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Summary

Assuming olivine-spinel transition of Mg.SiO, at the depth of
400 km in the earth, the difference in free energy between sub-
stances composing the upper and lower mantle is estimated. The
difference obtained here is approximately the same as that deduced
by Ringwood from experimental results.

The influence of the transition on the electrical conductivity is
also studied. The steep increase of the electrical conductivity at
the depth as inferred from the studies of geomagnetic variations
seems to be justified by the transition hypothesis.

1. Introduction

A discontinuity of seismic wave velocities, density and electrical
conductivity has been suggested through geophysical investigations at
a depth of about 400 km in the earth’s mantle. One of the possible
causes of such a discontinuity might be a polymorphic inversion in olivine
as has been suggested by Bernal® and Jeffreys®. On the basis of the
fact that Mg,GeO,, which is closely related to Mg,SiO,, has both olivine
and spinel structures, Bernal suggested that olivine-spinel transition of
Mg,Si0, might occur at high pressures. In that case, an increase in the
density would be necessarily expected.

No direct proof of Bernal’s hypothesis has been given. It is also
not possible to produce spinel-type Mg,SiO, artificially. However, a
method of calculating the pressure required to cause Mg,SiO, invert
from the olivine to the spinel structure has been recently advanced by
Ringwood®. He studied experimentally Ni,GeO,—Mg,SiO, spinel solid

1) J. D. BERNAL, Observatory, 59 (1936), 268.
2) H. JEFFREYS, The FEarth 3rd ed., (1952), Cambridge Univ. Press.
3) A. E. RINGWOOD, Geochimica et Cosmochimica, 13 (1958), 303.
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solutions. It was found that NiGeO,, which has a spinel structure,
dissolves 9 per cent of Mg,Si0,. A thermodynamical theory of the re-
lationship between the amount of solid solution between Mg,SiO, and
Ni,GeO, and the free energy of transition between olivine and spinel
Mg.SiO, was also developed. Combining the experimental results with
the theory, Ringwood found that the molar free energy of transition
between olivine and spinel Mg,SiO, amounts to 70,000410,000 Joule/mole
at 1500° C. The lattice constant of spinel-type Mg,Si0, was also esti-

mated at 7.99 ff by extraporation.

It seems to the writer that Ringwood’s study has an important
bearing on various geophysical problems in the earth’s mantle because
the energy of the transition and the lattice constant of Mg,SiO, spinel
deduced by Ringwood may give some clue to check the physical quanti-
ties inferred from other geophysical methods. The purpose of this paper
is to estimate the internal energies and electrical conductivities of the
substances composing the upper and lower mantle. These quantities
will be examined from the results obtained by Ringwood.

In Section 1, the difference in Gibbs free energy between the sub-
stances composing the upper and lower mantle is estimated with the
aid of appropriate thermodynamical relations together with the density
and pressure distributions. The difference in internal energy between
both the substances at zero pressure and temperature is also obtained-
These values will be criticized by Ringwood’s result. On assuming the
lattice constant for the spinel Mg,SiO, which was obtained by Ringwood,
the difference in the activation energy for electrical conduction between
olivine and spinel Mg,SiO, is estimated in Section 2 and is discussed in
relation to the distribution of electrical conductivity which has been ob-
tained by the writer from analyses of geomagnetic variations.

Wada® has published a paper in which it is concluded by comparing
the lattice energies for both the structures that the transition between
olivine and spinel Mg,SiO, would not be possible. Since the difference
in lattice energy is much smaller than the lattice energies themselves,
small errors in the estimation of lattice energies would seriously affect
the conculsion, though it has been successful to discuss the stability of
certain structures in this way for a number of simple crystals such as
AgCl, CuCl and so forth. Accurate estimate of lattice energies of
complicated crystals such as Mg.SiO, will be therefore of great difficulty,
so that it might not be impossible to suppose that Wada’s conclusion is

4) T. WADA, Zisin, 11 (1958), 55. (in Japanese)
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a little modified. All through this paper, the olivine-spinel transition in
the earth’s mantle is taken for granted. The advantage of admitting
the hypothesis is discussed from the two points mentioned in the last
paragraph.

2. Gibbs free energies in the upper and lower mantle

On the assumption that the olivine and spinel Mg,SiO,, which com-
pose respectively the upper and lower mantle, are at equilibrium at the
depth of 400 km, the difference in free energy will be estimated from
the distributions of density and pressure and their extraporations.

Gibbs free energy at temperature (absolute) T and pressure P can
be written as

v (T, P)=S:V(T, P)AP+¥(T, 0) (1)

where V denotes the volumé. V is given by
V(T, P)=V (0, P)(1+aT). (2)

The volume expansion coefficient « is in general dependent on pres-
sure amounting to some 10-°/°C. For an order-of-magnitude estimate,
however, we may assume that the term a7 can be ignored for the
reason mentioned below. If we assume a=2.5x10-°/°C as has been
given by Birch® for olivine and 7=1,800° K which has been suggested
by many geophysicists for the part of mantle 400~500 km deep, aT
amounts to only 0.05 which may be ignored for the present estimate.
Even if the possible ranges of @ and T are taken into account, it does
not seem likely that aT exceeds 0.1, so that the following estimate
would be safely taken within a range of accuracy of 10 per cent.

For the part of the mantle above the 20° discontinuity, the density
and pressure which have been obtained by Bullen® can be applied di-
rectly. In so far as we assume V(T, P)=V (0, P) as stated above, the
integral term of the righthand-side of (1) can be numerically calculated
on the basis of Bullen’s distribution. The upper limit of the integral
is to be taken at the pressure just above the discontinuity.

For the substance composing the mantle deeper than the discon-
tinuity, however, it is not possible to apply Bullen’s distribution. In
this case, in order to carry out the integration in (1), we have to

5) F. BIRCH, Journ. Geophys. Res., 57 (1952), 227.
6) K. E. BULLEN, An Iniroduction to the Theory of Seismology, (1947).
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know the hypothetical distributions of density and pressure which should
have been observed in the upper part of the mantle if the transition
did not occur. For the purpose of a crude estimate, we may extraporate
the approximately linear distribution of the density as has been shown
by Bullen below the depth of 800~900 km. In that case, the densities
at depths of 0, 100, 200, 300 and 400 km are obtained to be 4.00, 4.08,
4.16, 4.24 and 4.82 gm/cm® respectively. '

The density at zero pressure obtained by extraporation is almost 20
per cent larger than that of olivine Mg,SiO,. Ringwood® has suggested
that the increase in density caused by the olivine-spinel transition would
be 11+3 per cent. The difference might be caused by the simple ex-
traporation. The influence of the difference will be discussed later.

It is not exactly known what the hypothetical distribution of pres-
sure will be. For the sake of simplicity, the pressure distribution for
this case is assumed to be the same as Bullen’s one above the disconti-
nuity. In any case, the upper limit of the integration is to be the same
as that for the upper mantle. Since the distribution of pressure is
almost linear, no large error will be introduced by the procedure.

Since the two phases are assumed to be at equilibrium at the level
of the discontinuity, we have

|, v, Pap+ T, 0={ vy, PYAP+wLT,0),
0 [
which can be rewritten as
v AT, =T, 0= vz, PP {"vir, PP, (3)
where subscripts 1 and 2 denote respectively the upper and lower mantle.
Actual calculation based on the assumptions in the above gives
T(T, 0)—¥ (T, 0)=0.65x 10° erg/gm.
By taking into account the fact that the molecular weight of

Mg,SiO, amounts to 140.7, the difference in the Gibbs free energy be-
comes

¥ (T, 0)—¥(T, 0)=90,000 Joule/mole (4)

at zero pressure. The figure becomes a little smaller by taking into
consideration the fact that the extraporated density is slightly higher
than that supposed by experimental results.

This value should be compared to the one which has been estimated
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by Ringwood on the basis of experimental results. He gave 70,00010,000
Joule/mole for olivine-spinel transition of Mg,SiO, at 1,500°C. Although
the estimate attempted here is very crude, it is interesting that the
present and Ringwood’s values are about the same. It might be there-
fore said that the olivine-spinel transition hypothesis is supported by
thermodynamical theory based on the distributions of density and pressure
deduced from seismology.

In the next place, the difference in internal energy between spinel
and olivine Mg,SiO, at zero pressure and temperature can be estimated

from the above result. At zero pressure, Helmholtz free energy is de-
fined by

T T C

F=S C,,dT—TS 2 dT+ T, , (5)
0 o T

where C, and U, denote respectively specific heat at constant volume

and internal energy at zero temperature. With subscripts 1 and 2, by

which we designate olivine and spinel, the equilibrium condition leads

to

T C,.,—C
U, .— U°’1:F2—F1_S (C,.—C,)dT+ TS —r__—wl T v1dT . (6)
0 0

As has been pointed out by Birch®, C, approaches 0.3 cal/deg gm
for most of the rock-forming silicates at temperatures of the order of
1,000°C. Although it is not possible to know exact values of C, for
both the olivine and spinel Mg,SiO,, it seems hardly likely that C,,—C,,
exceeds 0.03 cal/deg gm for a temperature range between several hun-
dred degrees in centigrade and 1,500°C. Below the Debye temperature,
which is a few hundred degrees in centigrade, C,,—C,, takes much
smaller values. For an order-of-magnitude estimate, we may assume
C,.,—C,.=0.03cal/deg gm between 0°~1,800°K. In that case, by as-
suming that the equilibrium is attained at 1,800°K, the integral terms
of (6) ean be calculated as 6,000 Joule/mole.

Since F,—F, has been estimated by Ringwood at 70,000 Joule/mole
and 90,000 Joule/mole by the present writer, the influence of the integral
terms is less than 10 per cent. For a crude estimation of the difference
in internal energy at zero pressure and temperature, therefore, we may
take U,,— U,,=170,000 Joule/mole.
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3. Activation t\energies for electric conduction
in the upper and lower mantle

It has been shown by Chapman™, Price”®, Lahiri® and Rikitake®
that the electrical conductivity increases enormously at a depth of several
hundred kilometers within the earth. According to Rikitake, the electri-
cal conductivity increases discontinuously at the depth of 400 km from
10-® e.m.u. to 1072 e.m.u.

Applying the theory of ionic ecrystals to the electric conduction in
the mantle, the conductivity ¢ is deseribed by

o=0e €T (7)

where ¢,k and T denote respectively the activation energy, Boltzmann’s
constant and absolute temperature. With suitable considerations con-
cerning the effect of pressure, the distribution of temperature can be
approximately obtained from the distribution of the electrical conduc-
tivity. Rikitake has made this sort of estimate of temperature distri-
bution in the earth down to a depth of 1,500 km. In that study, it is
required that the activation energy of the substance composing the layer
between the top of the mantle and a depth of 400 km is different from
that below this level, otherwise a discontinuity must occur in the temper-
ature distribution. The activation energy for the upper part amounts
to 2.3 eV at zero pressure and temperature, while that below the depth
of 400 km amounts to 1.8 eV,

Runcorn and Tozer™ have also concluded that a considerable decrease
in the activation energy would be necessary in some region of the mantle
on the basis of their study on the electrical conductivity of olivine at
high temperatures and pressures.

The purpose of this section is to estimate to what extent the ac-
tivation energy will be affected by the olivine-spinel transition by apply-
ing the theory of lattice defect of ionic crystals.

Let us consider a Schottky-type lattice defect due to vacancies of
Mg+*+ and O--. The activation energy is then given by

e=tW+U (8)

where W and- U are respectively the energy required to make a lattice

7) S. CHAPMAN and A. T. PRICE, Phil. Trans. Roy. Soc. London A, 229 (1930), 427.
8) B. N. LaHIRI and A. T. PRICE, Phil. Trans. Roy. Soc. London A, 237 (1939), 509.
9) T. RIKITAKE, Bull. Earthq. Res. Inst., 28 (1950), 45, 219, 263; 29 (1951), 61.
10) T. RIKITAKE, Bull. Earthq. Res. Inst., 30 (1952), 13.

11) S. K. RUNCORN and D. C. TOZER, Ann. Géophys., 11 (1955), 98.
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defect and the potential energy which must be exceeded by thermal
energy of ions in motion. The energy required to make a lattice defect
in ioniec crystals is given by

W=U++U-—FE (9)

in which U*, U- and E denote respectively the energies required to
take off a positive ion, to take off a negative one and to make a pair
of ions.

By taking into account the polarization energy due to the electric
field in ion vacancies, U* and U- are approximately given as

Ur=F—Zxf (1_1p), (10)
qa*r

U-=B—2 1 _1/r), 11)
qr

in which Zy,, Z,, e and £ denote respectively number of electric charge
of Mg**, that of O--, charge of electron and dielectric constant, while
g*r and q~r denote the effective radii of vacancies of positive and
negative ions. If 7 denotes the interionic distance, it is known that
q*~0.6 and g-~0.9.

It is not possible to estimate U in (8) exactly. Since positive ions
seem likely to contribute in the main to the conductivity of rocks as
experimentally shown by Coster®, however, we may assume U=U+* for
a crude approximation. In that case, putting Z,,=Z,=2, the activation
energies for olivine and spinel may be written as

olivine: el=»“»E1—< 3 +L)e—2(1—1/x1), (12)
gt g /2n
2

spinel: ez=g»E2—(i+—|——1_->e—(1—1//c2). (13)
qt  q~/2r,

We further assume &,=x,=5, ¢*=0.6 and ¢-=0.9. As to the dis-
tance between Mg and O atoms, it has been known that »,=2.078 A for
olivine Mg,Si0O,, while, for spinel Mg,SiO, which is cubic, the lattice
constant obtained by Ringwood, 7.99 A say, leads to r,=1.998 A. Us-
ing these values, the difference in the activation energy becomes

e€,—e,=1.5(E,—FE)—0.7 14)
in units of eV. '
In the next place, we have to calculate E,—FE,. According to
12) H. P. COSTER, Mon. Not. R. Astron. Soc. Geophys. Suppl., 5 (1949), 193.
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Wada’s calculation® of lattice energy of spinel Mg,SiO,, the total lattice
energy amounts to 168 eV at zero pressure and zero temperature.
Meanwhile, it is also shown that the energy required to make a pair of
Mg*+ and O~ ions amounts approximately to 35.8 eV. We therefore
see that the energy required to make an ion pair amounts to 21 per cent of
the total lattice energy. For an order-of-magnitude estimate, the same
proportion may be applied to olivine Mg,SiO,. The difference in in-
ternal energy between Mg,SiO, of both the types has been thoroughly
discussed in the last section. The difference in energy required to make
an ion pair may be obtained by taking 21 per cent of 70,000 Joule/mole.
This consideration leads to

E,—E,=0.15 eV, (15)
whence, from (14), we see

e,—e,=—05 eV, (16)

Although the above estimate is based on various approximations, it
is of interest that the activation energy would decrease by the transi-
tion from olivine to spinel. The amount of decrease estimated is in
good agreement with the value supposed by the present writer previ-
ously. It may be said, then, that the steep increase in electrical con-
ductivity below the depth of 400 km as inferred from studies of
geomagnetic variations is in harmony with the hypothetical olivine-spinel
transition in the mantle.

4. Discussion and concluding remarks

It has been shown in Section 2 that, so long as we admit the olivine-
spinel transition of Mg,SiO, in the earth’s mantle, the difference in free
energy between the two phases can be estimated from physieal quanti-
ties such as density and pressure, though some extraporations are re-
quired to make actual calculation. Since the extraporations are not
very reliable, the difference in free energy obtained here is not accurate.
However, it is of interest that the energy difference thus deduced is
about the same as that obtained by Ringwood on an experimental basis.

In the real earth, the chemical composition is likely to change
gradually with depth. Especially, it is widely believed that such a
change is highly likely at the depths between 400 and 900 km. The
effect of Fe,SiO, would be specially important in that part of the mantle,
though no acecount has been taken of such an effect in this paper.
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This point should be improved in the future.

It is highly important to see whether or not the olivine-spinel transition
hypothesis accounts for the increase in the electrical conductivity at the
depth of 400 km. The calculation of the conductivity, based on the
theory of ionic crystals, has proved that the hypothesis approximately
harmonizes with the electrical state. Although the calculation seems
not very accurate, it is of interest and importance that the mechanical
and electrical properties of the earth’s mantle can be interpreted from
a unified view-point provided the olivine-spinel transition of Mg,SiO, is
assumed at the depth of 400 km.

In conclusion the writer thanks Dr. S. Akimoto for his kind help
in the estimation of interionic distance.
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