP cos a,—ia, ki, B; cos? By +-1h,tCip cos 1, + 10,k D, cos?

—nh,A, cos a,—2pB,—h,C, cos v,--2pD,
= —,bh/%AlCl cos’ 24 _'ﬁ/o——lthlBlp cos 181
+4hiC.¢, cos® 1 — i1 o S Dyp cos 6, .

Through the same procedure as already adopted, having obtained the
relations A,=A,, B,=—B;, etc., it is proved readily that the relations
A,=A;, B,=—B,, C,=C, and D,=—D; hold as in A,, B,, A, B, etc.

The numerical constants necessary for the calculations are assumed
as follows:

Vpl/ V= Vsl/ Vs2:6/8 ’ Polth=2,

on Poisson’s hypothesis 1,=g;.

The formulae are expressed in terms of L/L,,, that is, the ratio of
the wave length of corrugation to that of the incident wave, and differ
slightly from each other according to the intervals of L/L,. As an
example these formulae for A,, B,, etc. are given in the following.
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(i) L/L,>4/3
In this range, A4,, B,, etc. are purely imaginary numbers.

2A,1/(L/Lm)?' —1—B,{3(L/L,,)—2} + 2C,(/1:,/,(11)1/(h‘_,/h,)"'(L/Lm)2 —1
—D\(p./ 1) {2_'3(h21/hl)2(L;/Lp1)2} =0,
— {8(L/L,,) —2} A, —2BV'3(L[L,.) —1 +C\(p!p1,) {8(ho/ h\)*(L/ L ,,)* — 2}

—2Dy(pral )V 3]y L Ly —1
= 3'7'7:((3/L1-1)(L/Lpl)2 {]— —A,— Co(/‘z,/ﬁl)(hz/hl)s} ’

A,—BV3(L|L,)Y —1—C,— D/ 3(h,/l,)(L/L,,*—1=0 ,
— AV I]Ly) —1—B,—CV/ (R (L]L,,y —1 +D,
= —4(6) Lipy) (L Lipy) {1+ Ag— (ho/1,)Co}

For L/L,, smaller than 4/3, A,, B,, etc. are complex numbers and A, is
written as A,=RA,+1IA, and so forth.
(i) 4/3>L/L,>1

2RAV/(L|L,) —1—RB{3(L/ L) —2} +2IC\(pt) pr)V'1— (hof 1, (L| L)
— RD\(pa] 1) {2—3(ho/ I} (L[ L)'} =0,

2TANV/ (L[L Y — 1—IB, {8(L/L ) —2} —2RC\(pt/ t:)V' 1 — (hof 1) (L[ L)’
—ID\(pof 1) {2—3(ho/ 1 (L] L)'} =0,

— {3(L/L,,*—2} RA,—2RB\/3(L|L,,\ —1
+RC (0] p) {8(Rs/ 1) (L] Ly ) — 2}
—2RD\(ta] 1)V 3l (L] L) —1 =0,

— {3(L/L,.y —2} IA,—2IB,V3(L] Ly —1
+IC (1. 1) {3(hof (L | L, ) —2}
—2ID,(p1sf )V S oY (L] LY —1
=3a(¢/Lp)(L|Lp) {1—As—Cotte] pr)(Rof 1)}
RA,—RBV3I[L,Y—1—RC,—RDV 30 k) (L] L) —1 =0 ,

JA,—IBVL]L,) —1—IC,—ID\V/ 3y (L] Ly —1 =0 ,

—RAVTJL, ) —1 —RB,—IC;VT=(hJlu) (L] L,y +RD, =0,
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—IAV/(LJL, ) =1 —IB,4+RCV'1—(h,/h)(L|L,)* +ID,
= _”(C/Lpl)(L/Lm) {1 +A,— (hz/hl)zco}

(iii) 1>L/L,>0.770

In this interval, only the first, second, seventh and eighth equa-
tions are slightly different from those in the interval (ii). In the fol-
lowing, only dissimilar equations are given. ‘

2IA V1= (L] Ly — RB{3(L/ L) —2} +2IC (1) )V 1T — (lof b, (L L, )?

— RD\(pts] 1) {2 —8(Rof 1) (L] L)'} =0,
—2RAV1—(L]L,)*—IB,{3(L/L,,*—2}

—2RC,(1t) p1)V'1—(hof b} (L L )*

—ID\(11s] ) {2 —3(Rs M) (L] L)'t =0,
—IAV1=(L]|L,y*—RB,—IC, V'1—(h,/l)(L/L,,)* +RD,=0,
RAV1—(L|L,y—IB, +RC,V'1—(h,Jl)L|L,,)* +ID,

= — (6] Lpn)(L| L) {1 -+ Ag— (o[ 1Y'Ci}

{iv) 0.770>L/L,,>0.5678
In this interval, only the third, fourth, fifth and sixth equations
given below are slightly different from those in the interval (iii).

—{8(L/L,)*—2} RA,—2RB,V'3(L|L,*—1
+ RC(#a] 1) {3(Pof ) (L L ' — 2}
—2ID () p)V' 1= 8(Ro b (L[ L) =0,
—{8(L/L,.)—2} IA,—2IB,V'3(L|L,, ) —1
4 IC, (o] 1) {8(Pof (L L) — 2} +2R D, (2] 1)V 1 — 3(hof 1) (L[ Ly, )
=387(¢/ L) (L Lipn)* {1 — Ay— Co o] 1) (o i)'}
RA,—RB\V'3(L]L, Y —1—RC,— ID, V' 1=3(h.[h,(L/L,,}* =0,
IA,— IBV'3(L/L,,)) —1—1IC, + RD,V'1—3(hy{h,}(L[Ly,)* =0 .

{v) 0578>L/L,
In this interval, only the third, fourth, fifth and sixth equations
given below are slightly different from those in the interval (iv).
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—{3(L/L,. —2} RA,—2IBV1=3(L|L,)
+RC (1] 1) {8(Ro/ 10, (L] L) — 2}
—2ID,(p) )V 1 =80l (LI L ) =0

—{3(L/L,» —2} IA,+2RB\/1—3(L]L,.y
+IC\ (o] 1) {8(Ro/ (L) L) — 2}
+2RD\(p) p )V 1=l (LI L)

=3x(c/Lp)(L| Ly ) {1— Ay —Col o] i) (Mo 1)}

RA, —IBV'1—3(L/L,)—RC,—ID,V'1—3(h,/h,)(L[L,)* =0,
IA, +RBV1—3(L|L,)—IC,+RD, V'1—3(h,/h,}(L/L,) =0 .

In calculating these formulae, the parametron computor ‘ PC-1’ of

Step 1

Step 2

Step 3

Step 4

Step 5

Caleulation of Coefficients a,(L'L,) of
Lirear Fquations of A,, B,, etc. for a
Certain L'L,,

l

(L{L,—J3L)L,) —= New L'L,,
|

|

[ New L!L,—Bourdary Value of L/L,. I

Negative
Stop

Positive

1 -Qutput tape is used in the next step.
Solutions of Linear Equations
A, B, C.. D,

T Output tape is used in the next step.

—

Calculation of A, and C, of the
Second Approximation

Caleulation of Coefficients a,(L/L,)) of
Linear Equations of 4,, By, ete, for a
Certain L{L,,

A,, By, etc. are given
from output tape.

[0/ wiL.—ayL,))— New LiL,  —

Qutput tape is used in the next step.

Solutions of Linear Equatiors

A B, G, D,

Fig. 2. Flow diagram.
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Takahashi Laboratory, Institute of Physics, Faculty of Science, Univer-
sity of Tokyo was used. The memory capacity of this computor is only
256 in long word and is too small for these calculations. The reason
why this computor was used depended mostly on the cost, although partly
it is because the writer is familiar with the program of this computor.
The flow diagram used in these calculations is shown in Fig. 2.

Step 1 is the step to calculate at appropriate intervals 4(L/L,,) all
coefficients of simultaneous linear equations from which A,, B,, etc.
are determined. The tape on which the coefficients are punched in the
output is used directly as an input tape in the next step, Step 2.
In Step 2, a revised program of the complete program No. 3 in the
PC-1 Library is used, which is a program for obtaining the solution of
simultaneous linear equations by using the sweeping out method. The
tape punched in the output of Step 2 is edited and used as input tape

02
........ .~ A =003
A
L 0.05
O.15-
0.1 0
Le
LJSI Llsz ] L!Pz
0.10 L 1 ]
(0] 1.0 2.0 L/L 30
Pl
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in Step 3 and Step 4. In Step 3, A4, and C, of the second approximation are
calculated. Step 4 is similar to Step 1, and is the step to obtain all the
coefficients of simultaneous linear equations determining A4,, B,, etc. In

0.20
1Al

r

1Col

L12F

.08

-———

C/Lm:o.l [¢]

0.05

0.03

2o Yin 30

Fig. 4.

ICl
13

—-1.10

.07

0.12
0

0.05 C/LPIO.I o)

Fig. 5.

Step 5, A,, B,, etc. are obtained
by means of the program used in
Step 2.

The results obtained are given
in Figs. 8-18 and Tables 1-5.

From Fig. 8 and Fig. 4, we
can state the following points as
to |4,] and |C,.

(1) The variations of |4,/ and
|Co] with L/L, are rather small,
but in comparison with the case
of incidence of the SH wave they
are a little larger.

-(2) The influence of corruga-
tion is larger on reflection than
on refraction. This is also shown
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clearly in Fig. 5. We see that the variation of |4,| with the ratio of ampli-

tude of corrugation to wave length of the incident wave, ¢/L,,, is much
larger than that of |C,|.

A similar phenomenon is also seen in Fig. 13.
(8) The effect of corrugation increases with increasing ¢/L, in

such a manner that |4, decreases and |C,| increases with increasing
¢/L,,.

(4) For L/L, smaller than 4/3, an increasing tendency is generally

observed, especially for |4,].
For L/L, at least smaller than 0.3 it seems that this method can
[
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not be applied satisfactorily.

(5) At L/L,=4/3, that is, L=L,,, minimum values of |4, and: |C,|
are rather clearly perceived.

(6) In the neighbourhood of L/L, =0.77, i.e. L=L,, both [A4,| and
|C;] have a sharp maximum.

In Figs. 6 through 9, |4,|, |B.|, etc. are given.
(7) For L/L, larger than 4/3, |A,| and |[C,| are almost constant.
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(8) AtL/L,=4/3,i.e. L=L,, both |4,| and |C,| have a sharp maxi-
mum and for L/L, smaller than 4/3 they decrease very rapidly until

|4, has a sharp minimum at L/L,=0.77, i.e. L=L,, and |C,| has two
minima near L/L,=1.

(9) |B,] and |D,|, the S wave components of reflected and refracted
waves, have an increasing tendency with decreasing L/L,,. Therefore,
the vertical component of displacement becomes very large.

Since we
are concerned here with the case of normal incidence, this result is very
reasonable.
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(10) It is remarkable that |B,| decreases very abruptly near L/L,,
=0.77, i.e. L=Lg, and reaches a minimum at L/L, =0.74. Correspond-
ing to this, |4,], |C,| and |D,|, especially |D,] become very large and
reach sharp peaks around L/L, =0.74. ’

(11) The abnormal feature at L=L,, and L=L,, is not as clear as
those at L=L,, and L=L,,.

(12) For L/L,, smaller than about 0.3, all irregular waves become
very large and this tendency impairs the accuracy of this method.

[

0.2

{O.1 -
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In Fig. 10, |A,|, |By|, |Ci| and |D,| of ¢/L,,=0.1 are given together
for comparison. From this figure, we can see clearly that the S wave
component in both reflected and refracted waves increases with decreas-
ing L/L, and near L=L, it becomes comparable order to the P wave
component. Furthermore, the abnormal character is very conspicuous
in the neighbourhood of L=L,.




Reflection and Refraction of Elastic Waves 403

(13) According to the value of L/L,, some irregular waves become
boundary waves. That is to say, their amplitude decreases exponentially
with increasing |z|. The P wave component of an irregularly reflected
wave which is represented by |4, becomes like the boundary wave for
L/L,, smaller than 1, or for L smaller than L,,.

Similar circumstances prevail for the following waves in the ranges
of wave lengths specified below :

The S wave component of an irregularly reflected wave B, for L/L,,
smaller than 0.578 or for L smaller than L, the P wave component

ICd
0.10F
C/LP-
i oo
0.05~
Cee-—-—-—20.05
i 0.03
0 0

Fig. 12.
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of an irregularly refracted wave C,, for L/L, smaller than 4/3 or for
L smaller than L,,, and the S wave component of an irregularly refracted
wave D,, for L/L, smaller than 0.77 or for L smaller than L,,.

As in the case of the SH wave, the curves of |A,|/|4,] and [C,|/|C,|
have almost the same tendencies as those of |4,] and |C,| themselves,
because of small variations of |A4,] and |C,| with L/L,,. But since it is
very interesting to know the values of these ratio, they are given in
Figs. 11 through 12. From these figures, it is clear that the effect at
L=L,, is most conspicuous in both |4,|/|4,] and |C,|/|C,|. Furthermore,
as seen from Fig. 13, |A4,|/|4,] is several times larger than |C,|/|C,| and
it may be inferred also from this figure that the effect of a corrugated
boundary surface on reflection is larger than on refraction.

I.OF

0.5r

0 005 C/LPP.I' 0
Fig. 13.

In order to see the degree of conversion of wave type, |B,|/|A,| and
|D,|/|C,| are shown in Fig. 14. It is specially to be remarked that these
values are independent of ¢/L,, because both denominator and numerator
are proportional to ¢/L,. It is clearly seen that the S wave component
increases with decreasing L/L,. In this figure, however, it must be
borne in mind that if |A4,] or |C,|, that is, the denominator becomes
much smaller than the numerator, the ratio can be very large. In fact,
two peaks near L=L,, in |D,|/|C,| correspond to two minima of |[C,|.
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Also two peaks of |B,|/|A,| near L=L, and L=L,, correspond to two
minima of |4,|. But it may be permissible to say that for L/L,, below
about 1, both |D,|/|C,] and |B,|/|4;] become comparable to or rather
larger than 1.

As for A,, B,, etc. computations were carried out only for the case
ofy¢/L,=0.1. The results are shown in Figs. 15-18 together with those

Bl D
) En—l
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of the spectra of the first order, i.e. |4,], |B.|, etc. for comparison.
(14) In general, for L/L, smaller than about 1, the values of |A,|,
B,|, etc. are comparable or larger than those of [A4,|, |B,], etc. and
much smaller than those of |4,] and |{C,| for almost all values of L/L,,.
Therefore, when we say something about [4,| or |C,|, it is unnecessary
to refer to |A4.] or |C,|. But when attention is paid to irregular waves

for L/L, smaller than about 1, we must take the spectrum of the
second order into account.
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(15) As to the P wave component represented by 4, or C,, |4, is

much larger than |A,| for L/L,, larger than about 1; while |C,| is larger
than |C,| for L/L, larger than about 1.2.

However, the contrary is
the case with respect to the S wave component, because both |B;| and

|D,| are not so large in comparison with |B,| and |D,| as in the P wave
component, but rather of the same order of magnitude with |B,| and
|D,].

(16) A sharp peak exists in the neighbourhood of L=2L,, in each
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irregular wave of the second order. Especially in the S wave com-
ponents the phenomena are notable.

(17) As a whole, the positions of the maximum or minimum of
|4,], |B,|, ete. especially for L/L, smaller than about 1 are almost the
same as those of |A,[, |B,|, etc.

(18) For L smaller than 2L,,, some irregular waves become like
boundary waves. Such circumstances occur in the ranges specified be-

low: in waves represented by C, for L/L, smaller than 2.667 or for
L smaller than 2L, in waves represented by A, for L/L, smaller than
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2 or for L smaller than 2L,, in waves represented by D, for L/L,
smaller than 1.539 or for L smaller than 2L,,, and in waves represented
by B, for L/L,, smaller than 1.156 or for L smaller than 2L;. There-
fore, from the practical point of view, it may be permitted to say that
.only the S wave component of irregularly reflected waves with spectra
.of the second order has significant contribution to displacement potentials

in comparison with those of irregularly reflected and refracted waves
-with spectra of the first order.
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§5.2. The Case of Incidence of the SV Wave

Putting a=0 and b=1 in (14), the following simultaneous linear
equations, determining solutions of the first approximation for A,, B,,
C, and D, are obtained.

— A+ 2p) +13C (2 +20.)=0,

—AJJ,—Ci,=0
Then
A,=C,=0,

B=i-2/(1+ £V %0,
D=2 /(L2 (14 L)

From the following simultaneous linear equations we can obtain the
solutions of the first approximation for A,, B,, C, and D,

2ph,pA, cos a,— g, B\(ohii —2p*) +2p,11,pC, cos 7, + p,.Dy (.3 —2p%)
=ipo)/ o B(1—By) —ipon/ o hiDy
—I3A (A2 cos* ) — 21/ o hypB, cos 3,
+hiC(2+2p, cos® 1) — 2/ o h,pD, cos o,
= =241, po (14 B,) +2ip.03%, 05, D,
PA,—1/ o, B, cos 3,—pC,—1/ . I.D, cos 6,
= —10,h¥, 1+ B) +ie.h32.D, ,
—n,A, cos a,—pB,—h.C, cos r+9D,=0.
By using B, and D, of the first approximation obtained above, the right
hand side of the second equation is proved to be zero.

As in the case of incidence of the P wave, it is shown readily that
there exist the relations A,=—A;, B,=B;, C,=—C; and D,=D;.
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As to A4,, B,, etc. of the second approximation, by using the rela-
tions obtained above A,=-—A;, B,=B,, etc., we have

—ahiBy 4oyl D,
=oymuli+4im AP —2ipl B/ oy hy(o:hi+2p°) cos B,
—4dipl Cip*—2ipl D/ oy ho(a*hy+2p) cos &,
—Vo By—V/a: 1Dy
=—1v/o, h+2th,C_,A D cos a,—2if_,B,o,h} cos® B,
+21¢_,C,ph, cos 7. +21¢_,D,a,h; cos® 8, ,
— A4 +2m) + 1EC (A +-2p) =0,
—hAy—h,C,=0 .

From the last two equations, A,=C,=0, .

As in the case of incidence of the P wave, the magnitude of cor-
Tection terms to A,, B,, ete. of the first approximation is of the order
of ¢®. 'Thus, as far as the present approximations are concerned, A4,
B,, etc. of the second approximation are the same as those of the first
approximation.

In the second approximation, A4,, B,, etc. must be taken into con-
sideration and A,, B,, etc. (n>>2) are quantities of an order higher than
¢®. Simultaneous linear equations for A,, B,, etc. have the same ex-
pressions as corresponding equations in the case of incidence of the P
wave. .

In this case, the relations A,=—A,, B,=B;, C,=—C, and D,=D;
are obtained by the same procedure as used in the case of incidence of
the P wave.

The constants used are the same ones as in the case of incidence
of the P wave.

In this case, the formulae are expressed in terms of L/L,, that is,
the ratio of the wave length of corrugation to that of incident wave,
and differ slightly one from another in respective intervals of L/L, con-
cerned. In this case, as examples, these formulae for A,, B,, etc. are
given in the following :

(i)-1) L/L,>4.619

In this interval, A,, B,, etc. are real numbers and as A4,, B, etec.
are purely imaginary numbers, in the following A,/i, B,/i, etc. are
written as 4,, B, and so on.
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4V 3 AV (L[Ly)—12 —8B,{(L/L,)*—8}
+4V" 3 Cy(t1] )V (o) (L] L' — 12 +8Do(p1a] 1) {(af 1 )(L | Ly )* — 8}

=~ ZelLd 2., (L)LY ~9) +85, 16— (L/L )V LT T

—2C, (/1) {2(hs/ (L L)' —9)
+3D,(ps] 1) 6 — (el (LI Lo}V (oY (LY —11 ,
34, {(L|L.y —8} +12B,V/ (T]L,F —& —3C.(tt) 1) {(haf L/ L} —8)
+12(p4/ 1) D/ Tof ey (L] Ly —4

—--—_’T(‘C/L‘l—) 2__ (71T, :_9 5 .
VA Yi7 /L,l)[gA‘{(L/L“) 6}V (L]L,.) —3 +613 B, {2(L/L,)—3}

+8C (1] 1) {(s 1 V(L | Ly} — 8}V (o Y (L] Ly ' —3
_61/§D1(/12//11) {2(h2/h1)2(L/Lu)2_3} ] ’
2A2—B2 V (-L/Lu)2 —4 _2Cz—D21/(h2/h1)2 (L/le)z_‘/‘l

—__ F(C/le) (TIT. v¥—q9_ /9 LIL.Y—
1/_—§(L/L31)[AJ/ (L/L,)—3 =V 8 B {(L/L,y—1}

+C .V (] by (L] Ly —3 +V 3 D {(hafh)(L/ L, —1} ],
AV/(L[L,y =12 42V 3 B,4+-C.V/ (,Jh.Y (L]L,y*—12 —21/ 3 D,

—__#le/Ly,) o (LILY—1
- 1/—3—(L/L,—1)[A1 {(L/le) 3} +3B11/(L/L!1) 1

_Cl {(hg/hl)?(L/L“y_g} +3D,'l/(h«_,/h1)2 (L/le)g——l] .

For the value of L/L, below 4.619, A,, B,, etc. become complex
numbers and are written as A,=RA,+1IA,, etc.
(i)-(2) 4.619>L/L,,>3.464
4V 3 RA,V(L|L,y—12 —3RB.{(L|L.) —8}
+4V' 3 IC(pro] pr )V 12— (ho s (L] LY + 3R Dy p1,] 1) {(Rof )L L)' — 8}

- ’(fg//f)) [24; {2(L/ L.y’ —9} +3B,{6 —(L/ Ly} V/ (L] L.y —

—2C(pof ) {2(Ro ) (L Ly — 9}
+3D,(pof 1) {6 — (hof 1, (L L 1)} V' (hof hn)* (L Ly} —117
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4V 3 1A,V (L]L,y—12 —8IB,{(L|L,)—8}
— 413 RC, (pta] pr)V 12— (o ) (L[ L )?
+8IDy(tto] 1) {(hof iYL L' —8} =0 ,

8RA{(L/Lyny—8} +12RB, V(L] L,y —4 —3RC.(tt,] ) {(he/ m}(L| Ly’ —8}
+12RD, (o] g}V (o ) (L] L1y —4

_ 77(0/ le)
V' 8(L|Ly,)

+3C. (1] 1) {(ho I} (L| Lyy) — 6}V (hof B)* (L Lin)* —3
- 6V§D1(F2/ﬂ1) {2(ho/R)(L/L,)—38}] ,

[84,{(L/Lyy—6}V/(L[L,y—3 +6V" 3 B {2(L/Ly)*—3}

8IA (L Ly —8} +12IB,V (L[Ly) —4 —8ICy( ] ) {(hof h)(L| Ls)* —8}
+12(p/ ) ID;V (hof ) (L[ Ly —4 =0,

2RA,—RB,V(LJL,.)—4 —2RC,—RD,V (h;/h,)* (L/L,.)’—4

=— /L) (LIL)Y—8—-vV3 -
=g @y Ty =8 =V B BAL/L.y ~1)

+ OV TaThY T =8 +V B D, {(f ) (LI Ly —1}1 »
21A,— IB,V/ (L]Lof—4 —2IC, —ID,V (hyjh) (L Lu) —4 =0 ,

RA,V(L|L,y—12 +2V'3 RB,+IC;V 12— (y/h,)* (L]L,)) —2V' 8 RD,

__n(e/Ly) . T T
=TS LSI)[AI{(L/L:;I) 3} +8BV/(L/L,)r —1

—C {(hy/h,)(L| Ly, — 38} +3D,V/ (hy/h,)* (L| Ly, —17 ,
IAV(L]L,Y—12 +2V3 IB,— RC;V 12— (hujln) (L] Ly’ —2V/ 3 ID,=0 .

()-(3) 8.464>L/L,>2.667
In this interval, the first, second, seventh and eighth equations in
(1)-(2) change slightly as follows:
4V 314,V 12—(L]L,.Y} —8RB,{(L/L,)—8}
+ 41/§I02(/‘2//“1)1/12 - (hz/hl)2 (L/le)2
+ SR-Dz(/‘z/ Fl) {(kz/ kl)z(L/ le)z _8}
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- ?(T"//f:—:))[zAl (2(L/L Y —9} +8B, {6 —(L/ Loy} v (LILay —1
—2C (] 1ty) {2(h./h) (L L,,)*—9}
+3Dy(#/ 1) {6 — (o)1, )*(L] L, )*} 1/(hg/hl)3(L/Ln)2 -1},
—4V 3 RA, 1/1_m,7LF —3IB,{(L/L,)*—8}
—41/§RC'2(/1¢_,//11) 1V'12— (ho/hy)(L{Ly)
+ 1Dl ) (ol (L] LY —8} =0

IAV12—(L|L, )y +2V' 8 RB,+ICA/12—(h,/h,y (L]L.)} —2V 3 RD,

—_ :(C/le)
V' 8(L/L,)

_Cl {(h?/hl)?(L/le)?_g} +3D11 (hﬁ,/lll)?(L/le)? -1 ] ’

[A,{(L/L.)—38} +3BV/ (L/L,}—1

—RA,V'12—(L/L,)y" +2V 8 IB,—RC.\V/ 12— (I,/h)(L/L,)*—2V 3 ID,=0.

(i)-(4) 2.667>L/L,,>2.309
In this interval, the third, fourth, fifth and sixth equations in (i)-
(3) change slightly as follows:

38RA{(L/L..y'—8} +12RB, vV (LIL, Y —4 —3RC.(1/1) {(hs/h):(L/ L) —8}

+12ID(pn) )V A= o]l (L] Ly

_ =le/L,y)
V"3 (L/L,)

+3C,(t1) 1) {(ho/ 1)L/ L,,)* — 6} 'l/(]lg/h,)? (L/L,)*—3
- 61/?3—1)1(#2//“1) {2(ha/h (L] Ly ) —3} ]

[8A{(L/L.y —6}V/(L/L.) —3 +6V"3 B,{2(L/L,.)’ —3}

3IA,{(L/ L,y —8} +12IB,V/(L[L,,} —4 —3IC (2, 1) {(ho 1) (L] L) —8}
- 12RD2(/‘2//‘1)1/4 —(hofhy)* (L] Ly) =0,

2RA,—RB,V(L]L,Y—4 —2RC,—ID, V' I—(h,Jhy (L/L,.)

__w(e/Ly) T Y a /" .
= 1/g(L/LM)[Al1/(L/L“) 3 VSB,{(L/L“) 1}

+CV/ (hofl) (L L., —8 4V 8 Dy {(ho/ ) (L Ly, —1}]

2IA,— IBV/(L]L,.y —4 —2IC,+RD, V'4—(h, I,y (L]L,.)y =0 .



Reflection and Refraction of Elastic Waves 415

For L/L, smaller than 2.809 A,, B,, etc. become complex numbers
and are written as A,=RA,+1IA,, etc.
(i)-(1) 2.309>L/L,>2
43 1A,V 12—(L/L,) —3RB, {(L/L,*—8}
+4V 3 IC, (o] p )V 12— (ho[ 1Y (L] L,,)?
+ 3R Dyt 11) {(ho/ h)(L/L,,)* —8}

= — 7(¢/Ly) 2IA,{2(L/L,)*—9 3IB, 6—LL121/m
LTy 12TA 2L/ L) =9} +31B, {6 —(1/ L)) v/ (L L)

—2IC\ (1] 1) {2(h/ 1} (L L, ) — 9}
+31ID(po] 1) {6 — (o o (Lf Ly} V' (hof i) (L] Ly ¥ =17

—4V' 3 RA, V12— (L/L,) —3IB,{(L/L,)*—8}
—4V" 8 RC(1t,] sV 12— (hyJh,y* (L[ L)
+8ID(to] 1) {(ha (L L) — 8}

76/ L) [9R A, (2(L /L)' —9} +3RB.{6—(L/ L)Y}V (TIL P —1
=D [2RA (LIL.y =9} +3RB. 6—(L/L.)} V (L]L.Y

—2EC\(#/1m) {2/ (L] L,) —9}
+3RDy(1:] 1) {6 — (hof (L] L)} V/ (hof B Y (L[ Ly =17 ,

—8RA,{(L/L,)*—8} —12RB,V/(L[Ly) —4 +3RCy(/ ) {(hof )L/ L,,)*—8}
—12(p/ ) ID,V &= (b, [y (L] L)

_ (/L)
V' 3(L/L,)

[8TA,{(L/Lyy —6}V/(L]L,'—38 +6V 3 IB, {2(L/L,)'—3}

- 3RCl(F2//“1) {(hz/hl)z(L/le)2 —6} 13— (hy/h,)? (L/Ls1)2
—6V" 3 ID (1] 1) {2(ho/ )LL) — 3} 1
—8IA{(L/Lyy 8} —12IB,V (L[ L.} —4 +3IC (1)) {(hof (L | L, — 8}

+12RD, (1) )V 4 —(hof ) (L[ L, )’

_ w(e/Ly)
V'8 (L[ Ly)

—6V 8 RB,{2(L/L,*—3}

[—8RA{(L/L,) —6}V/(L/L,)'—3
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—8IC,(t] ) {(Ro 1) (L] Ly — 8}V B—(lof ) (L] L )?
+61/ 3 RDy(tt/ ) {2(hof haY(L/ L}’ —8}1
2RA,—RB\V/(L|L,y—4 —2RC,—ID,V' 4— (/) (L] L)’

__me/L) _ - — .
a7\ TAVIL =8 +V 3 IB{(L/L.)—1}

+RC, 1/3_(112/]"1)2 (L/Ln)y —ﬁIDl {(ho/ b, (L[ L) — 111,
2I4,— IBV (L|L,)—4 —2IC,+RD, V'4—(ho/h,)*(L|L,)

— ”(C/le) 9 _ 2
—Vg(L/Lﬂ)[RAlV(L/Lxl) 8 —V'3RB{(L/L.) -1}

+ IC,V3=(hofh.y (L] Ly +V 3 RD, {(h./h,Y(L/L,)—1}] ,
IA,V12—(L/L,)) +2V' 3 RB,+ICV/ 12— (h,/h) (L]L,.)} —2V 8 RD,

—_ TT(C/LA) 2__ 2 _
=TV 3(@/Ly LSI)[IAI{(L/le) 8} + 3IB,V (L/L,)—1

—IC{(hofPa}(L L)’ — 8} + BID\V/ (hof ) (L L)' —1] ,
—RA,V1I2—(L]L..)’ +2V'8 IB,—RC:V12—(h/h. )’ (L/ L.y} —2V' 31D,

—_7lo/Ly) :_ NEE——
~V3(L Lﬂ)[RAl {(L/L,.y*—3} +8RB,V/(L/L,f—1

—RC, {(ho/ ) (L L.y — 8} +3RD,V (o[} (L] L) =17 .

(i)—(2) 2>L/L,,>1.732
In this interval, the third, fourth, fifth and sixth equations in (ii)—
(1) change slightly as follows:

—8RA,{(L|L,y—8} —12IB,V'4—(L/L,}" +3RCys|r1){(hs/ 1)) (L Ly;) —8}
- 12ID2(4U‘2//‘1)]/4 - (h‘.’,/hl)g (L/Lc1)2

_M 2 _ TTIT. v _9 - -
ATI7 L,l)[?’IA‘ {(L/L,,)*—6} V' (L]L,.f —3 +6V 3 IB,{2(L/L,)*—3}

—8RC, (o] ) {(he 1 (L Ly — 6}V 8= (of ) (L] L)
—61/ 8 ID (g 1) {2(h:/h} (L[ L} — 8}
—3IA,{(L/ L,y —8} +12RBV 4—(L[L,)" +3IC (/) {(Rof hu)*(Li| Ly)* —8}
+12R D))V E— (o (L] LY
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_ wle/Ly) y_ s VTV —a

— AUl —3RA, (L. ~6)V (L3
—6V" 3 RB,{2(L/L,*—38}
—3IC (11, ) {(ho/h,(L| L)' — 6} V' 8—(hof by’ (L[ Ly }*
+61/§RD1(/‘2//41) {2(ho/hY(L| Ly} —3} 1

2RA,—IB,V'4—(L|L,y —2RC,—ID, V' 4—(hy/h,)*(L|L,)’

—_me/Ly) r_ T e o - .
=3 T IAVIJLY—3 +V 3 IB,{(L|L.y—1}

+RC,V3—=Uhlny (L] L) —V' 3 ID, {(ha/h) (L Ly —1}1 ,
2IA,+ RB,VA—(L]Ly)} —2IC,+RD, VE— (kY (L] L.y’

__7(e/Ly,) T ¥—3 -1/ 3 2
— V@(L/le)[RAl 1/(L/le) 3 —V 3 RB,{(L/L,)*—1}

+ ICV'8=(hy/h.Y (L/L,.)* +V' 8 RD,{(ho/l)(L|Ly,}*—1}] .

(i) 1.732>L/L,>4/3
The third, fourth, fifth and sixth equations in (ii)-(2) change slightly
as in the preceding interval.

—3RA{(L/L.)'—8} —12IBV T—(L]L,Y +3RC(tum) {(ho/ )L/ L)' —~8}
121D, )V Tl (L] L

___mle/Ly) 2 T
=TV L31)[3RA1{(L/L31) 6}1'3—(L/L,)

—6v' 3 IB,{2(L/L,)"—38}
+8RC(tt./ 1) {(haf B} L| Ly)* — 6} V'8 — (B[ 1) (L] L)?
+61" 8 ID\(ta] 1) {2(hof h) (L Ly —3}1
—3IA{(L| L) —8} +12RBV/ 4— (L[ L.y +3IC.(ptof 1) {(ho/1)'(L| Lr)* —8}
+12R Dy 1)V 4 —(hof )’ (L[ Ly}

—__mle/Ly) VI (LT
= Vs le)[glAl{(L/LSI)’ 6}v'3—(L/L.)

+6V/ 8 RB, (2(L/L.)'—3)
+8IC (p2:/ 1) {(of B, (L| Ly — 6} V' 8 — (Rof ) (L[ Ly
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—6V" 8 RD\(st.] 1) {2(Ro/ 1) (L L, —3} ],
2RA,—IB,V'4—(L/L,) —2RC,—ID, V' 4—(h,/I,)*(L/L,.)’

_ =(c/Ly,)
V' 3 (L/L,)

+RC, V' 3=,/ (LIL,.Y —V 3 ID,{(h./h.)(L/L,y}—1}],
2IA,+RB,V'4—(L/L,) —2IC.+RD,V4—(h./h,)* (L/L,)
__=(e/Ly,)
1 3(L/L,)
+ ICV'3—(h,/h) (L/L,.Y +V 8 RD,{(h./h,)(L/L,)—1}],
(iv) 4/8>L/L,>1

In this interval, the first, second, seventh and eighth equations in
(iii) change slightly as follows:

[RA,V3—(L/L,) +V 8 IB{(L/L,)—1}

[IAV'8—(L/L..y —V 8 RB,{(L/L,y—1}

4/ 3 IAVIZ—(LL, Y —3RB.{(L/L,)—8}
+4V B IC ) )V 12— (R (LI LY
+3RD, (1)) (/YL L,y —8)

=— —Eg/’ f)) (214, {2(L] L) —9} +31B, {6 — (L/ L)}V (LJLy =1

—2IC, () 111) {2000,/ 1) (L) Ly ) — 9}
—3RD\ (1)) {6 — (/R (L L)V 1—(lef Ry (LIL,LY ]
—4V'8 RA,V'12—(L/L,)" —3IB,{(L/L.)—8}
—4V" 3 RC, () )V 12— (hof R,y (L] L)
+8ID,(1] 1)) {(e/ 1) (L] L) — 8}

=77(C/Ls1) 9RAAALIL. Y —9) 3RB. 6 —(L/L YV (LIL.yY—1
(L/le)[ H{2( /L.) } W (L W1V ( /L,,)

—2RC\(p/) {2(he/ ) (L) L,y — 9}
+3ID\(1.] 1) 6 — (hof o)L Loy} V' 1= (ol (L]L,) 1

IAV12—(L]L,)* +2V 3 RB,+ IC. V12— (I,/h,}(L/L,)* —2V' 3 RD.,

= — M LI /"'T
axi7 LSI)[IAI {(LJL.)—8} +3IBV (L] L, —1
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— IO {(ha/ ) (L| Ly} —8} —8RDV'1—(hof ) (L] L)' 1 ,

—RA, V12— (L]L,)* +2V'8 IB,— RCV12—(h,/h) (L]L..)} —2\/ 3 ID,

_ ‘T(C/Lel) 2 (7.7 21
= Vmg(L/LSI)[RAI{(L/le) 8} +38RB,V/(L/L,}—1

—RC, {(hof/l}(L| L,y —3} +8ID,V'1—(ho/h,)* (L] L,,)* | .
(v) 1>L/L,

In this interval, the first, second, seventhTand®eighth equations in
(iv) change slightly as follows :

4V 3 IAV'12—(L[L,y —3RB,{(L/L,)—8}
+4V 3 IC () )V 12— (R} (L] L,.Y

+3RDy(#1] 1) {(hof/ (L] L,y —8}

— —Z/L) 1974 Q(LIL, ) — 9} — 8RB, 16— (L/L.)AVI—(L/Ly
(L/le)[ {2(L/L,)*—9} {6 —(L/L,)"} (L/Ly,)

—2IC(p1) 1) {2(ho (L Ly —9)
—3RD\(t/ 1) 6 — (o )(LJ L)} V' I— B (LL)]
—4V' 3 RA,V'12—(LL,)) —8IB,{(L/L,,)*—8}
—4V" 3 RC, (2 )V 12— (o/ 1) (L[ L, )

+3ID(#of ) {(hof B )*(L| L) — 8}

=7 L) 9 R A (2(L/ L,y —9) + 3IB, {6 — (L)L)} vV I—(T/ Loy
(L/le)[ {2(L/L,.)—9} +38IB, {6 —(L/L,)% (L/Ly)

- 2Rcl(ﬂz/ﬂl) {2(h2/h1)2(L/L31)2 —9}
+ SIDl(/"‘z//"l) {6 - (hz/h1)2(L/Le1)2} 1/1 - (hfz/hfi)2 (L/le)2 ] )
IAV'12—(L]L,y +2V 8 RB,+IC, V12— (h,Jh ) (L] L., —2V' 3 RD,

 a(e/Ly) gy 1 (LILF
V3 (LI LSI)[IAl{(L/Ln) 8} —8RB,V'1—(L/L.,)

—IC {(h,/l)(L|Ly)*—3} — 3RD,V'1—(hy/1,) (L[ L,.)* | ,

—RA,V12—(L[L,) +2V 8 IB,— RC, V12— (h,Jh,y* (L[ L.y —2V 3ID,

__a(e/Ly) . T
—m[RAl {(L/L,,)*—8} +3IB,V'1—(L]L,)

—RC, {(h,/h,)(L|L,)*—8} + 3ID,V'1—(h,/h,)* (L/L,)’] .
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Results obtained are given in Figs. 19 through 34 and Tables 6
through 10.

In Fig. 19 and Fig. 20, the following tendencies concerning | B,|
and |D,l are clearly seen.

(1) The variations of [B,Jand |D,| with L/L,, (that is, the ratio of
the wave length of a corrugated boundary surface to that of an incident
wave) are small but larger than in the case of incidence of the SH or
P wave.

(2) It is also ascertained in this case, as in the cases of the in-
cidence of SH and P waves, that the influence of corrugation is larger
on reflected waves than on refracted waves. This is also shown clearly
in Fig. 21. From Fig. 21, we can see that the variation of |B,| with
¢/L,,, the ratio of amplitude of corrugation to the wave length of the
incident wave, is much larger than that of |D,. This result is also
confirmed by Fig. 29. '

(3) The effect of corrugation increases with increasing ¢/L, in such
2 manner that |B,| decreases and |D,| increases with increasing c¢/L;.

(4) Both |B,| and |D,| have a general tendency to increase with
decreasing L/L,,. Moreover, the larger the amplitude of the corrugated
boundary surface the more remarkable is this increasing tendency. This
feature is also observed in the case of incidence of the SH wave.

(5) At L/L,=2.309 or at L=L,, both |B,| and |D,| have a steep
peak. .

(6) In the neighbourhood of L/L,=2, both |B, and [D,| reach
minimum,

(7) In the interval between L/L,=2, i.e. L=2L,, and L/L, =1.732,
i.e. L=L,, both |B,| and |D,| increase rapidly especially for ¢/L,=0.10.

(8) At L/L,,=4/3, i.e. L=L,, both [B,] and [D,|, especially |B,]
Thave a steep peak.

(9) It is conspicuous that a very sharp minimum appears in both
|B,| and |D,| at the value of L just below L,. This is also common to
the cases of the incidence of SH and SV waves and is more remarkable
in this case than in the case of incidence of the SH wave. Correspond-
ing to this minimum, all irregular waves have a sharp maximum.

(10) For L/L,, below about 1, the increasing tendency appears in
both |B,| and [D,|.

From Figs. 22 through 25, we can see the following tendencies in
A, By, |Cy| and |D,|.

(11) The sharp maxima common to all irregular waves with a
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spectrum of the first order in the neighbourhood of L/L, =4/3, i.e.
L=L,, are quite remarkable and they correspond to the sharp minima
of |B,| and |D,|.

(12) |4,| and |C,| show similar tendencies to increase with decreas-
ing L/L, except for certain ranges of L/L,. It is very interesting to
compare this tendency of |A,| and |C,| with that of |B,| and |D,| in the
case of incidence of the P wave. That is to say, irregular waves dif-
ferent in type to the incident wave have an increasing tendency in

04

1Al

03

02
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general with decreasing L/L,,.

(13) On the contrary,

|B,] and |D,| decrease as a whole with
decreasing L/L,, down to L/L,=4/3 or to L=L,, and to about L/L,=
1.732 or to about L=L, respectively.

(14) For L/L,, smaller than about 1, all irregular waves increase

monotonously. This tendency will eventually impair the accuracy of
this calculation.

(15) |A,| has two sharp minima at L=L, and L=L, and another
small peak at L=L,.
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(16) |B,| has a sharp minima at L=L,, L=L, and L=L,. The
minimum at L=L,, is most remarkable and its value is very small.
(17) |C,| has a sharp maximum at L=L, and becomes zero at
) L=L,. In addition to these two abnormal points |C,| has a sharp
minima at L=L,, and near L=1L,,.
(18) |D,| is rather simple in comparison with |4,|, |B,| and |C,],
and has minima in-the neighbourhood of L=L, and L=L,,.
(19) For L below L, some irregular waves become boundary

0.4

IC!

O 3|

Oir




S. AsANO

426

0.7

Fig. 25



Reflection and Refraction of Elastic Waves

0.6

0.5

|
|
|
1
1
|
|
!
i
I
i
|
i
i
I
I
|
i
1
v
i
'
1
|
1
|
!
]
1
t
I

0.4

0.3~

427



428 S. AsaNo

waves. If we dispense with the value of L/L,, in expressing the range
in which relevant waves become boundary waves but by the wave
length of the P or S wave itself, the range in the present case is the
same as that in the case of incidence of the P wave. For example,
the wave represented by C, becomes a boundary wave for L smaller
than L,, in both cases.

In order to gain some perspective of the variations of |A.l, 1B,
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etc., they are shown together in Fig. 26 for ¢/L,,=0.1. The notable
points are as follows:

(@) a peak of |C,| at L=L,, and zero of |C,| at L=L, correspond-
ing to the peak of [4,],

(b) peaks of all irregular waves in the neighbourhood of L=L,,

(c) minima of all irregular waves at or near L=L,,

(d) monotonous increase of all irregular waves with L decreasing
below L,,.

(e) the tendency of P and S components to become comparable in
order of magnitude to each other around L/L, =3.

The last point is also seen from Fig. 30.

As to the ratio of irregular waves to regular waves, the readers
are referred to Figs. 27 through
29. It is to be noted as in the
case of the incidence of P or SH
waves, that the features of the
curves are similar to those of ir-
regular waves themselves because
the variations of regular ones are
small. Furthermore, no new fea-
tures different from those of |B,|
and |D,| appear.

(20) The remarkable feature
is that in spite of small values of
|B,|/|B,| for L a little larger than

Fig. 29. L,, and of |D,|/|D,] near L=L,,
both these ratios become very large at L a little smaller than L,,. The
values of |B,|/|B,| become large for L below L,. As seen in Fig. 29,
the variations of |B,|/|B,] with ¢/L,, are much larger than those of
|D,|/|D,] and this shows the extent of the effect of corrugation on the
reflection and refraction of waves. That is, Fig. 29 confirms together
with Fig. 217that the effect of corrugation is larger on reflection than
on refraction.

In Fig. 30, the ratios of P wave components to S wave components
of irregular waves are given.

(21) As to |A,|/|B,], it increases monotonously with decreasing L/L,,
down to L,, as a whole. The minimum at L=L, corresponds to that
of |4,]. The sharp peak at L=L,, is remarkable, but it must be borne
in mind that this corresponds to the values of L/L, where the maximum

1.0
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of |A,| and the minimum of |B,| appear. For L below L., |4,|/|B]
tends to 1.

(22) [C,|/|D,| increases monotonously with decreasing L/L,, in the
interval of L larger than L, and decreases as a whole with decreasing
L|L, in the interval of L between L, and L, At L=L,, |C\|/|D]
becomes 0 corresponding to the zero of |C,|. For L smaller than L,,
|Cil/|D,| increases with decreasing L/L,, and tends to 1.

(23) In comparison with the case of incidence of the P wave, the
P wave component becomes comparable in order of magnitude to the S

(O8] o
0.0 5
0.0 ) \ 1 [l 1 L 6lo
o} I.’O l’.sz AN 20 I[n 30 4.0 50 "/Ls-
Ls
Fig. 30.

wave component from larger values of L, especially in irregularly re-
fracted waves.

From Figs. 31-34, the following features can be seen concerning
[4:], |B, ete. |

(24) In general, |A,, |B,|, etc. are much smaller than |4,|, |B],
ete. respectively. This result is similar to the case of incidence of the
SH wave and differs from the case of incidence of the P wave. How-
ever, attention must be paid to the ranges of L/L,, where any of |A,],
|B,|, ete. become small.
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(25) It is common to all irregular waves that at L, just below L.,
there exists a sharp peak, while at L =~ L,, a sharp minimum appears.
Furthermore, these features are the same as those with spectra of the
first order.

(26) The variations of |A.|, |B,|, ete. with L/L, are much more
complex than those with spectra of the first order.

(27) In this case also, as in the cases of incidence of P and SH
waves, some irregular waves become boundary waves.

Concerning |A4,!,
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|B,|, etc., the range where a certain kind of wave becomes a boundary

wave is the same as in the case of incidence of the P wave, if it is
expressed in terms of the wave length of P or S waves.

Chapter 4. Discussions and Conclusions
§ 1. Discussions

Now let us first consider the displacement itself. This is very im-
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434
portant from the practical point of view since displacement potentials
But in our above mentioned

¢ and ¢ can not be observed as they are.
calculations in cases of the incidence of P and SV waves, only the
values of the displacement potentials are given. Therefore some re-

marks on the relations between displacement and potentials, as given

hitherto in the figures, will be set down in the following.
As is well known, the displacement is defined by the relations u=
Because of the difference in the

0[0x+0J[6z and w=08p/0z—8/dx.
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velocity of propagation between P and S waves we shall consider sepa-
rately the contributions of ¢ and ¢ towards displacement. Let us take
the case of normal incidence of the P wave as an example. In this
case, final displacement potentials are written explicitly as follows,
neglecting the time factor e,

¢1:eihlz+AOe—ihlz+E An {ei'_npz——h,z cos a,,) +e—i(npx+h1: cos wn)} ,
1= B, {giremTibizeospy _gmitmprs oihpzeos )

¢2 ZCOeih2: + Z Cu {ei(npr+h2: cos vy) + e—i(npz—lzgz cos 'Yn)} ,

4,222 Dn {ei(npz+ Jahg: (SR e—imp:— Vo ohaz coS «Sn)} .

Then the absolute amplitudes of displacement U are readily obtained
as follows:

(1) Incident wave: |U|=2z/L,,
(2) Regular waves:
Reflected wave: |U|=(2z/L,)-|A4,|
Refracted wave: |U|=(2z/L,,)-|C,|
(8) Irregular waves:
P wave component:
Reflected wave: |U.|=(2z/L,)-|A,|
Refracted wave: |U.|=(27/L,.,)-|C,]
S wave component :
Reflected wave: |U.|=(2=/L,):|B.]
Refracted wave: |U.|=(2%/L,.)-|D,]

where U. corresponds to the term with the factor e~™?=, It is thus
to be observed that the absolute amplitudes of the P or SV waves are
2z/L’ times the amplitudes of the displacement potentials, where L’ is
the wave length of the waves concerned in their respective media, so
that the relative amplitudes of these waves can be known only by
dividing the amplitudes of the displacement potentials by the respective
velocities of the waves concerned. The components of these amplitudes
along the coordinate axes are readily ascertained by the nature of the
wave and the angles of incidence, reflection and refraction of these
waves. We can obtain the following displacement ratio of irregular
waves to regular ones from the above formulae.
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Reflected wave: displacement ratio=|A4,|/|A4,|

Refracted wave: displacement' ratio=|C,|/|C,|

Thus from Figs. 3, 4, 11 and 12 it may be said that for L larger than
L, and for large value of ¢/L, there may exist a case where the in-
crease in irregularly reflected P waves surpasses the decrease in regularly
reflected P waves. Since for L Dbelow L,, an irregularly reflected P
wave with a spectrum of the first order becomes a boundary wave, it
can be said from the practical point of view that the reflected P wave
decreases with increasing ¢/L,,. For refracted waves the effect of cor-
rugated boundary surface is rather small.

Now in the whole discussion given above, the phase change which
may be induced in reflection and refraction is not referred to. But in
order to obtain a more complete and exact knowledge of the phenome-
na, it must be taken into consideration in discussing the resultant
motion. caused by all the waves concerned and some of those inter-
pretations may have to be changed. Such a point is left for future
study.

In all cases calculated, the existence of boundary waves was indicated
the amplitudes of which decrease exponentially with increasing |2].
Each of the irregular waves is composed of two waves propagated in
plus as well as minus directions of the z-axis which constitute, as a
result, a standing wave in a stationary state. This is a common parti-
cular feature in the normal incidence of all waves.

Another particular feature, common to all irregular waves is the
following :

The factor depending on z, for example in the P wave component
of an irregularly reflected wave with a spectrum of n-th order in the
case of incidence of the P wave is

d)noc 2A”e—ihlz €os @, .

‘Therefore

Bnoc2A, i or/DN EiLp2-nt when L/L, is larger than = ,
or

Puoc 24,0~ D= E/LyE when L/L, is smaller than n .

From the above formulae, we can perceive that the exponential factor
of ¢, depends on wave lengths of corrugation and incident wave and
the order n of spectrum, in such a way that
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(a) the smaller the wave length L of a corrugated boundary surface,

(b) the higher the order n of spectrum, and

(c) the larger the wave length of incident wave L,
the larger is the rate of decrease in ¢, with increase in the distance z
from the mean boundary.

As an example, the rate of decrease of the exponential factor of
¢, is estimated, with the result that at a fixed level z=L/2, (that is,
the level at half a wave length of corrugated boundary surface below
the mean boundary surface,) for a wave with L/L,,=0.7, the exponen-
tial factor becomes only 0.1 approximately, independent of the roughness
¢/L,,. Therefore, from the practical point of view, it is unnecessary to
take these boundary waves into consideration.

It is seen clearly from almost all figures given above that the in-
creasing tendency of amplitudes for the smaller L/L, or L/L, is the
more prominent. As mentioned previously, this tendency may, in ex-
tremity, impair the accuracy of this method of calculation, deteriorating
the convergence of series. The amplitude of irregular waves with
spectra of the second order gives the measure of the convergence.
In cases of the incidence of both SH and SV waves, not only |B,| and
|D,|, but also |A4,| etc. are in general much larger than |4,|, |B,|, ete.
Even in these cases where the accuracy is better than in the case of
incidence of the P wave |A4.|, |B.|, etc. become comparable order to or
larger than |4,|, |B,|, ete. for L/L, below about 0.5. In the case of
incidence of the P wave, we must take into consideration the contribu-
tions of irregular waves with spectra of the second order from larger
values of L/L, than in the two cases of S waves. However, since
fortunately, characteristic features of waves with spectra of the first
and second order, that is, the positions of peaks and minima are almost
the same, with each other, it is unnecessary to change the results
obtained about |A4,|, |B,|, ete. by taking |4,|, |B.|, etc. into considera-
tion. Needlessto say, the higher the approximation is advanced, the
more information concerning the corrugation of boundary surface can
be obtained. :

We have had no time to study examples other than the case in
which the velocity ratio V,,/V,.=6/8 and rigidity ratio pm/p,=2. It
would therefore be better to abstain from drawing too wide a conclu-
sion, but we cannot refrain from giving a few notices. From figures
given above, we have seen that almost all the abnormal points are
related to the wavelength of P and S waves. Therefore, since the
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wave length is closely connected with velocity itself, many theoretically
interesting changes of features will be expected to accompany varia-
tions in velocity ratio. Considerations on various cases of velocity
contrast will be carried out in the near future. Moreover, the results
may depend more or less upon the adopted value of the rigidity ratio
and the determining which of the two numerical constants p,/p, and
‘i/p, has the more effect on these phenomena is a very 1nterest1ng
investigation.

The computations were carried out only for cases of normal incid-
ence on the mean surface of a harmonic boundary {=c cos px. One of
‘the important problems to be considered is the case of the oblique
incidence of waves and another is the problem concerning reflection and
refraction of waves at an arbitrary form of boundary surface, especially
at an isolated trough of large amplitude. If the results obtained above
for various L are superposed, we can obtain in principle the solutions
to an arbitrary form of boundary surface although the assumptions of
small amplitude and periodicity concerning the corrugated boundary
surface cannot be dispensed with. To do this will require a very
tedious procedure and other appropriate methods may be applied much
more easily. It is very 1nterest1ng to solve the same probléms by using
other methods and to compare the results with one another and it is
hoped that some tests will be carried out on these problems.

§ 2. Conclusmns

In the present paper the effect of corrugation of bOundary surface
on reflection and refraction of elastic waves was considered by the
method introduced by Lord Rayleigh in his problem of sound and light.
‘The solutions were obtained for the cases of incidence of P and SV
waves with an arbitrary angle of incidence on a corrugated periodic
boundary surface which can be expanded in Fourier’s series.

In Chapter 2 of the present paper, the fundamental equations such
as equations of boundary surface, equations of motion and formulae of
boundaryconditions were presented. In Chapter 3, the solutions of the
case of incidence of P and SV waves were obtained to the order of
magnitude of ¢*. That is to say, the solutions of the first and second
approximation were obtained. Numerical calculations were carried out
for the case of normal incidence of all waves on the mean surface of
a harmonic boundary ¢ =c cos px by using the electronic computor PC-1.
The results thus obtained were given in Figs. 8-18 and Tables 1-5 for
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Table 4. |Bil/|4,] and |D,|/|C,| in the case of incidence of P wave.

L/Lp [ Bal/| A1l ‘ [ Dul/1C LiLp [Bl/i Adl DG .
3.00 0.21997 0.31479 0.96 1.59129 - 4.76311
2.50 0.26568 0.38306 0.94 1.52643
2.20 0.30351 0.44057 0.92 1.70391 3.76040
2.00 0.33509 0.48929 0.90 1.76088 2.51818
1.80 0.37316 0.54847 0.86 1.90126 1.87473
1.75 0.38372 0.82 2.16820 . 1.51063
1.65 0.40581 ‘ 0.80 " 2.56232 1.40961
1.60 0.41699 : 0.76 2.7099 -1.65738
1.55 0.42770 ‘ 0.74 0.74262 1.80483
1.50 0.43707 0.64227 ‘ 0.72 1.09896 1.85418
1.45 0.44306 0.64618 0.70 1.47249 1.75234
1.40 . 0.44017 0.63154 ! 0.66 2.12360 1.16354
1.35 0.40402 0.55618 : 0.64 2.47732 0.97711
1.32 0.35258 0.37649 ' 0.62 2.89753 0.91336
1.30 0.40455 0.51047 : 0.60 3.43243 0.91859
1.24 0.58178 0.72678 : 0.58 4.07243 0.97479
1.20 0.71617 0.93660 : 0.55 2.07717 1.11838
1.14 0.92611 1.44553 0.50 1.58855 1.12300
1.10 1.05528 2.04579 0.45 1.38284 1.10578
1.08 - 1.11254 2.49558 0.40 1.26088 1.08433
1.06 1.16380 3.10420 0.35 1.17950 '1.06451
1.04 1.20887 3.92334 0.30 1.12168 1.04708
1.02 1.24806 4.88886 0.20 1.04855 1.02059
1.00 1.28158 4.20863 0.15 1.02639 1.01150
0.98 1.44591 5.57677 0.10 1.01146 1.00508

Table 5. [A4,|, |B.l, ete. for ¢/L,;=0.10 in the case of
incidence of P wave.

L/Ly VR 1B | IC:l |D|
3.00 ) 0.034329 0.020961 0.013187 0.015756
2.95 0.034128 0.021302 0.012989 0.015991
2.90 - 0.033901 0.021657 0.012802 . 0.016231
2.85 0.033634 0.022029 0.012643 0.016476
2.80 0.033299 0.022426 0.012548 0.016725
2.75 0.032827 0.022861 0.012610 0.016975
2.70 0.031987 0.023099 0.013225 0.016977
2.65 . 0.030214 0.024152 0.015567 - 0.017440 -
2.60 0.032687 0.024061 0.012709 0.017829
2.55 0°034455 0.024061 0.009962 0.018152
2.50 ' 0.035671 0.024154 0.007340 0.018419
2.45 0.036445 0.024343 0.004848 0.018641 o
2.40 0.036860 0.024624 0.002485 0.018827
2.35 0.036983 0.024997 0.000244 0.018988
2.30 0.036871 0.025459 0.001886 0.019129
2.25 0.036568 0.026011 0.003926 0.019258
2.20 0.036118 0.026655 0.005902 0.019378
2.15 0.035559 0.027404 0.007861 ) 0.019489
2.10 0.034938 0.028284 0.009891 0.019582
2.05 0.034337 0.029378 0.012218 0.019615
2.00 0.034462 0.031623 0.017514 0.019060
1.99 0.032700 0.031794 0.016733 0.020179
1.97 0.031246 0.032014 0.016200 0.021181
1.95 0.030198 0.032214 0.015854 0.021980
1.90 0.028208 0.032699 0.015272 0.023759
1.85 0.026633 0.033191 0.014902 0.025521
1.80 0.025281 0.033718 0.014711 0.027431

(to be continued)
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Table 5. (continued)
|4z | Byl |C: | Do

1. 0.024096 0.034313 0.014750 0.029642
1. 0.022401 0.036036 0.016126 0.036113
1. 0.022415 0.037653 0.018344 0.042052
1. 0.022879 0.038686 0,019972 0.045852
1. 0.024021 0.040241 0.022625 0.051723
1. 0.028442 '0.043798 0.030074 0.067743 -
1. 0.038501 0.059316 0.046294 0.100602
1. - 0.047055 0.074757 0.063112 - 0.133084
1. 0.049597 0.079779 0.069462 0.144790
1. 0.050802 0.082603 0.073986 0.152627
1. 0.049189 0.081325 0.076727 0.155397
1. 0.044051 0.073552 © - 0.072803 0.145077
1. 0.030657 0.050705 . 0.055976 - 0.107705
1. 0.023199 0.036563 0.044614 0.082836
1. 0.022607 0.035882 0.046651 0.083223
1. 0.025194 0.034077 0.049271 0.085968
1. 0.026654 0.030193 0.049459 0.084414 -
1. 0.027307 0.023678 0.047166 0.078058
1. 0.027437 0.018415 : 10.044319 0.071289
1. 0.027531 0.014499 0.041540 - 0.064891
1. 0.027697 ) 0.012203 0.039000 0.059038 .
1. 0.028368 0.012658 ~.0.034862 | . 0.049067
1. 0.028948 0.014448 0.033299 0.044921
1. 0.029985 0.016573 0.032061 0.041344
1. 0.032648 0.019216 0.031990 0.040219
1. 0.034154 . ) 0.021839 - 0.032001 - -0.038579
1. 0.035695 "~ 0.024455 0.032369 0.037358
1. 0.036505 0.026436 0.032606 0.036207
1. 0.039137 - 0.029725 0.034373 0.036595
1. 0.041169 0.032490 0.036071 0.037165
1. 0.043672 0.035579 0.038334 0.038486
1. 0.049192 0.041257 0.042047 0.041438
0.98 0.051371 - 0.044990 -, 0.044010 0.042227
0.96 0.053131 0,047636 0.046706 0.044316
0.94 0.054894 . 0.050122 - 0.049825 0.047012 .
0.92 0.056646 0.052494 0.053339 0.050233
0.90 0.058354 ' 0.054744 : 0.057253 "~ 0.053953
0.88 0.059967 0.056837 0.061594 0.058176
0.86 0.061420 0.058714 0.066426 0.062951 -
0.84 -0.062609 . 0.060281 0.071874 . .. 0.068390
0.82 '0.063364 0.061371 - 0.078208 0.074753
0.80 0.063331 0.061636 0.086105 - 0.082712
0.78 0.061367 0.059961 0.098148 © 0.094864
0.77 0.056954 0.055912 0.113927 g 0.110809
0.76 0.044418 0.042371 0.138446 0.134647
0.74 0.064207 0.062096 0.140502 0.136401
0.72 | 0.082516 0.081298 0.112367 0.108664
0.70 0.084281 0.083557 - - 70.094923 0.091578 -~
0.66 . 0.075114 0.074675 © 0 0.095668 - 0.092781
0.64 0.068544 - 0.068071 0.102692 - 0.099974
0.62 0.060521 - 0.059901 0.111396 0.108826
0.60 0.050240 0.049272 0.121322 0.118886
0.58 0.037502 0.035477 0.132566 - 0.130257
0.575 0.051392 0.049196 0.138078 0.135816
0.55 0.085516 0.083900 0.158268 0.156155
0.50 0.130900 0.129934 0.199855 0.197988
0.45 0.182550 0.182042 0.257916 0.256257
0.40 0.249145 0.249011 0.332279 0.330768
0.35 0.345645 0.345768 0.448616 0.447209
0.30 0.494434 0.494702 0.635275 0.633909
0.25 0.744708 0.744971 0.963989 0.962578
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460 S. ASANO

Table 9. [A,|/|B,] and |C,|/|D,| in the case of incidence of SV wave.

LiLg {Adl/| Bl [Cul/1 D4l LiLs |Ad/IBi ’ [Ci /1Dyl
5.800 0.350843 0.515165 1.720 5.79540 0.743466
5.500 0.371879 0.549052 1.700 6.06891 1.179315
5.000 0.413488 0.617812 1.660 1.725168
4.500 0.466229 0.708805 1.640 6.89401 1.854708
4.000 0.535524 0.836417 1.620 1.886049
3.500 0.631025 1.032497 1.600 7.43202 1.833826
3.000 0.770611 1.388504 1.500 8.44813 1.126023
2.700 0.884386 1.816076 1.460 0.861276
2.600 0.924458 2.052164 1.420 9.49052 0.634423
2.500 0.956831 1.400 10.21977

2.400 0.949505 2.978540 1.380 11.66464 0.43478

2.390 0.942277 1.360 15.22550

2.360 0.902000 3.387550 1.340 20.67780 0.237752
2.340 0.844715 1.338 18.63113

2.330 0.795049 3.901118 1.336 15.54668

2.320 0.711589 1.334 11.40614 0.198485
2.310 0.468679 4.797511 1.333 7.42428 0.213541
2.300 0.650675 1.328 4.77286 0.289002
2.280 0.991028 1.323 3.82289 0.328694
2.260 1.214331 5.126709 1.320 3.44921

2.220 5.190949 1.300 2.18581

2.200 1.638900 - 5.206064 1.280 1.64753 0.498551
2.160 5.193938 1.260 1.34512

2.140 1.917959 5.163477 1.200 0.930258 0.641902
2.060 2.218462 4.850389 1.100 0.708461 0.737017
2.000 2.439059 4.402231 1.060 0.667126

1.980 2.517155 4.213867 1.020 0.635750

1.940 2.686715 1.000 0.619181 0.789956
1.900 2.88356 3.286443 0.990 0.720907 0.830210
1.860 3.12429 2.721508 0.950 0.836541 0.875068
1.820 3.43900 0.900 0.904672 0.908552
1.800 3.64251 1.707372 0.800 0.967754 0.948466
1.760 4.24430 0.828148 0.700 0.992799 0.970582
1.740 4.82515 0.217690 0.600 1.002421 0.983418
1.738 0.135698 0.550 1.004321

1.737 0.090940 0.500 1.005096

1.736 0.042609 0.450 1.005129,

1.735 5.10443 0.010788 0.400 1.004695

1.734 0.072195 0.300 1.003171 0.997806
1.733 5.29799 0.149409 0.200 1.000904

1.730 5.63241 0.416077 0.100 1.000410 0.999807
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Table 10. |A,|, |B,|, ete. for ¢/Ly;=0.10 in the case of
incidence of SV wave.

L/Lg | Asl | Be| |Cel | Dl
5.800 0.019907 0.035127 0.017583 0.014945
5.700 0.020410 0.035000 0.018045 0.014765
5.600 0.020955 0.034871 0.018644 0.014573
5.500 0.021552 0.034740 0.019313 0.014370
5.400 0.022213 0.034611 0.020068 0.014152
5.300 0.022955 0.034485 0.020933 0.013921
5.200 0.023801 0.034368 0.021943 0.013673
5.100 0.024792 0.034266 0.023154 0.013408
5.000 0.025988 0.034192 0.024653 0.013124
4.900 0.027508 0.034170 0.026607 0.012820
4.800 0.029605 0.034255 0.029375 0.012497
4.700 0.033067 0.034611 0.034053 0.012170
4.639001 0.037661 0.035342 0.040347 0.012028
4.619001 0.043073 0.036420 0.047783 0.012154
4.618 0.043813 0.036531 0.048786 0.012157
4.600 0.043301 0.036294 0.048302 0.011984
4.500 0.040447 0.034978 0.045570 0.011067
4.400 0.037628 0.033675 0.042801 0.010240
4.300 0.034896 0.032395 0.040047 0.009511
4.000 0.027632 0.028700 0.032216 0.007899
3.900 0.025619 0.027495 0.029833 0.007529
3.800 0.023854 0.026278 0.027599 0.007225
3.700 0.022363 0.025024 0.025546 0.006980
3.600 0.021187 0.023682 0.023752 0.006797
3.500 0.020443 0.022090 0.022541 0.006759
3.84001 0.020405 0.021756 0.022526 0.006802
3.460 0.021676 0.022398 0.024588 0.008216
3.440 0.019303 0.020900 0.021405 0.007637
3.420 0.018790 0.020788 0.020516 0.007803
3.400 0.018439 0.020448 0.019808 0.007850
3.300 0.017203 0.019368 0.016776 0.008117
3.200 0.016589 0.018150 0.014288 0.008278
3.100 0.016349 0.016807 0.012051 0.008438
3.000 0.016378 0.015339 0.009949 0.008646
2.900 0.016610 0.013745 0.007917 0.008962
2.800 0.017020 0.012018 0.005883 0.009549
2.700 0.017737 0.010265 0.003531 0.011275
2.687001 0.017897 0.010123 0.003105 0.011857
2.667001 0.018341 0.010907 0.002259 0.014341
2.660 0.019681 0.009660 0.004131 0.018056
2.640 0.021559 0.007044 0.006749 0.022444
2.600 0.022950 0.000701 0.010379 0.027163
2.500 0.015882 0.011731 0.013901 0.023143
2.400 0.009791 0.013598 0.015780 0.016878
2.390 0.009562 0.013497 0.016170 0.016774
2.370 0.009285 0.013187 0.017123 0.016914
2.350 0.009244 0.012717 0.018390 0.017609
2.330 0.009485 0.012019 0.020236 0.019162
2.310 0.010740 0.010554 0.024907 0.024393
2.300 0.014719 0.008003 0.021760 0.020298
2.260 0.018749 0.007492 0.016770 0.013987
2.220 0.020480 0.009324 0.014227 0.010672
2.140 0.021713 0.013023 0.011851 0.006876
2.100 0.021487 0.014125 0.011932 0.006413
2.060 0.021670 0.015325 0.012326 0.007576
2.020 0.021547 0.015919 0.013592 0.009854
2.000001 0.021899 0.016078 0.014836 0.012297

(to be continued)
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Table 10. (continued)
L/Ly [As] | B2 ICe| | D,

1.980 0.023187 0.016475 0.015437 0.012825
1.940 0.023503 0.016702 0.016817 . 0.014219
1.900 0.023134 0.016496 0.018485 0.015878
1.860 0.022198 0.015780 0.020445 0.017810
1.820 0.020593 0.014375 0.022720 0.020048
1.780 0.018007 0.011854 0.025397 0.022699
1.740 0.013228. 0.006310 0.028992 0.026343
1.737 0.012597 0.005420 0.029401 0.026771
1.735 0.012094 0.004652 0.029727 0.027115
1.733 0.011429 0.003520 0.030164 0.027581
1:730 0.012894 0.003493 0.030317 0.027634
1.728 0.013779 0.004263 0.030228 0.027483
1.726 0.014464 0.004885 0.030177 0.027383
1.720 0.016032 0.006350 0.030112 0.027204
1.680 0.022311 0.012408 0.030276 0.026908
1.640 0.027038 0.017040 0.030398 0.026694
1.620 0.029270 0.019239 0.030348 0.026488
1.580 0.033698 0.023625 0.029941 0.025776
1.540 0.038219 0.028131 0.029042 0.024581
1.520 0.040550 0.030464 0.028384 0.023786
1.480 0.045396 0.035334 0.026663 0.021869
1.440 0.050536 0.040518 0.024605 0.019942
1.400 0.055970 0.045988 0.023039 0.019458
1.360 0.061338 0.051293 0.023767 0.022958
1.340 0.062819 0.052672 0.024849 0.026317
1.338 0.062689 0.052553 0.024904 0.026736
1.336 0.062356 0.052261 0.024986 0.027288
1.334 0.061444 0.051503 0.025384 0.028453
1.333 0.061824 0.052335 0.030022 0.033465
1.328 0.070449 0.061230 0.047711 0.049893
1.323 0.077473 0.068240 0.064136 0.065982
1.320 0.081650 0.072391 0.074788 0.076659
1.300 0.111538 0.104066 0.163634 0.168718
1.290 0.127783 0.123534 0.212580 0.220355
1.280 0.143247 0.143252 0.254408 0.264671
1.270 0.155821 0.159934 0.283180 0.295175
1.260 0.164173 0.171440 0.297909 0.310706
1.255 0.166727 0.175137 0.300818 0.313707
1.250 0.168316 0.177599 0.301425 0.314240
1.245 0.169075 0.178991 0.300238 0.312849
1.240 0.169142 0.179488 0.297713 0.310022
1.200 0.157744 0.167722 0.262483 0.271205
1.160 0.142597 0.150384 0.234160 0.239706
1.120 (0.128482 0.133977 0.216533 0.219564
1.080 0.109112 0.111727 0.193341 0.193540
1.000 0.050506 0.037413 0.169576 0.163377
0.990 0.071027 0.058021 0.170064 0.163890
0.970 0.086704 0.073772 0.174423 0.168265
0.950 0.098486 0.085596 0.179983 0.173834
0.900 0.124187 0.111351 0.197493 0.191358
0.850 0.149952 0.137138 0.219829 0.213709
0.800 0.178445 0.165641 0.247537 0.241439
0.750 0.211458 0.198662 0.281770 0.275703
0.700 0.250873 0.238088 0.324304 0.318283
0.650 0.299078 0.286311 0.377737 0.371780
0.600 0.359373 0.346638 0.445904 0.440035
0.550 0.436568 0.423882 0.534599 0.528850
0.500 0.537989 0.525378 0.652861 0.647276
0.450 0.675311 0.662814 0.815434 0.810076
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the case of incidence of the P wave, and in Figs. 19-34 and Tables 6-
10 for the case of incidence of the SV wave. The last section of
Chapter 3 was devoted to a study of the detailed features of the figures
concerned.

Since these detailed features can be referred to last sections of
Part 1 and Chapter 3, the writer will only mention the characteristics
common to the three cases in the remaining part of this section.

(1) The larger the amplitude of a corrugated boundary surface,
the larger is its effect on reflection and refraction. The effect is such
that with respect to regular waves the reflected wave decreases and
the refracted one increases with the increase in the ratio of amphtude
of corrugation to the wave length of the incident wave.

(2) |A,l, |B], etc. which represent irregular waves with a spectrum
of the first order are proportional to the amplitude of the corrugated
boundary surface in the present approximation and they vary with the
wave length of the corrugated boundary surface.

(3) In general, the effect of corrugation on reflection is larger
than on refraction.

(4) The S component of both irregularly reflected and refracted
waves increases in general with decreasing L/L, in the case of incid-
ence of the P wave. The P component of both irregularly reﬁected
and refracted waves also increases as a whole with decreasmg L/L ; In
the case of incidence of the SV wave.

(5) When the wave length of corrugation is equal to or near one
of the wave length as of P or S waves in any medium, abnormal fea-
tures appear in both regular and irregular waves. Furthermore it is
very interesting to note that in general the abnormal features are more
sensitive to the wave length of P or S waves in the refracted side than
to that of P or S waves in the incident side. Whether this feature
depends on adopted velocity ratio or not, will be of much interest and
will be studied in detail in the near future.

(6) In a certain range of L there exist boundary waves of which
the amplitude decreases exponentially with the distance from the bound-
ary surface. Its rate of decrease depends on the wave length of the
corrugated boundary surface and incident wave and the order of spec-
trum. Although they become standing waves in a stationary state as
far as cases of normal incidences are considered, it will be inferred
that there is a possibility of the existence of pure boundary waves
caused by corrugation in the case of oblique incidence.
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(7) When the wave length of the corrugated boundary surface is
smaller than that of the incident wave, almost all irregular waves be-
come boundary waves. Therefore, from the practical point of view it
is enough to take only regular waves into practical consideration. In
the present cases, the reflected wave becomes the smaller and the re-
fracted wave the larger as the corrugation becomes larger.

The possibility of obliteration of the reflected wave from the
Mohorovié¢ié discontinuity in mountainous regions as suggested by H. E.
Tatel and others™ may be inferred from the results just obtained.
That is, if the roughness of the boundary surface is interpreted as a
corrugation of the boundary surface of a shorter wave length than that
of the incident wave, it is possible for reflected waves to be rendered
too small to be observed for the instruments of given sensitivity. In
Japan, the Research Group for Explosion Seismology has several times
carried out observations of reflected waves from the Mohorovi¢i¢é dis-
continuity. The success in catching them may depend on the technical
circumstances and the ground conditions near the observation stations.’
But there are a few examples under almost the same observational
circumstances concerning observers and instruments. The first example
is given by the fifth experiment carried out in 1953 by the Group in
north-eastern Japan'® and the experiment carried out by the Group in
1954 near Kamaisi Mine in north-eastern Japan®. The chief observer
and instruments used were the same in both cases although the obser-
vation stations were in different places. Another difference was the
amount of explosives used. Explosives of 42 tons were used in the
former case and in the latter experiment explosives of only 1 or 0.1
ton were used. In the former experiment it succeeded in catching re-
flected waves, while in the latter it failed, although the experiment
was repeated four times under slightly different conditions of shooting.
The failure may be partly attributed to the decrease of reflected wave
caused by a corrugated boundary surface in addition to the smaller
quantity of explosives used in the latter experiment. The next example
seems to be better than the first. It is supplied from the observation
at Sano in the Kanto District on the occasion of the second Hokoda

11) H. E. TATEL, L. H. ApAMS and M. A. TUVE, loc. cit., 3).
12) THE RESEARCH GROUP FOR EXPLOSION SEISMOLOGY, Bull. Earthq. Res. Inst., 33
(1955), 699.
T. MATUZAWA, Bull. Earthq. Res. Inst., 37 (1959), 123.
13) THE RESEARCH GROUP FOR EXPLOSION SEISMOLOGY, Bull. Earthq. Res. Inst., 37
(1959), 89.
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explosion in 1957 and the observation at Kamioka in central Japan on the
occasion of the third Miboro explosion in 1958, In this example also
the chief observer and instruments used were the same at both sites
and the same as in the first example. The different conditions were
the positions of the observation stations and shot point, quantities of
explosives, method of detonation, etc. In the former explosion, explo-
sives of one ton were detonated simultaneously and in the latter, ex-
plosives of 100 tons were not detonated simultaneously, but almost at
the one time by means of delayed shot. In the former observation it
was successful in catching manifested reflected wave from the Mohoro-
vitié discontinuity, whereas in the latter the reflected wave observed
was not so clear although the amount of explosives used was much
larger. The former station was in the Kanto Plain and the latter sta-
tion was set up in the mountainous region of Japan. Therefore, this
may be interpreted by the results obtained. That is to say, one may
interpret the difference in two cases as being partly due to the decrease
of reflected wave caused by the roughness of the Mohorovi¢i¢ dis-
continuity. From these speculations it may be said that the experiment
would be better if carried out on plain, and if not, excessive amounts
of explosives must be used in the observation of reflected wave from
deep seated discontinuities which are expected te be rough. Concerning
these respects there are not yet sufficient relevant data.

We can now say with confidence that if elaborate experiments are
carried out and knowledge of the variation in amplitude of reflected or
refracted waves is further increased, it is possible to gain knowledge
about the character of the boundary surface concerned.
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