Y

23. The Requisite Conditions for the Predominant
Vibration of Ground.

By Kiyoshi KANATI,

Earthquake Research Institute.
(Read July 17, 1956 and June 25, 1957.—Received June 30, 1957.)

1. Introduction

The vibrational characteristics of ground became clear from the
observational studies of earthquakes and micro-tremors and theoretical
studies of multiple reflections of waves, as well as from statistical
studies of earthquake damage. Roughly speaking, from the results of
studies, it is known that there are two kinds of spectral response type
peculiar to each ground. That is to say, one type of the spectral
response of ground has a predominant peak and another is irregular in
shape and has a number of peaks.

The ground of the former type is considered to consist of a single
layer, and the semi-empirical formula for the seismic characteristics of
ground has already been studied.?

The ground of the latter type is considered to consist of plural layers
and the present paper mainly deals with the vibrational problem of this
type of ground by means of theoretical studies.

In this investigation, for simplicity, we try to examine the multiple
reflection, problems of elastic waves in the layer, in which distortional
waves of the purely plane type of sinusoidal infinite train are propagated
vertically upwards.

The notations used in this paper are as follow : U=displacement
of primary waves, U,=resultant displacement of each layer, p,=density,
v,=velocity, &,=paV./Pns1Vn+1, H,=thickness, t=time, p=2x7/T, T=period
of waves, f,=2rn/L,, L,=wave length, z=vertical axis, ¢,=pH,[v,,
n=number of a layer from free surface.

1) K. KANAL, Bull. Earthq. Res. Inst., 35 (1957), 20.
K. KANAI, R. TAKAHASI and H. KAWASUMI, Proc. World Conference Farthq.
Engg., June 1956, 31-9, equation (23). Corrigenda to the denominator of (23). Read 0.2
for 0.1.
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2. Preliminary study

V4 Firstly, we shall try to examine the
T simplest case of a single stratified layer.

77 /I yT / If the incident waves in the lower
’ /

medium be of the type expressed by the

U, oy Vi /1 H, .
/' P/ / / /Jv/ following

\Ue, Pzn, V;\ !\\\\i Uy,=cos (pt—fz2) , (1)
T T T ! T T T the resultant displacement of the stratum is
) expressed by?
Fig. 1
2 cos (q‘ f]) cos {pt —tan~Y(«, tan ¢,)}
U= ; (2)

V'cos® ¢, +a’ sinq,
Then, the resultant displacement on the free surface is written by
= 2

Vcos? g, +alsin’q, (2)

‘ Ulz=0

The requisite conditions for predominant vibration to appear at the
ground surface may be obtained from the following equations :

6U1'-0 ( 3 )
6Q1 =0 ’
and
62U1 0
—__z=0 (4)
aqf a=q, <0 ’ ’

in which ¢, is the solution of (3).
Substituting (2') in (3), we obtain

(1—aj)(cos® g, + af sin® ¢,)~** cos ¢, sin q,=0 . (3)

The solutions of (3’) become as follow :
cos ¢,=0, i.e. q1=(2m+1)—72t~ , [m=0,1, ---]1 (5)

and

2) K. SEzAWA and K. KANAL, Bull. Earthg. Res. Inst., 13 (1935), 253, Equation (9).
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sing,=0, ie. g=n+lr. [r=0,1,...] (6)
The left term of (4) becomes as follow :
(1 —a3) {cos?q,(1+ sin*q,) — alsin?q,(1 4 cos’q,) } (cos*q, + aisin?q,)~** . (T)
Substituting (5) in (7),
ar¥(ai—1) . (8)

Then, (8) tells us that the condition of «;<(1 satisfies (4). In other
words, when «;<1, that is to say, the vibrational impedance of the
stratum is less than that of the subjacent medium, the maximum of
the vibration amplitude at the free surface appeared at such period as
T=4H,/(2m+1)y, and the amplitude at the surface in synchronous
vibrations becomes 2/a,(=2p,v,/p,v,) by substituting (5) in (2).

In the same way, from (4), (6), (7) and (2), we knew that, when
the vibrational impedance of the stratum is higher than that of the
subjacent medium, the amplitude at the surface becomes maximum at
such period as T'=2H,/(n+1)v, and the maximum amplitude at the sur-
face is twice as large as the value of incident waves amplitude. This
case has little meaning in connection with the nature of excitation of
vibrations.

Now, taking only the fundamental mode of (8) into consideration,
that i to say, the cases of m=0 in (5) and n=0 in (6), the amplitude
distribution in the stratum can be written as shown in Figs. 2 and 3

2

< >

st S

\\\\\, SANAN 2

Fxg. 2. Fig. 3.

by using (2). Figs. 2 and 38 directly tell us the same conclusion which
has been drawn from somewhat complicated calculation by using (4).
The diagrammatical treatments like this seem to play an important part
in the problem of plural stratified layers.
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3. The case of two stratified layers
If the incident waves in the lowest medium be of the type:
b4 Uy=cos (pt—f2) , (9)

the resultant displacements in the each layer

!
LS /|y 0 // are expressed by®

2 z L Q
A
BLUNNEY g lmaena(e)

Us, P3,Vs | S —alsinqlsinq2(%+§.)}
R P

- Cos (pt—tan" %) , (11)

P=cos ¢, cos ¢,—«; sin ¢; sin q, , 12)
Q=qa,(cos ¢, sin @, + «; sin ¢, cos q,).
The requisite conditions for predominant vibration to appear at the

ground surface’ may be obtained from (8) and (4), that is to say,

oU, _[0¢;=0 and |0°U,,_ [04¢i|q-q, <O, in which g, is the solution of the
former equation.

Substitution (3) in (10), we obtain the following equation :
AB—CD=0, (13)
in which
A=aq; sin ¢, sin ¢,—cos q, cos q, ,
B=(a,a,+1) sin g, cos g,+ (a,+a,) cos q; sin g, ,
C=(a,a,+1) sin ¢, sin ¢;,—(a; +a,) cos g, cos q, ,

. . (14)
D=2«a,(a, sin ¢, cos q,+cos g, singq,) ,
H, v,
a4 =-%.21,
" H, V,

3) K. KANAL, Bull, Earthq, Res. Inst,, 30 (1952), 31. Special case of £;=0, (=0,
£3=0,
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It is easy to find the general solutions of (18) by looking at (14),
that is to say, the following conditions make A and C zero simulta-
neously and then they satisfy (13):

cos ¢;=0, sin ¢,=0, (15)
sin ¢,=0, cos ¢,=0. (16)

By the same way, we can find that the following conditions make B and
D zero simultaneously and then they satisfy (13):

cos ¢,=0, cos ¢,=0, a7
sin ¢;=0 v, sin ¢,=0 . (18)

The conditions (15)-(18) may be rewritten as follows :

27 H, T 2nH, '
=220 )= = | =200 )= 15
o(=7)=ening, o(=2E)—mrnr,  05)
qi=(m+1)z G=@n+1)2, (16)
a=02m+ 1)3, q2=(2n+1)§, a7)
Gi=(m+1)m, @=(n+1)r . (18)

[m=0y 1’ ttty n=07 17 "']

It is considerably difficult to find mathematically whether the conditions
expressed by (15')-(18") will satisfy the condition of (4) or not.

Then, we shall try the diagrammatical treatments as in the last
part of the former Section, by using the fundamental modes of (15)-
(18’), in order to find the requisite conditions for predominant vibration
to appear at the ground surface. Substituting m=0 and =0 of (15')-
(18) in (10) and (11), we obtain the displacement distribution in each
layer as shown in Figs. 5-8. Figs. 5-7 show that, when the values of
the numerator of the expressions of surface displacement are higher
than those of their denominator, the predominant vibration at the
ground surface will appear. On the other hand, Fig. 8 show that, this
case has little meaning in connection with the nature of excitation of
vibrations,
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The requisite conditions for predominant vibration to be appeared
at the ground surface, which may be found from these results, are
enumerated as follows.

(i) In the case of pw,<pyws To=4H v, and H/H,=2v,[v,, the
predominant amplitude at the surface is 2pw,/pwv;. In this case, the
value of p,v, itself scarcely affects the surface amplitude. (See Fig. 5.)

(ii) In the case of pw,<pw, To=4H,[|v, and H[H ,=wv,[2v,, the
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predominant amplitude at the surface is 2p,v,/pw,. In this case, the
value of puw, itself has no connection with the surface amplitude. (See
Fig. 6.)

(iii) In the case of pw,< pw,, Ty=4H,[v, and H,/H,=v,/v,, the predo-
minant amplitude at the surface is 20,05/p,v.. In this case, the value of
pv; itself has no meaning in this problem. (See Fig. 7.)

These results may be explained by wave problem as follow: In
general, since the wave reflections at the various boundaries interfere
with one another, the spectral response of the amplitude of the surface
is very irregular. Except in very unusual circumstances the maximum
value of the peak is not large as in the case of the single layer. Other-
wise, in some particular circumstances, when all the waves, being
reflected at every boundaries and arriving at the free surface, are in the
same phase, the surface amplitude grows up to an extremely large value.

It is a noteworthy fact that the rigidity itself of the medium of
a layer among three layers scarcely affects V4
the predominant vibration of ground surface. ‘l‘

In other words, these results tell us that, it % 0

will be provable that the predominant vibra-
tion appears at the ground surface, even if
a rigid medium exists at the superficial layer
or intermediate one.

4, The case of three stratified layers

If the incident waves in the lowest

medium be of the type expressed as follows
U,= cos (pt—fiz) , (19)

the resultant displacements in the each layer
are expressed by?

/}71, P, Vi

N

I

N\

U, ps, N

TR
v

//Ua, Ps,Vs

/

AN

N\

—

U4, Pa,Va

R

(I

Fig. 9.
_2 cos fiz cos
1 ([) 1 ’
U= {1+ cos (a:-a, iinL)
+(1—ay) cos (ql+qu£)} cos 7,

4) K. KANAI and S. YOSHIZAWA, Bull. Farthq. Res. Inst., 31 (1953), 275,
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U= %J(1+a1)(1+a)cos(ql+ql q3,2j;fIII+H>

+(1—a)(1+a,) cos (ql q_+q32+H v+ A

)
+(1—a)(1—a,) cos <q1—q.___q ~+H1+ H)
)

+(1+a,)(1—a,) cos <(I1+Q'z+(.73 H—H‘+ A, }

where

P=cos qg(cos q; COS ¢,—«; 8in @, sin q.,)

— ., sin q4(sin ¢, cos ¢, +a, cos ¢, sin @,) ,

Q=ca,;{sin ¢,(cos ¢, cos ¢,— «, sin ¢, sin ¢,)

+a, cos ¢s(cos ¢, sin ¢, + ¢, sin ¢, eos ¢.)} ,

7=pt —f(H,+ H,+ H;)—tan™ % .

cosy ,

[Vol. XXXV,

(20)

(21)

The requisite conditions for predominant vibration to appear at the
ground surface may bz obtained from (3) and (4), that is to say,
6U1z=0/0q1=0 and lazUlzﬁ)/Oqf lyy=q, << 0, in which ¢,, are the solution of the
former equation. Substituting (3) in (20), we obtain the following

equation :

AB+CD=0,
in which

A=cos ¢,(cos ¢, cos ¢,—a, sin q, sin ¢.)

— ., sin gy(sin ¢; cos ¢, + &, cos ¢, sin @,) ,
B=sin ¢,{cos ¢, cos q.(a;+a, + a,a.a,)

—sin ¢, sin ¢.(a,a; + c.a, + )}

+cos ¢, {sin ¢, cos ¢,(1+a,a,+ )

+ cos ¢, sin ¢.(a,+ o, + )},

C=cos ¢;{ — (a;+ a.c, + a,x,) eos q; COS ¢
+ (a0, + @000, + @) sin g, sin @.}

(22)

(23)
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+sin q; {(,a, + a0, + 1) sin g, cos ¢,
+ (@, + a5+ ) cos g, sin @.}
D=a,{sin ¢, (cos ¢, cos g,—«, sin ¢, sin ¢,

+a, cos g; (cos ¢, sin ¢, + «, sin ¢, cos ¢,)} ,
=,_'H_z_ :lll_ a =:& ﬂ

- H, v, ’ ’ H, V3
It will be able easy to find the general solutions of (22) by looking at
(23), that is to say, the following conditions make 4 and C zero
simultaneously and then they satisfy (22):

a,

cos ¢,=0, cos ¢,=0, cos ¢;=0, (24)
cos ¢;=0, sin ¢,=0 , cos ;=0 , (25)
cos ¢,=0, sin ¢,=0, sin ¢;=0 , (26)
cos ¢,=0, cos ¢,=0, sin ¢;=0 . 27

In the same way, we find that the following conditions make B and D
zero simultaneously, and then they satisfy (22) :

sin ¢;=0, cos ¢,=0 , cos ¢3=0, (28)
sin ¢;=0, sing,=0,. cosqg,=0, (29)
sing;=0,  cosg,=0, sin ¢;=0 , (30)
sin ¢;=0, sin ¢,=0 , sin ¢;=0 . (31)

The conditions (24)-(31) may be rewritten as follow :

2nH, 2nH, T
== A== =(2n+1) -2,
q( T, ’ Tv, ) (2n+1) 2

(24')

q1=(2m+1)g— , ¢.=n+1Dx, G=(2s+ 1).’21 , (25)

ql=(2m+1)—g— , =+, G=@+)r,  (26)

q1=(2m+1)—g-, q2=(2n+1)-“’2-, G=(s+1z, (27)
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@=(m+1)r, ¢.=(2n+ 1)—7;— , ¢=(2s+ 1)—;— , (28)
¢=(m+1)r , ¢=(+1)r, ¢=(2s+ 1)% , (29)

qi=(m+1r , qz=(2n+1)—”2— , G&=@6+Dr, (30

a=(m+1)r, =+, ¢=(s+lz.  (31)
[m=0r1’ %y 'n=07 1) °t % SZO; 19"']

It is considerably difficult to find mathematically whether the con-
ditions expressed by (24')-(31") will satisfy the condition of (4) or not.

Next, we shall try the diagrammatical treatments as in the former
Section, by using the fundamental modes of (15')-(18’), namely, m=0,
n=0 and s=0, in order to find the requisite conditions for predominant
vibration to appear at the ground surface.

Substituting (24)-(81") of m=0, n=0 and s=0 in (20), we obtain
the displacement distribution in each layer as shown in Figs. 10-17.

2P2Ve PaVa 205Vs

Privi P3Va

74
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20,Vy 2,22\‘;2
Ivi
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Fig. 16. Fig. 17.

Figs. 10-16 show that, when the values of the numerator of the
expressions of surface displacement are higher than that of the denomi-
nator of them, the predominant vibration at the ground surface will
appear. On the other hand, Fig. 17 shows that, this case has little
meaning in connection with the nature of excitation of vibrations.

The requisite conditions for predominant vibration to appear at the
ground surface, which may be found from these results, are written as
follows.

(1) In the case of pw,>>pw, and pw,>pw; under the conditions
Ty=4H,[v,, H|v,=H,|v,=H,[v,, the amplitude at the surface will take
the value of 2pv./pw, x p,/p;v,. (See Fig. 10.)

(ii) In the case of pv,>>pw, under the conditions T,=4H v,
2H,[vi=H,[v,=2H,[v,, the surface amplitude is 20,05/p.v,.  In this case,
the values of pw, and pw, themselves have no meaning concerning this
problem. (See Fig. 11.)

(iii) In the case of pw,>pw, under the conditions T,=4H,/v,
2H,[vi=H,[v,=H,[v,, the surface amplitude is 2pv,/pe;. The values of
p.v, and p;v; themselves have no meaning concerning this problem. (See
Fig. 12.)
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(iv) In the case of pw.<pw; under the conditions Ty=4H/vy,
2H,[v,—=2H,[v,— Hy|v,, the surface amplitude is 2pv,/p,v;. The values of
pv, and pw, themselves have no meaning concerning this problem. (See
Fig. 13.)

(v) In the case of pw,<pw, under the condition T\,=4H,/v,,
H,|v,=2H,[v,—2H,|v,, the surface amplitude is 2p;v;/pv,. The values of
pv, and pw, themselves have no meaning concerning this problem. (See
Fig. 14.)

(vi) In the case of pw,<pw, under conditions T\=4H(v;, Hi|v,
= Hp,=—=2H,[v,, the surface amplitude is 2p,/pw;. The values of pw,
and p,, themselves have no meaning concerning this problem. (See
Fig. 15.)

(vii) In the case of pw,>pw, under the conditions T,=4H,[v,, Hfv,
=2H,/v,= H,[vs, the surface amplitude is 2po,/p,v,. The values of pv,
and pyw, themselves have no meaning concerning this problem.

It is a noteworthy fact that, in the case of the predominant vibra-
tions appearing at the free surface, the surface amplitude seems to be
concerned with the rigidity ratio of two layers, and values of rigidity
themselves of the other two layers have no connection with the predo-
minant amplitude. These results tell us again that, it will be provable
that the predominant vibration appears at the ground surface, even if
one or two rigid media exist among four media. Figs. 5-7 and Figs.
10-16 show that as the number of layers increase, the number of the
requisite conditions of the present problem increase. That is to say,
we know that as the number of layers increases the case of the predo-
minant vibration of ground become rarer.

It will be seen from the present investigation that the number of
cases, in which the period of the predominant vibrations is equal to the
natural period of the uppermost layer is larger than half of the number
of all possible cases of the predominant vibration.

At all events, the above results of the present investigations closely
resemble the features of the spectrogramic diagram of earthquake move-
ments of the ground or micro-tremor observed at several places.”

It may be born in mind that, when the properties of the ground
satisfy some particular conditions, it is probable that an extremely large

5 M. ISHIMOTO, Bull. Farthg. Res. Inst., 12 (1934), 234; 13 (1935), 438; 15 (1937),

526.
F. KISHINOUYE, ditfo, 29 (1951), 403.

K. KanNAL T. TANAKA and K. OSADA, Monthly Meeting of the Earthq. Res. Inst.,
(Sept. 1956).
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vibration amplitude will appear at the ground surface, even if a rigid
medium exists at the superficial layer or intermediate one.

In such cases, discrimination between good or bad ground considered
from a vibrational point of view will sometimes differ from the statical
point, namely, the bearing power of ground, ete.

The above results are one of the most important factors in the
development of earthquake resistant structural design.

5. Conclusion

From the present mathematical investigations on the vibration prob-
lem of the surface layer, the following has been made clear :

(i) In general, in the case of multiple stratified layers, since the
elastic wave reflections at the various boundaries interfere with one
another, the spectral response of the amplitude of the surface layer is
very irregular and the maximum value of the peak is not so large as
in the case of the single layer.

(ii) In some particular circumstances, when all the waves being
reflected at every boundary and arriving at the free surface, are in
the same phase, the surface amplitudes grows up to an extremely
large value.

(iii) It is probable that extremely large vibration amplitude will
appear at the ground surface, even if a rigid medium exist in the
superficial layer or intermediate one.

(iv) At many times, the predominant period of ground vibration
coincides with the natural period of the uppermost layer.

(v) The most important conclusion of the present investigation
concerning the development of earthquake resistant structural design is
that the discrimination of good or bad ground from the vibrational point
of view will sometimes differ from that viewed from the statical point,
namely, the bearing power of ground, ete.
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