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1. Introduction

The present paper is the continuation of our research work on the
problem of earthquake movement of the superficial stratum and deals
with the cases where the primary seismic waves are incident upwards
normally to doubly stratified layers residing on the surface of a semi-
infinite body.

Concerning the type of primary seismic waves, the following studies
have been made : ,

I. The case where an infinite train of harmonic plane waves is
transmitted to the surface layer consisting of two layers, taking the
solid viscosity into consideration.

II. The case that a finite train of harmonic plane waves is trans-
mitted toward the surface layer consisting of two layers.

2. The case of an infinite train of harmonic waves

Let p, ¢, & v and H be the density, elastic constant, coefficient of
solid viscosity, velocity and thickness of layer, and

x

u the displacement. Suffix 1, 2 and 3 represent the .

first layer, the second layer and the bottom medium 1 Po o

respectively. P 2 e &, %
In order to make the calculation easier, the vk

damping of the third layer is neglected and dampings Py Hoy U, %

of both the first and the second layers are assumed
to be very small. That is to put the conditions

Ep[p;==0, &Ep[p, <1 and &p[p, L1 into equations (1)~(9) given in the
previous paper?.

Fig. 1

1) K. KANAI, “Relation between the Nature of Surface Layer and the Amplitudes of
Earthquake Motions ?, Bull. FEarthq. Res. Inst., 30 (1952), 32,
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If we take the real parts only of all the complex equations, the
displacement due to incident waves in the bottom medium, u,, the
displacement due to the vibrations in the first layer, #;, and that in
the second layer, ., become as follows :

uy=cos (pt+fx) , (1)
_ R+ St ( Y _181)

Uy=27/1T 1 eog ( pt—tan~!-% +tan-t=1), 2
1 Pl P . (2)
—_ R4S ( -1 Q -1S:’>

Uy=27/227702 cog (pE—tan—!-Y-4tan~'>?), (3)
: P+ @? P R,

where
P=2(1+pQ,+7Q,) cos P, cos P, —2(a -+ Q. +7Q,) sin P, sin P,
— (BN, +7N.)(cos P; sin P,+sin P, cos P,),
Q=(—pAN,+rN,)cos P, cos P,+ {—(2a+ B)N, (4)
+(2a+7)N,} sin P, sin P, +2(Q,+aQ, +7) cos P, sin P,
+2(Q, +aQ,+ ) sin P, cos P, ,

— H _ @
R,=cos <1+E 2 )P1 R
H. x H. x (5)
— e T N H % \p
S, P1N1<1+ 7, H1> sin (1+ I H1> . }
R,=cos P, cos (1—» l—%)PZ—-a sin P, sin (1——72—;)& ,
x . @
S,= {P1N1 + ozP2N2(1 — H)}» sin P; cos (1 _ﬁ)PZ , (6)
+ {P.IN.Z(l—- ;”Iz.)+ aPlNl} cos P, sin (1 — %)Pz ,
and
- —on —(&\w'e —( &\
Pz w, Pl a ’ Q:: (U§>2 ’ Ql (?):13) ZC ’
&\ vd & \woha (7)
w=PH: ,_H e p g U P
(23 ’ H, ’ 2 ’ losz ’ P2V ' (8)

p=C0%=ay), =L
Ps¥s 0303

<



Part 2.]  Amplitude of Earthquake Motions and Nature of Surface Layer. 169

in which 2z/p=T is the period of waves and 2z/f;=v,T is the wave
length in the bottom medium.

In the case of dilatational waves, it is necessary to replace g by
A+2p and € by & +2¢.

(i) The case in which &=¢,=0 and v,0, <v,p, <Vsps .

We selected nine cases, namely, H,/H,=15, 6, 4, 3,1.5, 1; H,[H,—=4, 2
and H,/H,=4. In addition the conditions v,:v,:v,=1:8:6, 1:2:4 and
1:4:8 respectively, and the conditions p;=p,=p; are in common. We
calculated the resulting amplitudes of vibrations at the free surface,
r=H,+ H(=H), at the intermediate boundary, z=H,, and at the
bottom boundary, 2=0, for different values of wave length, the results
being shown in Figs. 2-10. In these figures, #,7 is the wave length

in the first layer, and the amplitude of the incident waves in the
bottom medium is unity.

We also studied the distribution of displacements at different depths
in the surface layer, the results of calculation of cases corresponding
to points a, b, +--+, (indicated by vertical strips in Figs. 2-10) being
shown in Figs. 11-19.

From these figures it will be seen that the amplitudes of vibration
at the free surface become maxi-
mum at such periods when the

bottom boundary becomes nearly or
a nodal plane of stationary vi- 8
brations. 6F
Since the waves reflected 4t |
at various boundaries interfere 2 |
|

with one another, the spectral , [ .
response of the amplitude of the
surface layer is very irregular.
In the cases of multiple layers, 4 g
except in extremely special
cases, the largest vibration am- o 45 5 hY e
plitude on the free surface is I\/..
not so large as seen in the case SRR '

of the surface layer consisting

of one layer. In a special case, m .

that is, when both at the bottom 5 m' s /2— 0
layer boundary and the common W f
boundary of the upper two layers Fig. 2. p1=pa=ps, v1ivaivs=1:3:6,
become nodal planes of station- Hy:H,=1:15.
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Fig. 5.

P1=P2=p3, V1:v2:v3=1:3:6,
H:H,=1:3.

YOSHIZAWA.

[Vol. XXXIV,

I 1 L i 2rH
o 05 10 15 2-0 Tw
4# a b
c X=Hp
2 d
0 I | | |
0-5 0 5 2:0
-2l e
-4
X=0
2\\7\
0 | b ! ¢ /1
05 0 = 20
-2k

Fig. 4. p1=p2=ps, V1:v2:v3=1:3:6,
Hi:H,;=1:4.

Fig. 6. pi=p2=p3, v:v5:03=1:3:6,

Hyi:Hy=2:3,
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Fig. 7. pi=p2=p3, v1:v2:v3=1:3:6,
H:H,=1:1.
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Fig. 8. p1=ps=p3, v1:02:03=1:2:4,
H,:H,=1:4.

Fig. 9. pi=p2=p03, v1:2:03=1:2:4,
Hi:H,=1:2.

Fig. 10. p1=p2=p3, v1:02:v3=1:4:8,
H12H2=1:4.
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Fig. 11. p1=p2=03, v1:02:v3=1:3:6, H1:H,=1:15.
a, b----indicated in Fig. 2.

c d e
0] 5 (0] :5

-7 17

a b
(9] ]50

/-

A
=)

Fig. 12. p1=p2=p3, v1:02:v3=1:3:6, H1:H,=1:6.
a, b-..-indicated in Fig. 3.
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Fig. 13. p1=p2=p3, v1:02:v3=1:3:6, H :H,=1:4,
a, b----indicated in Fig. 4.
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Fig. 14. p1=p2=p03, v1:v2:v3=1:3:6, Fig. 15. pi=p2=p3, v1:02:v3=1:3:6,
Hi:H»>=1:3. a,b----indicated in Fig. 5. Hi:H,=2:3. a, b----indicated in Fig. 6.




Part 2.] Amplitude of Earthquake Motions and Nature of Surface Layer. 173

Flg 16. 01=02=03, '011‘02:173=1:326, Hlle—'——].:l.

a, b----indicated in Fig. 7.

a b c
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a b c d T T T
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) ) /
Fig. 17. p1=p2=p3, v1:v2:v3=1:2:4, Fig. 18. pi=p2=p03, v1:v2:v3=1:2:4,

Hy:H,=1:4. a, b----indicated in Fig. 8. Hy:H,=1

ary vibrations, the vibration amplitude at the
free surface gets extremely large. The value
of amplitude mentioned above become nearly
equal to 2v.p;/v,p,, and is as large as in the
case of the single stratified layer.

(ii) The case in which the second layer is
the lowest velocity.

We calculated two cases, namely, H,: H,
=1:1, v, :0,:v,=2.5:1:5and H,: H,=3:1,
v 10, :0;=2:1:5. In addition the condition
pr=p.—p; are kept constant in common.

:2. a, b----indicated in Fig 9.

a o] c
o /|5 o 7 ] 5]
Fig. 19.
p1=p2=03, V1:v2:03=1:4:8,
H11H2=1:4.

a, b----indicated in Fig. 10.

The resulting amplitudes of vibrations at a=H,+H,, x=H, and
2=0 for different periods being shown in Figs. 20 and 21. And, the



174 K. KANAI and S. YOSHIZAWA. [Vol. XXXI1V,

x=H,+H
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Fig. 20. pi=ps=p3, vi:vp103=2.5:1:5
H12H2=1:1, Fig. 21. O1=p02=03, 1)1:’1)2:’Us=22115, H12H2=3:1.

distribution of displacements at different depths in the surface layer
are shown in Figs. 22 and 23.

From these figures, it will be seen that, the amplitude of vibration
at the intermediate layer of the lowest velocity becomes maximum at

o b . 4 e such periods when the
93 % 9% —=F—%—% -%—— bottom boundary becomes
nearly a nodal plane of
stationary vibrations.

(iii) The effect of solid
viscosity.

When an infinite train
of harmonic plane waves
in transmitted to the
surface layer which con-
Fig. 22. pu=po=ps, vomivs=25:1:5, HuH=1:1,  Sists of two layers, taking

a, b----indicated in Fig. 20. the solid viscosity into
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consideration, some special .
cases are plotted in the follow- 93 5 o S50 &5 0
ing drawings, using equations
(1)-(8). The cases of H.[H,
=15, 6, 8 and 1 besides the con-
ditions & [vi=6,/v}=10""C.G.S.,
$=2x10° C.G.S. and v, :9,:v; —
=1:3:6 are given in Figs. / 7
24-27. In the results of the
experimental investigations®,
the assumed values of coef-
ficient of solid viscosity proved to be not improbable values in the
superficial layer of the earth. The value of $=2x10° C.G.S. corresponds
to the conditions where p,=2, »,=400m/s and H,=40m.

Figs. 24-27 tell us that, when the superficial layer is a visco-elastic
medium, the synchronous conditions of higher order do not grow to a
large value, and then the curve of the spectral response of the ampli-
tude at the free surface becomes flat. '

[
O o
o ®

Fig. 23. p1=ps=ps, V1:02:03=2:1:5, H1H:»=3:1.
a, b----indicated in Fig. 21.

o X=Hp+H,

x=0 x=0
2 2t
1 1 1 L 1 I L L
0 05 -0 5 20 0 05 0 5 2-0
Fig. 24. p1=p2=p3, v1:02:v3=1:3:6, Fig. 25. p1=p2=p3, v1:02:v3=1:3:6,
H1:H2=1115. H1:H2=1:6.

2) K. KANAT and K. OSADA, “ The Result of Observation concerning the Waves Caused
in the Ground by Building Vibration”, Bull. Earthq. Res. Inst., 29 (1951), 514.
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Fig. 26. p1=p2=p3, v1:0v2:05=1:3:6,

Hi:H,=1:3.
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Flg 27. O1=02=p3, 7)12‘1)22’[}3:12326,
H1:H2—'=121.

3. The case of a finite train of harmonic waves

For simplicity, the effect of solid viscosity of the surface layer is

neglected.

Let the form of the primary waves for any time reaching to the

bottom medium be

wy=cos c(vit—x), [(vit —a) <a <]
=0, [vst <] } (9)
=0, [(vit —a) > ]

then, the displacement of the vibratory movement at the free surface

is expressed by®

8M

Usz=a) =

where

(A+a)1+7)

n cH{??i + r} , (10)

H

3) K. SEzZAWA and K. KANAI, “Possibility of Free Oscillations of Strata exited by
Seismic Waves. Part IV.”, Bull. Earthq. Res. Inst., 10 (1932), 277.
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oo m 1 7 l 1—yr\m-2? 11— \m+e-n
M= (—1)m n! m r ,
m2=o( ) n% n!(m—mn)! ,,;0 pl(n—p)! (1+r> <1+a>

s H, H, )
—@p—2m—1)"2 (2 +1 _2—1)_6,
e=(@p—2m =1+ (n >(H -

(11)

a=LY gl O (12)
(212 P3Us P3V3

Some numerical examples were calculated using the equations (10)~(12),
and are shown in Figs. 28-38. In Figs. 28-32, the cases of N=1/2, 1,
8/2, 2 wave length at different periods of waves corresponding to points
b,d, e, f and g indicated in Fig. 2, under the condition that py=p,=ps,
w10, v:=1:3:6 and H,:H,=1:15 in common, are plotted respectively.
While in Figs. 33 and 34, the cases of N=1/2, 1, 3/2,2 wave length at
different periods of waves corresponding to points b and d indicated in

4

Fig. 28. v1:v2:03=1:3:6, Hi:H,=1:15. Fig. 29. wv1ivs:v3=1:3:6, Hy: H,=1:15.
Corresponding to b indicated in Fig. 2. Corresponding to d indicated in Fig. 2.
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Fig. 5, under the condition that py=p,=p;, v, :v,:9,—=1:3:6 and H,: H,
=1:3 in common, are illustrated. And, in Figs. 35-38, the cases of
N=1/2,1, 3/2, 2 wave length at b, d, ¢ and f indicated in Fig. 7, under
the conditions that p,=p,=p;, " :v:v,=1:3:6 and H,:H,=1:1 in
common are shown.

Figs. 28, 33, 84 and 35 show
that when the period of incident
waves of a finite train of the
harmonic type is too large to have
any node in the surface layer, the
maximum amplitude at the free
surface will be approximate to the
value obtained in the case of an
infinite train, if only about two
waves succeed.

Figs. 30, 81 and 32 tell us that
if the period of waves is so short
that there may be nodes in the
surface layer, the amplitude at the
free surface will not be approximate
to an asymptote value, unless con-
siderably many trains of waves
succeed. Therefore, the same con-
ditions seldom occur actually in which
the nodes exist near to both the
bottom boundary and the first .
boundary at the same time in the  Fig. 30. wvi:v::05=1:3:6, Hi:Hy=1:15.
case of an infinite train and the Corresponding to e indicated in Fig. 2.
amplitude gets extremely large.

From Figs. 29, 36, 37 and 38, it will be seen that it is not always
true that the longer the train is, the larger the amplitude at the free
surface becomes. There is even a case where the amplitude on the
free surface becomes maximum in the initial half waves and takes the
value of 2x(2/(1+a))x(2/(1+7)) times of the amplitude of primary
waves in the bottom medium. This is due to the fact that the waves
reflected at various boundaries interfere with one another.

4. Conclusion

From the present investigations on the problem of earthquake
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]
Fig. 31. wy:v2:v3=1:3:6, Fig. 32. v:v::v3=1:3:6,
; H;:H,=1:15. H;:H,=1:15.
L Corresponding to f indicated Corresponding to g indicated

in Fig. 2. ’ to Fig. 2.
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Fig. 33. v1:v2:v3=1:3:6, H;:Ho=1:3. Fig. 34. wv1:v5:v3=1:3:6, Hy;:Hy=1:3.
Corresponding to b indicated in Fig. 5. Corresponding to ¢ indicated in Fig. 5.
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Fig. 35. v1:02:9v3==1:3:6, Hi:H.=1:1. Fig. 36. v1:v2:v3=1:3:6, H;:Ho=1:1.
Corresponding to b indicated in Fig. 7. Corresponding to d indicated in Fig. 7.
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N=2¢0
v@@@-
1_‘0 ,:'2 P :;s P
Fig. 37. wv1:vs:v3=1:3:6, Fig. 38. wvp:v9:v3=1:3:6,
H1:H2=121. H12H2=121.
Corresponding to e indicated Corresponding to f indicated
in Fig. 7. in Fig. 7.

movement of the surface layer which consists of two layers, the follow-
ing has been made clear :

(1) The vibration amplitude on the free surface becomes maximum,
when waves of such a period as to have a node at the bottom boundary
are transmitted. In a special case, there will be nodes both at the
first boundary and at the bottom boundary, in which case the maximum
amplitude at the free surface gets extremely large.

(ii) Since the waves reflected at various boundaries interfere with
one another, the spectral response of the amplitude of the surface layer
is very irregular. In these cases, exept for extremely special cases,
the maximum value of the peak is not so large as seen in the case of
the surface layer consisting of one layer.

(iii) If the period of incident waves of a finite train of the harmonie
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type is very short there may be nodes in the surface layer, and the
amplitude at the free surface will not be approximate to an asymptote
value, unless considerably many trains of waves succeed. Therefore, it
seldom occurs actually that the amplitude gets extremely large.

(iv) When the period of incident waves of a finite train of the
harmonic type is too large to have any node in the surface layer, the
maximum value of amplitude at the free surface will be approximate
to the value obtained in the case of an infinite train, if only about two
finite trains may succeed. :

(v) It is not always true that the longer the train is, the larger
the amplitude becomes. There is even a case where the amplitude on
the free surface becomes maximum in the initial half waves.

(vi) Since the form of seismic waves are complicated virtually,
the unusual increment of amplitude of the ground hardly occurs regard-
ing the vibrations of a period short enough to produce nodes in a
surface layer (so-called higher harmonics). Accordingly, in analysing
actual earthquake motion, it is regarded as reasonable to consider that
the surface layer consists of more than two layers, if there are more
than two peaks of the spectral response of amplitude.
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