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1. Introduction

To say nothing of the small scale geological structures near the
earth’s surface, we have good reason to believe that the crustal layers
in the earth’s interior are not restricted to plane surfaces. It seems
to the writer that the following facts may be attributed at least in
part to the undulations of the boundary surfaces of the earth’s crustal
layers.

1) Gravity anomalies which are well-explained by the Airy hypo-
thesis of isostasy.

2) Irregular intensity distributions of earthquakes other than those
attributable to the surface ground conditions.

3) The obliteration of reflected artificial earthquake waves from
the Moho (Mohorovi¢i¢ discontinuity) as observed by H. E. Tatel, L.H.
Adams, and M. A. Tuve in western California® where the lower crustal
boundary is considered to be roughly disturbed as is easily inferred
from the isostatic view point by the topographical irregularity.

4) The larger attenuation of artificial seismic waves across the
Andes as compared to the path parallel to the mountain range, as
observed by H. E. Tatel, M. A. Tuve and their colleagues.”

In view of these facts, we are naturally led to the inference that
the roughness or the irregular undulation of a boundary surface of the
media, through which the seismic wave is propagated, plays a certain

1) H.E. TATEL, L. H. ApAMS, and M. A. TUVE, Proc. Amer. Phil. Soc., 97 (1953),
658.

2) H.E. TATEL, M. A. TUVE, and COLLEAGUES, “ Abstract of paper presented at 39th
Annual Meeting of American Geophysical Union held in 1958,” Trans. Amer. Geophys.
Un., 39 (1958), 533. ’
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role in the energy distribution of reflected and refracted waves accord-
ing to the relative situations to the boundary surface. It is therefore
desirable to study the effect of the undulation of the boundary surface
on the reflection and refraction of elastic waves theoretically. In this
paper the writer intends to study this problem under a simplified as-
sumption that the undulation of the boundary surface is only in one
direction, and the incident wave is a plane wave whose plane of
incidence is perpendicular to the boundary surface.

Although there may be various methods to deal with this sort of
problem, in this paper, the writer adopted the method which was first
used by Lord Rayleigh in his classical theory of gratings,” and recent-
ly applied by R. Sato in his theoretical study of reflection of elastic
waves at an undulatory free surface.?

In the present part, discussions are restricted to the case of in-
cident SH waves, and the other cases of P and SV waves will be
reported in the near future.

2. Equation of boundary surface

The coordinate axes were taken as shown in Fig. 1. That is, a-
and y-axis are on the horizontal surface, and z-axis is taken vertically
downwards. The equation of

SH WAVE boundary surface is given by

2 5] z=¢, where ¢ is a periodic

777777772 function of # and independent
!

~ of y, the mean value of which
being zero. Then ¢ can be

ey E \ represented by Fourier’s ser-
v ies as follows:
z
Fig. 1. sz(C”ein1):+c_ne-inpx)

it
=¢, €S Pr+¢, Cos 2pr+s, sin 2pa+ -« - - +¢, cos nPr+s, sin npr+-- -,
where
L=Cl=a/2,
Cen=(C,F18,)/2 .

3) LORD RAYLEIGH, Proc. Roy. Soc. Lond., A, 79 (1907), 399.
4) R. SATO, Zisin, [ii], 8 (1955), 8, (in Japanese).
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When the boundary surface is expressible by one cosine term, i.e.
=c cos px, the wave length of the corrugation is 2x/p.

3. Equations of motion, and incident, reflected
and refracted wave

Let us consider the case when the plane SH wave with period of
27w is incident with an angle of A to z-axis from the lower to the
upper medium. The quantities concerning the lower medium will be
shown by suffix 1 and those of the upper medium, by suffix 2. If the
displacement v of incident SH wave is parallel to the y-axis, the equa-
tions of motion are as follows:

(7*+oihi)v,=0, (i=1, 2)
where p*=Laplacian,

o=+ 2m)

b= pi@*[(A+2p4)

2;, ;=Lamé’s constants,
p;=density.

It is sufficient to consider only the following solutions of above equa-
tions if the boundary surface is plane.

Incident wave: vy =@tV TV sytteesprasing)
Regularly reflected wave: v,=DB!” 1T aimresptzsing
Regularly refracted wave: v,= Dl 7" sVat+ecosdtasing

where V,, and V,, are the velocity of S waves in the lower and upper
medium respectively and ¢ is the angle of refraction which is connect-
ed with incident angle 8 by Snell’s law

Ve, hysin f=1"c, h,siné .

In the case of corrugated boundary surface it is necessary to take,
in addition to these regular waves, the effect of corrugation on reflec-
tions and refractions of elastic waves into consideration and introduce
the following irregular waves:

(1) Irregularly reflected waves whose spectrum of the nth order
is:




180 S. ASANO
v, = Bnet V’oihl(l'slt ~zcos B, +zsin ﬁn)_l_ B;el\/ﬁ—lh!(r“t—z cos B;‘+z sin ﬂ;)

(2) Irregularly refracted waves whose spectrum of the mth order
is:

— . ’ o
,v:!:Dnei‘\/o':’lz(l 5ol T2C0R8 ) +rsin Sn)_l_ D;Zeii/v:h:(l sot+zcos8, +xsing)

where 3,, f8,, 6, and 4, are given by the following spectrum theorem,
sin B, —sin f=up/(\/'o, k),  sin3,—sin 3=—np/(V o k),
sin 6,—sin 6=np/(V o, h.) , sin 6,—sin 6 = —np/(V o, h,) .

The above relations have physical meanings that only in the directions
with difference of path of % wave lengths of SH wave the waves can
propagate. The variation of v, for example for irregularly reflected
waves, in the direction parallel to z-axis at a certain fixed level z in
the case of normal incidence, i.e. =0 is given by the sum of factors
eI IRy —ginrr gnd giVehrsinh, —g-invr That is to say, in the z-direc-
tion at a fixed level, the variation of v is a harmonic function of x.
This agrees with that of diffraction of light.

The total displacement v, in the lower medium is the sum of those
of incident, regularly reflected and irregularly reflected waves. That
is, by the spectrum theorem and neglecting common time factor ei*t,

,vlzeiv o, zsin E[eh/u-_lh]zcosﬂ_{__ Boe—“/‘?l”lzcosﬂ'*‘ Z Bneinpze-i/a'lhlz cos B,
n

+ 2 B;le—inp:ce-iv'?llblz cos ﬂ;] .
n
Similarly,

v . — . = <
,vgzei o b zsin ﬂ[Doet Jazh:z cosa_l_ by Dnempzei Vo, ltyz coss,

ol
n

+ Z D;e—inpret!/o'—z/lzzcosﬁ;.] .

n

4. Boundary conditions

The boundary conditions are given by the condition that Y-compo-
nent of normal stress of boundary surface and the displacement are
continuous at z=¢.

The y-component of normal stress of boundary surface Y, is given
as

Y,=[Y.- V.o T+e" .
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In the case of SH wave, Y,=p6v/60z2—0v/ox-L')[V'1+¢"2 Since ¢’ is
independent of medium, and depends only on the functional form of ¢,

it is enough to ensure the continuity of V'1+4¢2-Y, at 2=¢ instead of
the condition of continuity of ¥,. From the condition of continuity of
v at 2=¢,

eiJ?lnlgcogp+Boe-i Vu—lhlgcosﬁ_I_Z Bnemme-z/a‘lnl;cospn
n
_I_Z'B;le—inpxe—is/a-—lhlgcosﬂ;
n
= Dyt T o0 L S D, etnveet fa‘znzgcossn_l_z D e-invzgt VT Ryt cost,
n n

(1)
From the condition of continuity of V1+¢%.Y, at z=¢,

V7, hu(cos —C' sin B)o™ 8/ by (cos B sin B)Bye= 7T e?
-3 {V'a, by cos B,+(V o, by sin B+np)t'} B,einrre=t o Mg sk,
— Z {V/;:hl cos ,9;3+(1/;;h1 sin ‘@_,np)cl}B;Le—inpx—i/q_lhlgcosﬁ;]
=p[(V o, h,c08 6 —V oy hie’ sin 8)D,et Yos"ecos8
-+ Z {-\/0'—2h2 Cos Bn _g,(l/ahq sin ‘B+ np)} Dneinpxeil’fr;hzgcossn
+ 3 {1/£h2 cos 3;—:'(1/;2‘}% sin ﬁ__np)} D;le—inprei“?;hzgcoss;b] .
(2)

5. The solutions of the first approximation

Now the extent of corrugation, ¢, is assumed as very small and
by iteration the approximations are advanced. First of all, the solutions
of the first approximation for B, and D, can be obtained by picking up
the term independent of = and ¢ in (1) and (2).

1+B0=Do
V', h(1—B,) cos B—pV o, h,D, cos 6=0 .

These formulas give the amplitudes of reflected and refracted waves
in the case of plane boundary surface. From these two formulas, B,
and D, can be solved as follows:
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By=(,V o, by cos B—pV o, b, c0s 0)[(1V 7, by cos f+ )V oy iy COS )
(3)
D,=2p,V ¢, hy cos B/(p,V 7, by cos B+ 1V @, hycos 6) . (4)
From the coefficients of e¢*’* in (1) and (2), the solutions of the first
approximation for B, and D, can be obtained as follows:
B,—D,=—1iVo, bt (1—B,) cos f+1V o, ht,D,cos s ,
wB Vo, b, cos B+ mD,V 7, h, cOS 6,
=iV o, b1+ B,)(V 7, h, cos’ 3—np sin B)
— il Dy(o.hi cos’6—1 o, hnpsinf) .

Similarly from the coefficients of e-*** in (1) and (2), the solutions
of the first approximation for B, and D, can be obtained as follows:

B,—D,=—i(1—B)W o, h_,cos B+iDV o, hf_,cosd ,
Vo1 hB;, cos B+ Vo, h,D}, cos 6,
=imV o, hl_ (14 B)(V o, by cos® f+np sin f)
—ipt_ DV o, hynp sin B+ 0,13 cos® 6) .
For B, and D, involved in the above formulas (3) and (4) are used.
From the above formulas we can see that the solutions of the first ap-
proximation for B,, D,, B,, and D, are proportional to ¢, or {., and

of order of ¢, or ¢_, as in the case of reflection of elastic waves at a
corrugated free surface.”

6. The solutions of the second approximation

Next if the terms of higher order than ¢* in the equations (1) and
(2) are neglected, the following two equations are obtained.

143V o, ¢ cos B+ B(1—iV o, I cos )
+ 3 B,e"*(1—3V o, hyC cos )+ 3 Boe='r=(1—1V o, hy¢ cos Br)

=Dy(1+13V 7, h,¢ cos )+ 3, D,e"**(1+iV o, h,g cos 3,)
+ S Dem "= (14-1V o, hot cos 6;)

#1[1/‘7—1}%(1 —B,) cos ﬂ_l_.l/o—_lh’l(l.*-Bﬂ)('Ll/Eh/lC cos® f—{’ sin j3)
— 3 {V/oy by cos B,+(V o, hy sin B+ np)l’ —io R cos® B} Be'nr

5) R. Saro, loc, cit., 4).
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— 5 (Vo1 €08 fit(V o, by sin f—np)'—ioiC cos* B} Bre™]

=p[(V &, h, cos d+i0,hi cos® 6—V oy b’ sin B)D,
+ 3 {V/o, hy €08 8, +i0,hi cos? 8, —C'(V oy by sin f4+np)} D,e'?

+ 3 {V/a, hy cos &+ ia,hi cos? 8,—C'(V oy by sin f—np)} Doe™"".

From above two equations we can obtain the solutions of the second ap-
proximation for B, and D, by picking up the terms independent of x.
They are as follows:

(Vo by cos B+ pV o, by cos 0)D,
=2uV o b, cos B+ip nz B,._n{np(V o, hy sin B+np)
—ayhi(cos f—cos §,) cos B,}
~ i 3 Bila{np(V/ o, by sin f—np)+oilicos f—cos ) cos fu}
— 2, Dol {pnp(V oy Iy sin A+ np)
+V o, ho(pV by cos B4V, by COS 8,) €OS 6,}
+i 3 Digu{pnp(V o, by sin f—np)
—V o, hy(pV oy Iy cos B+ pmV oy by cOS 8,) cos 35}
By—D,= -1+ Zn, iBL -,V oy b, cos B,+ % iB,z .V &, h, cos 3,
-+ }n_‘, iDLV &y hy oS 8, ; iD.eV ay h,cos
where for B,, D,, ete. those of the first approximation are used.

From the coefficients of e?* the solutions of the second approx1-
mation for B, and D, can be obtained as follows:

B,—D,=—iVo, klcn(l—Bo) cos B+1V o, b D, cOS 0
3 n_l > — . had ’ _ 4
+ z( S+ S )B,Cn_ﬂ/o-, h, cos ﬂ,—l—z E Bj_ncﬁ/«fl h, cos 8-,

J=1 J=n+1

—H(Z—!— }_j ) Dy V4 hycos 0, —|—z 2 Dj_,,CJI/m,h €080y, ,

=1 J=n+1
B,V o h, cos B,+mD,V o, h, cos 5,
=ipV o, (14 Bo)(V oy hy cos® f—np sin f)
—ipl,Dio:hi cos® 6—V oy by np sin f)
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nzl kst - . . o 9
—iu( S+ 5 V=) 7 hsin i)~ s cos B1c,. B,
~ip 53 [p1V/o by sin B+ (n—)p} —o i cos* 65,12, B;..,

~in(5+ 5 ok cos's,~p(n—3)(V/ o by sin f+3p)} DY,

=1 J=n+l

—ip, S\ [ohE 08?8~ {V oy by sin f—(j —n)p}1¢,D)- -

Jan+1

From the coefficients of e~"##, the following equations which deter-
mine B; and D, of the second approximation are obtained.

B, —D,=—i1Vo, h¢_(1—B,) cos 3+iV e, ht_,D,cos d
+iVo by S ¢ sBy_ncos By, +1V o, ILI(Z—I— i )BJCJ . COS 3
n+1

Je=n+1

+7,1/02le Z D, —nf-;C08 8, ,,+’Ll/0'..h2<2—l— }__‘, ) % 1—n COS O,
1

J=1 J=n+
wBV o,k cos B+ pu. DV o, h, cos &,
=iV o, bl _,(1+B)(V o, h, cos® 3+np sin B)
— il D(auhi cos® 6+V o, by, mp sin B)

i 3 [0V oy sin f+(G—m)p) + it o' By 12 B
n-1 > — 3 - ’ 14
+'i/11( zt 2 ){p(n =NV o\ by sin f—jp)+ ki cos® B} ¢,-0B;

—ip S5 [04h c0S* b,y +5p{V o, Iy sin ft-(j — —n)p}1-,D;-,,

Jen+l

—im( S+ 5 Yo cost 54 p(n—i)(V e by sin f—ip)}-, D

=1 Jen+1

By iterating this procedure, we can get solutions of sufficient approxi-
mation.

7. The case of normal incidence on the boundary surface
Z=ccos px

For the simplicity’s sake, the case of normal incidence on the
boundary surface given by the equation {=ccos px was calculated. In
this case, ¢,=(_,=0 (n#1), &,=¢_,=¢/2, f=6=0, cos fy=cos fA;, and
cos 6,=cos ¢;. Then the solutions of the first approximation for B,, D,,
B,, and D, are given as follows;
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By=(mV o1 by— gV 7y 1) |1V o b+ iV o, By

Dy=2pV o, hy)(,V &, by -V o5 )

Bi—D,=—iV o ht(1—By)+iV oy bty |

BV 51 by €08 Bt DV a3 by €08 8, = i1+ By)ohi— it Dysili
B=B,, D,=D,.

The solutioné of the second approximation for B,, D,, B,, D,, B, and
D, are given as follows:

(/111/Eh1 + /121/0‘—2 hy)Dy= 2/"1-‘/6:171/1 +2i/1131C-1 {p*—o,hi(1—cos ) cos 81}
—21D¢ -, {ﬂ2p2+]/0-—2h2(ﬂ1]/zhl+ﬂzl/ah2 cos ;) cos i} ,

B,—D,=—1+2iB,t Vo, h, cos B, +2iDi¢ Vo, hycos &,
Bi—D,= —iV oy ht(1—B)+iV 73 Dt

BV o hy cos i+ DV 7, by cos 8, =ima R (1 By —ipmohit, Dy
B,—D,=iBV o, b, cos P, +1D&V o, by cos 6,

#1B2-l/€hl cos :Bz'l'/lzDﬂ/‘T_zhz Cos 0,
= i#lClBl(pZ — o, cos? :@1) + iF2C1D1(p2 —o,h3 cos® 61) ’
B;:‘—Bl, D1’=D1y B;—':Bz, D;=D2 .

In the above formulas, B, and D, are the same to those of the first
approximation because terms of higher order than ¢ are of order of ¢°.
The constants necessary for the ecalculations are taken as follows:

Vo Va=38.5/4.6=V,/V,,=6.0/8.0,  m/m=2.1,

where V,, and V,, are the velocity of P waves in the lower and upper
medium respectively, and Poisson’s relation A,=g; is assumed. The re-
sults are given in Tables 1, 2, and 3, and Figs. 2-9.

From Figs. 2 and 3, we can see following trends as to B, and D,.
(1) The variations of B, and D, with the wave length L of corruga-
tion are very small. (2) The influence of corrugation is larger on
reflection than on refraction. As seen from Fig. 2(a) and Fig. 3(a),
the difference of |B,| is larger than that of |D,| for different ¢/L,,
at the same L/L, where L, is the wave length of the incident SH
wave. Furthermore, this result is ascertained by Fig. 6, and Fig. 7,
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for the values of |B,|/|B,| are larger than those of IDI/1D,]. (8) The
order of magnitude of B, and D, with respect to ¢/L,, 1s opposite each
other. That is, the smaller ¢/L,, is, the larger .B,, while the smaller
¢/Lg, is, the smaller D,. (4) Both |B,| and |D,| become very large for
L|L,<0.3 and diverge at L/L,=0. This is because this method of
calculation is not applicable for small L/L,. This is also shown in
Fig. 8 and Fig. 9 and mentioned in (10). (5) The phase angles of B,
are about = for L/L, >1, and those of D, about 0 for L/L,>1. For
L|L,<1, the phase angles of both B, and D, have an increasing
tendency with L/L,, decreasing.

From Figs. 4 and 5, we can see the following trends as to B, and
D,.
(6) The variations of |B,| and |D,| with L/L,, are opposite in general.
|B,| becomes minimum at L=L,, while |D,| becomes maximum at L
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|B,| reaches

=L,, where L,, is the wave length of the refracted wave.
maximum at L=Ly,. |D|is 0 at L=1.025L,, and becomes minimum.
The value of L which gives zero of |D,| depends on s/y and velocity
ratio and in general is larger than L.

Because of small variations of B, and D, with L/L,, the curves of
|B\l/|B,| and |D,}/|D,| given in Figs. 6 and 7 resemble a great deal those
of |B,| and |D,| in Figs. 4 and 5 respectively.

(7) From Tables 1, 2 and 3, the values of |B,|/|B,| are about several
times larger than those of |D,|/|D,]. (8) For ¢/L,=0.10, there is a
range where |B,|/|B,| is larger than 1. This may be because of too
large value of ¢/L,, for the approximation or the neglection of phase
angles of B, and B,. (9) The value of L/L,, which gives maximum of
|Bi|/\B,| for ¢/L,,=0.10 is not 1, but larger than 1, while that of L/Ly,

for ¢/L,,=0.038 or 0.05 is 1.
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From Figs. 8 and 9, the following tendency is seen as to |B,| and
{D,.

(10) Both |B,| and |D,| are very small in comparison with |B,| and |D,|
except for L/L,~0. In the neighbourhood of L/L, =0, both |B,| and
|D,| increase very rapidly with L/L,, tending to 0 until they reach in-
finity at just L/L,,=0. This shows that this method of calculation is
not fit for L/L,,<0.5, since d¢/dxz is very large. (11) Both |B,| and
|D,| have two maxima and two minima. (12) There exists a certain
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kind of boundary waves. That is, in the range of L/L,>2 all waves
are bodily waves, while for 2L,,>L some of irregular waves seem to
be a kind of boundary waves amplitudes of which decrease with [2]
increasing. In the range of 2L.,>L>2L,, only the irregularly refract-
ed wave with spectrum of the second order which is represented by
D, is like the boundary wave. In the range of 2L,>L>L,, in addi-
tion to the irregularly refracted wave with spectrum of the second order,
the irregularly reflected wave with spectrum of the second order re-
presented by B, becomes like the boundary wave. Furthermore, in the
range of L, >L>L,, only the irregularly reflected wave with spectrum
of the first order represented by B, is a bodily wave, and other waves
are like boundary waves. For L, >L, all waves are like boundary
waves. The amplitude of these waves decreases in such a way that
‘the higher is the order of spectrum of irregular waves, and the smal-
ler, the wave length of the corrugation, and the larger, the wave length
of the incident SH wave, the larger, the decrease of the amplitude.
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8. Conclusion

In order to see the effect of a corrugated boundary surface on re-
flection and refraction of elastic waves, the case of incidence of SH
wave on the corrugated boundary surface which can be represented by
Fourier’s series is treated in the present paper. For the simplicity’s
sake, numerical calculation was carried out for the case of normal in-
cidence on the boundary surface given by {=ccos px. The results are
given in Tables 1, 2 and 38, and Figs. 2-9. From these figures, it will
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be seen that at a certain value of L/L,, for example, L=L, or L=L,,
irregularly reflected or refracted waves become of comparable order
with that of regular waves, or they become very small in comparison
with regular waves.

Furthermore, the effect of amplitude of corrugation on the ampli-
tude of a regularly reflected wave is opposite to and larger than its
effect on a regularly refracted wave. That is, the larger the amplitude
of corrugation is, the smaller, the amplitude of a regularly reflected

wave, while the larger the amplitude of corrugation is, the larger, the
amplitude of a regularly refracted wave.
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The method adopted in this paper is that used by Lord Rayleigh
in the theory of gratings and is not appropriate in the neighbourhood
of L/L,=0 because of the assumption that ¢ and d¢/dz are small in
comparison with wave length of incident SH wave. Concretely speak-
ing, this method seems to be invalid for L/L,<0.83 or L/L, <0.5 de-
pending on the amplitude of corrugation as seen from Fig. 2(a), Fig.
3(a), Fig. 8 and Fig. 9. In this range of wave length of corruga-
tion, other appropriate methods had better be adopted. The considera-
tion of other methods and the study of the cases of incidence of P and
SV waves will be made in the near future. -

In addition to these results, it was found that depending on the
ratio of the wave length of corrugation to that of the incident SH
wave, there exist waves which appear to propagate along the boundary
surface because their amplitude decreases exponentially with the dis-
tance from the boundary surface increasing. The amplitude of these
waves decreases depending on the order of spectrum, the wave length
of corrugation, ete. »

In concluding, the writer expresses his hearty thanks to Professor
Hirosi Kawasumi, Assistant Professor Yasuo Sato and Mr. Ryosuke Sato
for their useful advices and discussions. To Mr. Noriaki Matsumoto
and Miss Junko Takahashi, he is also indebted for their assistance in
calculation and preparation of text figures.
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