DBULLITIN OF THI EARTHQUAKE
RESEARCH INSTITUTE

Vol. 36 (1958, pp. 139-164

8. A Note on the Theory of the Electromagnetic
Seismograph.

By Takahiro HAGIWARA,

Earthquake Research Institute.
(Read October 23, 1956.—Received March 31, 1958.)

Abstract

An attempt was made to derive the expressions for the theory of
the electromagnetic seismograph in a more convenient form for prac-
tical use.

The magnification of the electromagnetic seismograph of the
moving coil type was found to be expressed in the following form.
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where ¥y, is the amplitude on the recording drum, =z, the maximum
amplitude of the simple harmonic motion of the ground, M the mass
of the pendulum of the transducer, H the distance between the cen-
ter of gravity and the axis of rotation of the pendulum, 73 the trans-
ducer period, 7, the galvanometer period, S; the sensitivity of the
transducer when regarded as a sort of galvanometer (angular deflec-
tion of the pendulum when unit direct current is given to the trans-
ducer coil), and S, the sensitivity of the galvanometer (displacement
of the light spot on the recording drum when unit direct current is
given to the galvanometer coil). g;, the attenuation factor newly
defined here, expresses the ratio of the current through the galvano-
meter coil and the current through the transducer coil when the
galvanometer is cramped, and Z;; is the resistance of the transducer
coil plus its external damping resistance. f, the period response of
the seismograph, is given as a function of ki, ks, To/Ts, 0, and T./T4,
where %, is the damping constant of the transducer, /., the damping
constant of the galvanometer, ¢ the coupling factor, and 7, the
period of the ground motion.

The coupling factor ¢ was found to be expressed in the following
form.
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where %, is the damping constant of the transducer while %, is the
same constant when the circuit is open and hence no current passes
through the coil. %, and /g are the analogous quantities for the
galvanometer. Z;; is the resistance of the transducer coil plus its
external damping resistance. Z., is the analogous quantity for the
galvanometer.

It should be noticed that the above expression for ¢ does not
contain the mass or the moment of inertia of the pendulum as well
as of the galvanometer. This means that we can never avoid the
reaction of the galvanometer against the transducer simply by using
a heavy mass as the pendulum. When no additional damping device
is attached to the pendulum, the only way to make ¢ small is to re-
duce the attenuation factor x;. If the transducer has no additional
damping device and the damping is caused simply by the current
through the coil, then ;> h;, and for the galvanometer also /.>>/g,.
The seismograph is designed, in many cases, so that Zpy~Z;. In
such a case, ¢ is approximately equal to u;.

Numerical calculation for the period response of the seismograph,
of which the result is indicated in Fig. 3~20, shows that if we
make ¢ < 1/3 the reaction of the galvanometer will be neglected even
in the case when T3 coincides with 7% and the reaction of the galvano-
meter is expected to be most effective.

1. Introduction

Since the first investigation of Galitzin, the theory of the electro-
magnetic seismograph of the moving-coil type has been developed by
Wenner, Coulomb and Grenet, Schmerwitz, Eaton and other investiga-
tors. The historical outline of the development is stated in Eaton’s
paper®.

Tazime also investigated theoretically the coupling factor, which is
a standard of the reaction of the galvanometer on the pendulum, re-
placing mechanical quantities by electrical ones®. Although the theory
of the electromagnetic seismograph has been almost completed by these
investigators, the author faced the necessity of writing the mathema-
tical expression in a more understandable form for the convenience of
designing and calibrating the seismograph. When the electromagnetic
seismograph is treated mathematically, we used to consider simply the
shunt resistance between the transducer and the galvanometer. How-
ever, as Neumann® pointed out, it is necessary in routine seismological

1) EATON, J. P., Bul. Seism. Soc. America, 47 (1957), 37-75.

2) TaAzIME, K., Jowr. Fac. Sci. Hokkaido Univ., [vii], 1 (1957), 55-67.
3) NEUMANN, F., Trans. American Geophys. Union, 37 (1956), 483-490.
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observation to control the magnification of the seismograph from time
to time, because the microseisms predominate in Winter while they be-
come quiet in Summer except when a typhoon or eyclone appears, and
therefore the seismograph must have an attenuation circuit reducing the
magnification to a desired value keeping the damping constants of both
the transducer and the galvanometer unchanged. Then it would be
more practical to consider an attenuation circuit rather than the simple
shunt resistance at the start of the mathematical treatment of the
electromagnetic seismograph. In this paper, the attenuation factor was
defined as the ratio of the current through the galvanometer coil and
the current through the transducer coil when the electromotive force is
given simply to the transducer coil. Introducing such a new quantity,
and guided by the previous investigators, an attempt was made to find
out the mathematical formulae in convenient form for the design and
calibration of the electromagnetic seismograph.

2. Formulae for computing the magnification of

the elertromagnetic seismograph

We consider the attenuation circuit of T-type inserted between the
transducer and the galvanometer as shown in Fig. 1. The circuit dia-
gram shows that

R, is the resistance of the

transducer coil ;

I, is the current through

the transducer coil ;

R, is the resistance of the

galvanometer ;

I, is the current through

the galvanometer coil ; Transducer Attenuator Galvanometer

X, X,, and X, are the Fig. 1.

resistances of the T-type
attenuator ;

V, is the electromotive force induced in the transducer coil ; and
V, is the electromotive force induced in the galvanometer coil.
V, is given by

—qgd0

V,
Tt

(1)
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where
0 is the angular deflection of the pendulum of the transducer ;
t is the time; and
G is the electrodynamical constant of the transducer.

For the arrangement as shown in Fig. 2, G is the circum-
ference times the
number of turns of
the coil, times the
field strength of
the magnet, times
the distance from
the coil and the
axis of rotation of
the pendulum. If

Fig. 2. the galvanometer is
cramped and no
electromotive force is induced in the galvanometer coil, then

=h-G 4 (2)

where
Z,, is the resistance measured from the terminals 11 when the ter-

minals 22 are shorted and corresponds to the resistance of the
transducer coil plus its external damping resistance.
Then the current passing through the galvanometer under the same
conditions is given by .
—mG do

(L)v,~0= AT (3)

where g, is the attenuation factor defined as in the following.

(8,

17V

The suffix V,=0 in the above expressions means that the terminals 22
in the diagram are shorted.

When the galvanometer is not cramped the motion of the coil will
generates the electromotive force which is given by



A Note on the Theory of the Electromagnetic Seismograph 143

__d¢
V.= —g 2t (5)
where
¢ is the angular deflection of the galvanometer ; and
g is the electrodynamical constant of the galvanometer and is given
by the product of the area, the number of turns of the coil, and
the field strength of the magnet.
If the transducer coil is cramped and no electromotive force is induced
in it, then the current through the galvanometer coil is given by

Ve _ 9 d¢ 6
(Lri-o Z.  Zy dt (6)

where
Z,, is the resistance measured from the terminals 22 when the ter-
minals 11 are shorted and corresponds to the resistance of the
galvanometer coil plus its external damping resistance.
The suffix V,=0 in the above expression means that the terminals 11
are shorted. Then the current passing through the transducer coil
under the same condition is given by

Ermo=—20 %2 (7)
where p, is defined as
=(L
= Iz)vfo (8)

#, is a sort of attenuation factor seen from the side of the galvano-
meter.

When both the transducer and the galvanometer are not eramped,
the current passing through both the coils is therefore given by

11:(11)1'2=0+(11)V1=0
-G di_ pg do (9)

Zy dt  Z, dt

12=(12)1'2=o+(12)vl=0

_mG di _ g d¢ (10)
le dt Zzg dt
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The equation of motion for the transducer and the galvanometer
are written according to Wenner’s notations as follows :

d 0 . do d*z
D—+Ub=—-MH_ —GI,, 11
dtz + 7 7 1 (11)
d d) d¢ -
=X+ d = I, 12
T +d o tup=g (12)
where
K is the moment of inertia of the pendulum about the axis of the
rotation ;

D is the coefficient of the damping of the pendulum, including all
forms of damping when the electric circuit is open ;

U is the coefficient of the restitutive force;

M is the mass of the pendulum ;

H 1is the distance between the center of gravity and the axis of
rotation of the pendulum ;

« is the displacement of the ground ;

k is the moment of inertia of the moving system of the galvano-

meter ;
d is the coefficient of the damping of the galvanometer with the

circuit open; and
% is the coefficient of the restitutive force of the galvanometer.

Putting (9) into (11), and (10) into (12), we obtain

Kdo+[ +_]d0+U 0= —mude | 1Gy &b g

iz dt a7, dt
d’¢p [ g ]dcﬁ mGg do
k d 14
prl Rl e e ey (14) .
or
a0 . de MH & dé
96 30 4 pg MH 90,6, 0. 15
Fr K dap g (15)
&P . dp 9rc 40
de? +2¢, dt +nip=20.6,—— dt (16)

where
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7

We obtain the following equation, eliminating 6 from (15) and (16).

do , d&¢ . &e  dp . & 18
Mg Tt Toq TPPT T s (18)
where
m=2(¢;+¢,)
n :n¥+n§+45152(1—"72)
o :2(51"1«%"}“52”?) (19)
» =nin;
q = MHGor
KkZ,
and
=00, (20)

o, which is called the coupling factor, expresses the largeness of the
reaction of the galvanometer.

If the motion of the ground is assumed to be a simple harmonic,
with amplitude «,, angular velocity «, and phase angle «,

r=u,e"e¢™" (21)

where j is V' —1. If we limit the case to the stationary state, we can
put

Pp=o,ePe™ (22)

where ¢,, is the amplitude in angle, and 2 the phase angle of the mo-
tion of the galvanometer. Putting (21) and (22) into (18), we obtain
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(0 —jo*'m—wn+jwo+ p)pePe’t =ju’qx,e'%e’! (23)
Hence
> .3
im_el(ﬁ—w): - Jw q _ (24)
T o' —jom—aw*n-+jwo+p N

The right hand side of equation (24) is of complex form and the abso-
lute value gives the amplitude ratio ¢,/x,, and the quotient, the
imaginary part divided by the real part, gives tan (f—a«), namely,

L2 g’ -
Ty V(o' —am+p)+(—o*m4 )
= o’
Vot — (0} +ni+4ee(1—0)} o +nini] -+ [ —2(e,+&,)0® +2(emi +end)o]*
(25)
tan(f—a) = _w4__s_ci)2_n__l;2
—w'm-+ wo
_ o' —{ni+nit4ee(l—0c*)w*+nin] (26)

—2(e,4€,)0 +2(e,ni+em)w

The equations (25) and (26) can be written in the following form.

P = 9 f (g, oy v, 0, 0,) 27)
x,
f(kly kzy Y, 0, ul)
= - _ . (28)
[1-{(1+ L) +and La—enfurs Tui] ‘
V Vv YV

. l/ + l: -—Z(h1 +% h) U, +2(% hi+h, >% uﬁ]z

1-{(+ D) ann @b it Lt
)2 Y v

tan (f—a)= (29)

—2(h1 +1p )u1+2<l hit-h, )luf
Y Y )2
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hy=- (damping constant of the transducer)

:=-—° (damping constant of the galvanometer)

7,
y— n_ T,
n, T,
n,__ T
ul__lzﬁ“’
o T

T,=period of the ground motion
T,=period of the transducer
T,=period of the galvanometer

If we consider the deflection of the light spot on the recording drum as
in the usual case,

Y=Ly, ' (30)

where
Y. is the amplitude on the recording drum;
L is the length of optical lever, that is, twice the distance between
the mirror of galvanometer and the recording drum.

If we use y, in place of ¢,, the equation (27) can be written as follows :

M: Q . f(]?q, kZ! Y, o, ul)
T, (31)
iné
7,

Here f is the amplitude characteristics and f—« is the phase character-
istics of the seismograph and both of them are the function of A, A,
v, 0, and u;. y,/x, is the actual magnification of the seismograph.

Next the method of obtaining the quantity gL/n, will be examined.
We can regard the transducer as a sort of galvanometer because if the
electric current is given to the coil of the transducer the pendulum is
deflected. We can measure the deflection of the pendulum just like a
galvanometer if we attach a mirror near the axis of rotation of the pen-
dulum and put a lamp scale at a suitable distance. If the deflection
angle of the pendulum is & when the direct current I is given to the
coil,
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G
=1 32
nif=2 (32)

G[nK is therefore the deflection angle of the pendulum when unit direct
current passes through the transducer coil.

If the deflection angle of the galvanometer is ¢ when the direct cur-
rent ¢ passes through the galvanometer coil,

n} :ii (33)

If we denote the displacement of the light spot on the recording drum
by y, since y=¢L,

ny:ng% (34)

gL/n}k is therefore the displacement of the light spot on the recording drum
when unit direct current passes through the galvanometer coil. The ampere
sensitivity of a galvanometer in ordinary use is just the inverse of
gL|/nik. If we use such measurable quantities, @ can be written in the
following form :

o= MHGymL
KkZ,\n, . . . (35)
= MHnm e 17
=MH%%(%}E&M%E
1=;%§ (36)
&=i§~

Since g, and Z,, can be computed if the values of resistance of the elec-
tric circuit are known, all terms of the right hand side of equation (36)
are measurable quantities. Since @ is proportional to g, we can easily
reduce to magnification of the seismograph to a desired value by reducing
the value of g, without changing any other state.
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3. Expression for o

From equations (17) and (20),
ol=o,0,

_ (Goymp. 37)

2,2, KlkZ,, Z,,

From equation (17),

(38)

(39)

:] 9 g‘z
et K

where
_ D
2n, K

_d
foo= 2n.k

by

he is the damping constant of the transducer when the circuit is open
and no current passes through the coil. A is the analogous quantity to
the galvanometer. From (38) and (39),

G2
=h,—h 40
on K7, = (40)
" 41
oz, e (41)
Therefore
a? =" M s 7 -

& & 2nKZ, 2nkZ,

= ,(kjl:—km)(hg —hy)
hih,

(42)
T
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The last equation shows that o is a dimensionless quantity and 0<e<1
because 0<,<1 and 0 . <1,

If we regard the circuit as a four-terminal network with terminals
11 and 22 as shown in Fig. 1 and denote its four parameters by

5 o]

C Dl

then we have the well-known formulae written as follows.
s &
I:I1 C DJLI4> (43)

e 27 ()

A B
d ’ —1.
an D (45)
Therefore
(LY _1
”1_( II)V2=0_ D
(L _1
Fa= <;12>V1=0—A
(46)
zu=(V) =%
1, /vy D
z.=(V) =%
I /v= A
Hence
r._D__Z,
D=t 47
m A Z *)
Hence
/12:,/11ZZ£, (48)
11

Equation (42) can be therefore written as follows.
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ot =l —l) Zon o (49)
]Zilkg Z 1

The interesting fact is that the above expression for ¢ does not contain
the inertia term of the pendulum as well as of the galvanometer. This
means that o is independent of the inertia of the pendulum and the
galvanometer but depends on the damping constants and the constants
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of the electrical circuit. We can never avoid the reaction of the gal-
vanometer on the pendulum simply by adopting a heavy mass as the
pendulum. If any additional damping device is not provided for the
pendulum, the only way to avoid the reaction of the galvanometer is to
decrease the attenuation factor of the circuit.

4. Effect of o on the period responce

Some examples for the period response of the electromagnetic seismo-
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graph calculated from the equations (28) and (29) are shown in Figs.
38~-20, in which f and 6(=f—«) were taken in ordinate and u, in abscissa.
The case for 4, =4,=1, which is the most common in routine observation
was indicated in rather more detail.

The figures shows us that the reaction of the galvanometer becomes
practically negligible if ¢<1/3 even in the case when T, equals T, and
the reaction is expected to be most influential.

When the transducer is not provided with any additional damping
device and the electromagnetical damping is caused simply by the current
through the transducer coil, %, is very small compared to unity, so that
if the damping is critical or nearly critical it can be considered that z,>>h.
For the same reason, if the damping of the galvanometer is critical or
nearly critical we can put #,>%,,. Hence the first term of the right hand
side of equation (49) is approximately equal to unity. The seismograph
is designed in many cases so that Z,~Z,, for the sake of matching re-
sistances. In such a case, (49) can be written as o*=~ g} or o=y, so that
we can say that the coupling factor is approximately equal to the attenua-
tion factor. This means that when the additional damping device is not
provided for the transducer, if we select the attenuation factor less than
1/3 inserting an attenuation circuit between the transducer and the
galvanometer, the reaction of the galvanometer can be left out of con-
sideration.

5. An example of the numerical computation

As an example, the computation of the magnification and the resistances
of the attenuation circuit will be indicated in the following for the
electromagnetic seismograph of Type HES-H which is used for routine
observation at the Tsukuba seismological station of the Earthquake
Research Institute. The seismograph is of horizontal component and the
transducer is of the moving coil type. The seismogram is registered on
35 mm standard photographic film and the reading is made after that by
means of a film-reader with enlarging ratio of 8.

The constants of the transducer and the galvanometer of the seismograph are
as follows |

Transducer Galvanometer
M 1.09x10* gram
H 5.0 cm

T, 1.00 sec T 1.10 sec
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2z/T, 6.28

Si 2.02x10* radian/unit
current in
c.g.s. e.mn.u.

R 1520 ohm

Q; (external damping resistance)

1400 ohm
]11 1.0
hao 0.0

The following numericals are computed for the case ;=

constants.

@2n|T.)? 3.26%10
S, 1.43x108 cm/unit current
in c.g.s. e.m.u. .

R, 500 ohm
0, (external damping resistanace)

1800 ohm v
hy 1.0
hoz 0.0

1/10 using the above

Z]1=R1+Ql=2920 ohm=2.92 x 102 c.g.s. €e.m.u.

Zas=Ry+0,=2300 ohm
1 Zu_1579
Hy Lo

B=-127.-99.200
Y251

A=

c=;4.DB~11=4.315x 10-3

D=—=10

f 2=4=1 9710 ohm
z=~Dfol~—2090 ohm
Z=L —232 ohm
c
Hence,
Xy=7,—Ry=1190 ohm,

X2=Zz —'R2= 1590 Ohm,
Xs=27;=232 ohm.
And

d_‘/(hl_lloll(llglhnn) 222 = =0. 089

/llhz

Q=1.09-10tx5.0x6.28x 3.26-10x2.02-102x1.43-108 x 10~ x

=11,040

S
2.92-101

Maximum value of f is obtained as 0.330 from the period response curves when

hi=h,=1 and Ty/T,=1.1.
becomes ;

Hence the maximum magnification of the seismograph
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Vmax (on the recording film)=@Q-fmax=11,040x0.330=3,640
Vmax (on the film-reader)=3,640x8=29,100

8. MERLHEFTOfEE L OO T
e Ak B B

WS ERGb R Frooma, Galitzin 1% Wenner, Coulomb » Grenet, Schmerwitz, Eaton,
Mk & OBFEHRC X bi»bh, REERORel L. UL, RECIBEFHE %I L
D, MELRYTAEERD L, BEAAKNS S D LERSBTEIIhTWS AR EL
{ieh. RLTE, 23532 ruE[LT, LHILEEIOMARE TELRFRMLOT A
MR E T & kM2 THbT o L B/ A7k,

MR, THROBEE PRI IR 5 e, BRIl A sHgc—20 v v v b IRH
LA DE LTHFEL 223, HEOBMNM TR X W {ERP (I LWL ETS 0T, iR
LM ORTEH L ELD & b i SR EBTEL T T = 2= — 2~ §§ ZFDN B
AN THFE L HNEFITHS . AL T, EROLTEHOMER Y d s NERD X ) BB T
B L.

Un_p
x,n—Q f

2xs 2m\2 1
Q=MH Tx(ﬁ) Siluy Zn

ZZE, Yn EEE Y T A LOIRTHEIE, o XIS Y U E OB ALIRG, M g ok
FoORE, HRFOTEO: Miziomomg, T GRS o B4, T G Hikcho B 4mi,
S HIRFO a4 VTR 2 5 2 A OIRTOLH RO (Zhuk, IRTFONETe NS s
SIRIRAHT, 5 vF Ay — AR, LYHOBRERE & 4 < B UHETETIRDHRD),
S LW END = 4 VISR B X oA ORE Y 7 & LOJEDEN (&0 5 Wikio7 v -2
TRELFHRINTOS L0, S OUEcHNST5) Tho. m 2 ZKHLIER LS DOT
TWEth 2 7 v 7 L TRWTIRIRIR D = A T % B 2 e B S T 2 Ui 5 B0t 2 e 4R 2%
EHRND WO TR, M, RIRMOTLHO m 520 LW AT s THSE. 1 %
attenuation factor 3 #i3 = L e 5. Zu (22K D =2 4 A O & £ OINTIRIERIT (PUR
PUCFRE DRI X2 /HTEH) L oM THA. [ ik OMEHO TS 2T, b (R
M0 W FEH KO, he GLHETOMER L), To/Th (L 8 fH 2R IR 30 HAREMIOH), o (coupling
factor), B0 To /Ty GE O B L PRI ORI OH) OEETEbENS.
¢ OWTULIR DR THBEL L.

0.2:_.;(’31_’@1)(}1'3—.',]?;02,), Lz u2

hlhg Z11 1
T2, ho FIRREOINTIBHI RS D = 4 AR R LV L 5 L E O IR RO
WETHDT, e x v =R AT TRITIIEZ L AL TR HIRIRS . ke WL B Sha it
TAHEUTBRDOMTHD. Zoo WLHEO 2 4 L OIRHL L F O/ BEF NI L OTH B, o 1250
Wt OB R T OMHC RIET B HOE G Y HTHTH DT, 0=<e<l OIEIRD, 0=0 D ¥
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LS, o=1 D ¥ EEEREDARE L. IR B EE Bl 2 v =R LTI W A,
hm=ho Th o, LHHHCDOWTL he=he Thb. T, 05 OEAIT, Zu ¥ Zse 11X UYL
Te T DFAliRINA Z 1170 <, ZusZey DX 5 IZEGFER TS, 60T, TN oxm
LILTX Lo 2 WG4 . I, o RITLNicil attenuation factor #od DIISIFE
LWERTH IV, ZDX5EHZD5L 0 OWIINTERA L VD& LTS,

AL DO D TIRIFHAE f L AAHE 6 ORETFELThE. ¢ DRFEORIREV-OIR T\=T
BOThBN, CORATH o138 THhE, THHORENOE MR LELALEHLT
Tz enbhnb. (82T, fEkcx //\—’E’HQHGLJ I 2 A A OTHOME MFEifisn 3
AT, attenuator i X » attenuation factor %% 5 FREE/NEX <3 AE, LW o /5 M &4
WMTCExDZ LTS,

NRTAREZ 2, Lm L ¢ 080, BTFORHEoNRntih vz 2 Ths.
ik, WTFOE MM KE L LTh, B FnEd i, TUHEHOKEMN O/~ <3
HIEFPLTTERCEW) 2 RTE LTS, $EIc 4 v = = 2R 7 WEMA 1T, attenua-
tion factor #/NX <435 L5 Z X, TWHFIOHER AL BE—ORITHS. §28, IR
T-OREERE ST, TRICHA L TGRS OFE KA REL T LN TEZND, Hbn 1LY
Hd BN TAERE1G 5 fobic i attenuation factor AN TEL Z LItk Db, 25015
TR TCIRIBT ORI RE LT D 2 L NAHHORFERZNILT B it b,

thie, 5%, 9, m 7&2%$Ufﬂfk'§'%t O attenuator OIXFIMOID I L LT DUV TH
Pl% ok Lie, REICGHEFHNCREII T2 4 OSF W il Th 5.




