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The Way 

Every person has a path to follows. 

It widens, narrows, climbs, and descends. 

There are times of desperate wanderings. 

But with courageous perseverance and 

personal conviction, 

the right road will be found. 

This is what brings real joy. 

 

Konosuke Matsushita 
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Abstract 

 

The main contribution of this thesis is the proposal of advanced multi-rate Kalman filter for 

vehicle sideslip angle estimation using GPS. This method is applied to the stability control system of 

electric vehicle. The other contribution is the thorough evaluation of lateral tire force sensors for 

sideslip angle estimation. This thesis is organized in five chapters and a special part as the followings. 

    Chapter 1 presents the background and motivation of the research. Electric vehicles (EVs) will be 

the means of transportation for human society in near future. Using in-wheel motors, EVs have 

become the novel motion control system. In order to maintain the stability and safety of EVs, stability 

control system should be designed. In this system, sideslip angle estimation is the main problem 

because the sideslip angle sensor is very expensive for practical applications. A number of previous 

researches on this topic are reviewed in chapter 1. 

    Chapter 2 discusses the lateral dynamics of electric vehicle in which lateral tire force 

characteristic is the main point. The linear bicycle model is introduced for state estimation and control 

design in the following chapters. 

    Chapter 3 proposes the application of GPS in sideslip angle estimation. The promising scenario of 

GPS in vehicle motion control is introduced. Then, the experiment setup of GPS receiver CCA-600 by 

Japan Radio Company in electric vehicle COMS is presented. The course angle of vehicle measured 

by GPS receiver is utilized as a measurement input for estimation using multi-rate Kalman filter. 

However, the conventional multi-rate Kalman filter faces with the problem of low update rate of GPS 

signal, the time-variant parameters, and the effect of external disturbances to electric vehicle. 

Therefore, the quality of multi-rate estimation is degraded during inter-samples (between two 

continuous updates of GPS). In order to enhance the inter-samples performance of multi-rate 

estimation, this chapter proposes two advanced methods. The first is the prediction of GPS course 

angle measurement residual for more accurate inter-samples estimation. The second is the general 

disturbance estimation for compensating the effect of both model error and external disturbance. Both 

simulations and experiments are conducted in order to evaluate the proposed methods. 

    Chapter 4 proposes the vehicle stability control system based on sideslip angle estimation using 

GPS and direct yaw moment control. LQR method is utilized for designing the yaw moment control to 

manage both sideslip angle and yaw rate. Both simulation and experiment tests are conducted with 

electric vehicle COMS. 

    Special part is a thorough evaluation of estimation based on tire lateral force sensors for vehicle 

stability control system. A new method of on-line identification of cornering stiffness without sideslip 

angle is proposed thanks to the lateral tire force sensors produced by NSK Ltd. Based on the 

difference between the left and right side tire lateral forces, sideslip angle estimation without cornering 

stiffness is proposed. By combining the influence of load transfer and non-linear tire force as a 
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disturbance term to be estimated, we can achieve an advanced configuration of sideslip angle 

estimation. Experiments using electric vehicle Kanon are conducted to evaluate the proposed methods. 

The two-input two-output controller for vehicle stability control system is also proposed by integrating 

yaw moment control with active steering control. The simulation tests are conducted in order to proof 

the higher robustness in comparison with conventional decoupling control method. 

    Chapter 6 gives the summary and conclusions on the works done in this thesis. The future 

research plan on application of GPS in electric vehicle control is also stated. 

 

       Flow chart of the thesis 
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Chapter 1:  Introduction 

 

1.1 Era of electric vehicles 

Due to the environmental protection and energy conservation, electric vehicles (EVs) have been 

interested by both industry and academic circles. The era of EVs started as various types of EVs have 

been produced by automotive companies all over the world. Along with the development of wireless 

power transfer, super-capacitor, and energy management, EVs will become popular in near future to 

replace internal combustion engine vehicles (ICEVs). Driven by electric motor, EVs has number of 

remarkable advantages in comparison with ICEVs: 

1. EVs’ motor torque response is very quick, 10-100 times faster than that of ICEVs. This property 

enables two degree of freedom control for EVs with motor torque as control input. High 

performance adhesion control of EVs was realized, such as anti skid control [1]. Generally 

speaking, motor torque can develop the characteristic of mechanical system like vehicles. 

2. Motor torque can be calculated easily from motor current. Based on the understanding of motor 

torque, road condition estimation and driving force observer can be realized [2]. 

3. Electric motors are compact and inexpensive such that they can be installed at each wheel. 

Therefore, each wheel’s torque can be controlled independently for vehicle stability control system 

[3]. 

4. If electric motor is used, there will be no difference between acceleration and deceleration. This 

means electric motor can be utilized as actuator for both traction and braking control [1]. 

In conclusion, EVs present a novel motion control system. Therefore, research on motion control 

of EVs has big contributions to both society and academic theory. 

 

1.2 Sideslip angle and vehicle stability control system 

Car accidents may happen due to the loss of control in critical driving situation, for instance, 

vehicle cornering into slippery road at high speed. In order to prevent serious accidents, vehicle 

stability control (VSC) based on active safety technologies, has been widely applied to assist the driver 

to keep vehicle on the intended path. In Audi A6 3.0, the electronic brake-force distribution (EBD) is 

designed to generate direct yaw moment control (DYC). 2009 BMW 750Li has the 

four-wheel-steering (4WS) to increase vehicle stability.  

In order to design the VSC system, vehicle’s actual behavior must be measured or estimated to be 

compared with the nominal behavior which is calculated from driver’s inputs [4]. The actual 

directional behavior of vehicle is calculated from motion variables, such as yaw rate and sideslip angle. 

As can be seen in Fig. 1, yaw rate is defined as the angular velocity of vehicle body around the vertical 

axis. 
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Fig 1.1 Definition of sideslip angle 
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Fig 1.2 Vehicle motion with/without sideslip angle control 

Sideslip angle is defined as the angle between vehicle velocity vector at the center of gravity 

(CG) and the longitudinal axis. Sideslip angle can be calculated by the following formula 

1tan−  
=  

 

y

x

v

v
β   (1.1)  

As can be seen in Fig 1.2, on a slippery road, yaw rate control can only maintain the vehicle in 

desired orientation, but the vehicle sideslip angle may increase significantly [5]. As the result, the 

vehicle may deviate considerably from intended path. In contrast, integrated control of both yaw rate 

and sideslip angle results in small sideslip angle response. In other words, the stability of the vehicle is 

enhanced. 
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Fig 1.3 Electric vehicle stability control system 

 

Fig 1.4 Corrsys-Datron optical sensor for sideslip angle measurement 

Fig 1.3 shows the general stability control system of EVs where two control inputs are the active 

front steering angle and the yaw moment generated by torque difference between left and right side 

in-wheel motors. The reference model calculates the reference of sideslip angle and yaw rate from 

driver’s inputs. The upper control layer is the combination of a feedback and feed forward controller 

which generates the steering angle and yaw moment that can stabilize vehicle motion. The lower 

control layer includes the active steering system and the torque distributor. While vehicle’s yaw rate 

can be measured easily from popular gyroscope sensor, current vehicles are not equipped with an 

ability to measure the sideslip angle directly. Corrsys-Datron produced the noncontact optical sensor 

for accurate sideslip angle measurement [6]. However, because of its very high cost, Corrsys-Datron 

sensor is only used for experiment, as shown in Fig 1.4. Therefore, state estimator is designed in order 

to provide the “virtual measurement” of sideslip angle based on the control inputs and available 

measurement outputs.  
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1.3  Review of researches on vehicle sideslip angle estimation 

As above discussion, sideslip angle estimator plays an important role in vehicle stability control 

system. Sideslip angle estimation has been a hot topic in motion control of vehicle. Based on literature 

review, previous researches on this topic can be organized in five groups as the following. 

1.3.1 Kinematic based estimation 

Kinematic approaches are based on the kinematic relation of yaw rate and vehicle’s acceleration 

which is simple for estimation design [7]. The advantage of this approach is that it does not depend on 

the tire force characteristics of the vehicle. However, measurement from gyroscope and accelerometer 

are always affected by bias, electric noise, and temperature changes. Although Kalman filter can be 

utilized, other problems has not been solved. Firstly, the roll angle and road inclination introduce the 

offset to lateral acceleration sensor due to gravity component. Secondly, the influence of side wind is 

also not properly captured from measured acceleration. 

1.3.2 Model based estimation 

Basically, a model based observer is designed with the assumption that tire cornering stiffness is 

constant to construct a linear model of vehicle dynamics. For instance, Kiencke et al proposed the 

linear Luenberger observer based on linear bicycle model [8]. Unfortunately, a running vehicle is a 

time variant parameter system due to the change of velocity or road condition. Therefore, a fixed 

linear model cannot provide accurate sideslip angle estimation. Aoki et al proposed the robust design 

of linear observer gain in [9]. The problem is, even with robust observer gain, this method is still 

sensitive with model error. Cong Geng et al improved Aoki’s method by a hybrid-like observer of 

sideslip angle [10]. By using fuzzy logic, this method can deal with both linear and non-linear region 

of lateral tire force characteristics. However, the affection of external disturbance was not considered 

according to this method. 

In [11], a non-linear model based observer of lateral velocity was proposed. The key point of this 

method is the construction of non-linear tire force model using the measurement of gyroscope and 

accelerometers. However, this method does not deal with the effect of side wind force or gravity to 

accelerometers. A number of non-linear observer has been published, such as in [12] and [13]. 

Although non-linear observer can be proofed mathematically by Lyapunov theory, the non-linear 

model is complicated for a practical application. 

In [14], sideslip angle is estimated by combining the model based and kinematic based method. A 

fuzzy logic is used to determine that the system is in transient or steady state. In case of steady state, 

the estimated sideslip angle will rely mainly on the linear model based observer. During the transient 

maneuver, the kinematic based observer will dominate. This combination aims to eliminate the 

variation of model parameters. The limitation of the combined method comes up when the large slip 

angle is maintained for long duration of time, for instance, when vehicle completely exceeds the 

handling limit. 
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1.3.3 Vision based estimation 

Not only applying in automobile robot, camera can be utilized in motion control of vehicle [15]. 

The principle of this approach is based on the combination of the lateral dynamics model and the 

vision model. Besides the measurement output from dynamics model, camera provides two redundant 

measurements to correct the estimated sideslip angle: the offset from the centerline at the look-ahead, 

and the angle between the tangent to the road and the vehicle orientation. The advantage of vision 

based system is that it usually requires fewer infrastructure modifications. Vision information can also 

be used for other purposes, such as identifying the obstacle, traffic sign, and road curvature. In other 

side, the low update rate of camera information is the main disadvantage of this approach. Moreover, 

this method requires the visibility of camera which may be unavailable when road markings are 

covered with leaves, snow, water, or dirt. 

1.3.4 GPS based estimation 

One antenna GPS system can provide a horizontal position accuracy of 5-10 m, and a velocity 

accuracy of 0.05 m/s. By using velocity measurement in absolute earth coordinates, the orientation of 

the vehicle velocity vector on the horizontal plane can be obtained. By placing two GPS antenna at 

two points along the vehicle, sideslip angle can be calculated directly [16]. Anderson et al combines 

the GPS antenna with a linear model based to estimate both sideslip angle and yaw angle [17]. The 

advantage of GPS based estimation is that GPS signal is available in all weather conditions. However, 

GPS based system is unreliable in urban environment where tall buildings can prevent access to GPS 

satellite signals. Moreover, the poor update rate of conventional GPS receiver (1-10 Hz) is not enough 

for motion control. High update rate GPS receiver can be produced but with very expensive price. 

GPS can be integrated with inertia navigation system (INS) to provide accurate sideslip angle. 

However, the high quality INS unit is extremely expensive for vehicle in the market. For example, the 

RT3000 system produced by Oxford Technical Solutions costs over $50,000 [18].  

1.3.5 Tire force sensor based estimation 

The most difficult problem in sideslip angle estimation is the non-linear characteristics of tire 

force. In order to solve this problem, a number of projects on tire force sensor design have been 

conducted for years. Since 1988, at Darmstadt Technical University (Germany) the tire force sensor 

based on tire tread deformation had been studied [19]. At Helsinki University of Technology (Finland), 

the optical tire sensor was produced [20]. The core of this sensor is a two dimensional position 

sensitive detector (PSD) that utilizes photodiode surface resistance. The PSD is located on the rim and 

can detect the movement of a light emitting diode (LED) that is installed in the inner of the tire. The 

intensity of the LED is not constant versus angular displacement due to the change of tire force. In 

industry, there are several productions of lateral tire force sensor, such as bearing load sensor unit by 

SKF group [21]. In [22], by utilizing lateral tire force sensor, a Kalman filter is designed for sideslip 

angle estimation. 
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1.4  Objectives 

Application: This thesis aims to propose advanced method of sideslip angle estimation for electric 

vehicle stability control system by using low cost GPS receiver. 

Theory: This thesis aims to develop the general multi-rate Kalman filter theory which can be 

applied not only for sideslip angle estimation, but also for other vehicle states, and even for other 

control systems.   
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Chapter 2:    Vehicle lateral dynamics 

 

2.1 Lateral tire force characteristics 

The tire is the main component of vehicle which interacts with the road. Therefore, lateral tire 

force has an important role in research on vehicle dynamics control. In this section, the relation 

between lateral tire force and tire slip angle is examined. As shown in Fig 2.1, since the tire slip angle 

appears, the lateral force will exert on the tire at the contact patch. As a result, the tire will be 

deformed. When the tire slip angle is small, the force distribution is triangular with more force at the 

rear part. The lateral force is proportional to the sideslip angle. The cornering stiffness can be defined 

by the following equation: 

yF C= α

                          

(2.1)  

Where 
y

F is the lateral tire force, α is the tire slip angle, and C is the tire cornering stiffness. 

When tire slip angle becomes larger and larger, the lateral tire force will increase. Eventually, at a 

certain large tire slip angle, the lateral tire force will saturate due to the friction limit [23]. The friction 

limit circle in Fig 2.2 shows that the total of lateral and longitudinal tire force is limited by the vertical 

component multiplied by the road friction coefficient. The rear part of the contact patch will saturate 

first. This phenomenon explains the characteristics of lateral tire force in Fig 2.3. When tire slip angle 

is small, tire force is at linear region with a certain cornering stiffness. In contrast, at large tire slip 

angle, the tire force falls into non-linear region. When the road friction coefficient decreases, the 

maximum lateral tire force will reduce. During the operation of vehicle, load transfer due to both 

longitudinal and lateral acceleration results in the change of vertical force at each tire. 

The above discussion shows that a linear model is not always suitable for capturing the tire force 

in real time. Various models have been proposed in order to model the relation between tire force and 

tire slip angle. For instance, in [23], an empirical second order model is chosen as: 

( )
2

4
z

z
y

z
z

C F
C  when 

F C
F

F
F                 when 

C

α
α α

µ

µ α


− <

= 


≥
                            

(2.2)  

Where 
zF  

the vertical force, and µ

 

is the road friction coefficient. In this thesis, the second order 

model in (2.2) is used in order to construct the simulation model using MATLAB/SIMULINK. 

    In [24], by using “magic formula”, a more complex model is constructed for tire modeling: 

( )( ){ }sin arctan arctanyF D C B E B B = − −
 

α α α

                            

(2.3)  

Where B is the stiffness factor, C

 

is the shape factor, D is the peak factor, and E is the curvature factor. 

By adjusting such stiffness factors, the force expression can be modified flexibly to fit the 

experimental results. 
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Fig 2.1 Tire deformation at different slip angle 
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2.2 Vehicle handling models 

In this thesis, electric vehicles with active front steering are used for experiments. Therefore, a 

front steer vehicle model is constructed as shown in Fig 2.4. In the following equations, β is the 

sideslip angle; γ is the yaw rate;  and x ya a are the longitudinal and lateral acceleration; 
x

v is the 

longitudinal velocity; 
yv is the lateral velocity; V  is the velocity vector; 

fδ is the front steering 

angle; , , , and f r f rl l d d are the dimensions of the vehicle; h is the distance from center of gravity to the 

ground; g is the gravity of Earth; m  is the mass of vehicle; 
z

I  is the yaw moment of inertia; and 

z
N is the yaw moment generated by the difference between the left and right side driving forces. 
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Fig 2.4 Front steer vehicle model 

Using vehicle model in Fig 2.4 and based on linear tire model, the calculation of lateral tire force 

from sideslip angle can be expressed as the following: 

2

x ffl

y f f
f

x

v l
F C

d
v

 
 +

= − − 
 −
 

β γ
δ

γ                             

(2.4)  

2

x ffr

y f f
f

x

v l
F C

d
v

 
 +

= − − 
 +
 

β γ
δ

γ                             

(2.5)  

2

rl x r

y r

r
x

v l
F C

d
v

 
 −

= −  
 −
 

β γ

γ                             

(2.6)  

2

rr x r

y r

r
x

v l
F C

d
v

 
 −

= −  
 +
 

β γ

γ                             

(2.7)  

The vertical tire force can be calculated from measurements of longitudinal and lateral 

acceleration sensor as follows: 

( )

( )2

yr xfl

z

ff r

hmam l g ha
F

dl l

−
= −

+
                            

(2.8)  
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( )2
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z

ff r
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−
= +

+
                            

(2.9)  

( )
( )2

f x yrl

z

rf r

m l g ha hma
F

dl l

+
= −

+
                            

(2.10)  

( )
( )2

f x yrr

z

rf r

m l g ha hma
F

dl l

+
= +

+
                            

(2.11)  

    The lateral force equation and yaw moment equation can be expressed as follows: 

( )fl fr rl rr

y y y y x
F F F F mv+ + + = +β γ&

                            

(2.12)  

( ) ( )fl fr rl rr

y y f y y r z z
F F l F F l N I+ − + + = γ&

                            

(2.13)  

 

2.3 Linear model of vehicle 

In order to design the controller or estimator for vehicle stability control system, the linear 

bicycle model is widely used. This model is constructed under the following assumptions: 1) Tire slip 

angle is small such that lateral tire force is at linear region. 2) Vehicle is symmetric about the 

fore-and-aft center line. 3) Load transfer is neglected. 4) Vehicle velocity is approximately constant. 

Based on the above assumptions, the motion of the 4 wheel vehicle model in Fig 2.4 can be 

represented by the 2 wheel model (bicycle model) placed at the fore-and-aft center line as shown in 

Fig 2.5. The general front and rear lateral tire force can be expressed as follows: 

2yf f fF C= − α

                            

(2.14)  

2
yr r r

F C= − α

                            

(2.15)  
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γ

yv

xv

fδ

V
r

r
l fl
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Fig 2.5 Linear bicycle model 
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The front and rear tire slip angle can be expressed as: 

f

f f

x

l

v
= − −α δ γ β

                            

(2.16)  

r

r
x

l

v
= −α γ β

                            

(2.17)  

The lateral force equation and the yaw moment equation can be rewritten as: 

( )yf yr x
F F mv+ = +β γ&

                            

(2.18)  

yf f yr r z z
F l F l N I− + = γ&

                            

(2.19)  

Using the above equations, the two-degree-of-freedom model of vehicle can be described in state 

space form as follows: 

X AX BU= +&

                            

(2.20)  

[ ]
T

X = β γ

                            

(2.21)  

T

f zU N =  δ

                            

(2.22)  

( ) ( )

( ) ( )

2
11 12

2 2
21 22

22
1

22

f f r rf r

x x

f f r rf f r r

z z x

C l C lC C

mva a mv
A

a a C l C lC l C l

I I v

 −− +
 − −

   
= =   
  − +− − 

  

                            

(2.23)  

11 12

21 22

2
0

2 1

f

x

f f

z z

C

mvb b
B

b b C l

I I

 
    = =    
 
 

                            

(2.24)  

2.4 Chapter summary 

This chapter discusses the lateral tire force characteristic which is the most important problem in 

sideslip angle estimation. Dynamics equations of vehicle lateral motion are established based on both 

four wheel model and two wheel model.  
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Chapter 3:    Sideslip angle estimation using GPS 

 

In this chapter, the application of GPS in sideslip angle estimation is presented. Firstly, GPS is 

introduced following with its promising scenario in vehicle motion control. Previous researches are 

analyzed to show the problems required to be solved. The experiment setup of GPS receiver in electric 

vehicle is then described. Multi-rate Kalman filter is applied to overcome the low update rate of GPS. 

Then, two enhancements are proposed in this chapter in order to develop the accuracy of multi-rate 

Kalman filter. The first is inter-samples estimation with prediction of measurement residual. The 

second is the integration of disturbance estimation with sideslip angle estimation using multi-rate 

Kalman filter. 
 

3.1 Introduction 

3.1.1 Global positioning system 

Global positioning system (GPS) is a space-based satellite navigation system that provides 

location and time information in anywhere on or near the Earth. It was created by U.S. Department of 

Defense since 1978. Fully operation of GPS was achieved in 1994 with 24 satellites (Fig 3.1). GPS 

was originally designed for military purposes, but can be freely accessed now a day.  

As the satellites orbit, they continuously transmit radio signals towards the Earth at the speed of 

light. The GPS receiver receives such signals to calculate its distance to each satellite. The 

fundamental frequency of radio signal from satellites is 10.23 MHz. This frequency carries two timing 

signals L1 and L2 at 1575.42 MHz and 1227.60 MHz, respectively [25]. The L1 frequency contains 

two codes, the Coarse Acquisition (C/A) and the Precision (P) code while the L2 frequency contains 

only P code. In GPS receiver, the L1 and L2 codes are decoupled to distinguish between satellites and 

calculate the ranging time of the broadcasts. In total, there are five pieces of data that a GPS receiver 

can receive for measurement, as shown in Fig 3.2. Based on the distances from visible satellites to 

GPS receiver, triangular is used to compute the receiver’s latitude, longitude, elevation, and time. At 

least four visible satellites are required for accurate positioning. The more satellites a GPS receiver can 

see at any given time, the more information it can process, and thus the greater the precision can be 

achieved.  

GPS became popular in human being’s society. It has been widely applied in navigation of flight, 

boat, and ground vehicle. An application can be seen in Fig 3.3 which is a photo of a personal 

navigation for driver in Japan. The real time position of vehicle is displayed on digital map. This can 

help the driver to understand the current position and find the road. Google and Toyota have used GPS 

for autonomous car (driver-less car). Not only applying for vehicle, GPS is also installed in 

smart-phone for finding the road.  



Chapter 3: Sideslip angle estimation using GPS 

13 

 

 

Fig 3.1 GPS constellation (http://technicalhut.blogspot.com) 

 

Fig 3.2 GPS signal frequencies                      Fig 3.3 Car navigation using GPS  

 

3.1.2 Scenario of GPS for vehicle motion control 

The development of GPS technology allows us to access GPS signal everywhere on the Earth 

with high accuracy of GPS based measurement. The principle is to use signals from augmentation 

sources placed in a fix position on or near the Earth. If the augmentation sources are reference station 

on Earth, we have the local based augmentation system (LBAS).In contrast, space based augmentation 

system (SBAS) uses other augmentation satellites which rotate with the Earth and are always in a 

fixed location above the Earth, unlike GPS satellites which revolve around the Earth. This technology 

has been widely developed all over the world. It is named wide area augmentation system (WAAS) in 

United States, and European geostationary overlay system (EGNOS) in Europe. Indian has the GPS 

aided GEO augmented navigation system (GAGAN) while China has the Chinese satellite navigation 

augmentation system (SNAS). Now a day, centimeter-level accuracy of GPS positioning can be 

achieved with high quality real time kinematic GPS [26]. The accuracy of velocity and attitude 

measurement based on GPS can be 5 cm/s and 0.25 degree, respectively. 

In Japan, a promising scenario of GPS application can be viewed. National projects have been 

conducted in order to establish Japan’s own GPS. The Quasi-zenith satellite system (QZSS) has been 
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designed by Japan Space Association (JAXA) to provide high elevation satellites over Japan to 

overcome problems with navigation in urban canyons, as shown in Fig 3.4. The first QZSS satellite 

was launched in September 2010 [27]. The MTSAT satellite-based augmentation system (MSAS) has 

been developed by Japan Civil Aviation Bureau (JCAB). Two MTSAT satellites were successfully 

launched in 2007. The MSAS is described in Fig 3.5 with two master control stations (MCS) located 

in Kobe and Hitachiota. As the Japan’s plan, till the year of 2015, Japan can fulfill its own GPS with 

the accuracy of ten times higher than current system by United States. 

The development of GPS technology reveals that GPS can be applied for not only navigation. 

The high accuracy of velocity and attitude measurement based on GPS can be utilized for estimation 

and control of vehicle. Fig 3.6 shows the planar vehicle model where course angle � is the angle 

between vehicle direction and the North, and ψ  is the yaw angle which is the Euler angle about 

vertical axis. The following equation expresses the important relation between sideslip angle and 

course angle that will be utilized in this thesis: 

c β ψ= +   (3.1)  

 

Fig 3.4 QZSS ground track and its high elevation 

 

Fig 3.5 Japan’s MSAS (end of 2007) 
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Fig 3.6 Planar vehicle model 

 

Fig 3.7 Vehicle’s course angle measured by 5Hz GPS receiver 

 

Fig 3.8 GPS signal reflection 

30 32 34 36 38 40 42 44 46 48 50
300

310

320

330

340

350

360

Time[sec]

C
o
u
rs

e
 a

n
g
le

[d
e
g
]



Chapter 3: Sideslip angle estimation using GPS 

16 

 

 

Fig 3.9 Dual GPS antenna system for sideslip angle measurement at Stanford University 

           

Fig 3.10 CCA-600                                 Fig 3.11 Electronic circuit design of CCA-600 

3.1.3 Problems of measurement based on GPS 

The biggest problem of measurement based on GPS is the poor update rate of GPS receiver. 

Conventional GPS receiver in smart phone or personal navigation equipment can provide update 

information at 1 Hz which means one time per second. Fig 3.7 shows the vehicle course angle 

measurement at 5 Hz which means only five updates per second. High update rate GPS receiver (up to 

50 Hz) can be produced but with very high cost which may be not suitable for practical application. 

However, motion control of vehicle requires the signal update rate at 1 kHz or more.  

The second problem is GPS signal is not always stable. Delay may be introduced to measurement 

based on GPS due to the reflection in urban area with tall buildings, as shown in Fig 3.8. Moreover, 

the accuracy of measurement depends on the number of visible satellites. If the total of visible 

satellites is less than four, measurement is unreliable. 

3.1.4 Previous researches on GPS based sideslip angle estimation 

From literature review, at Stanford University, Ryu used a dual GPS antenna system for directly 

calculation of sideslip angle [16]. The placement of dual antenna system can be seen in Fig 3.9. At 

Auburn University, Anderson integrated one GPS receiver with gyroscope sensor for sideslip angle 

estimation using Kalman filter [17]. However, the following problems have not been solved. 

1) Application of multi-rate theory: Because course angle is provided by GPS at low rate while other 

sensors like gyroscope can be measured at high rate, multi-rate control theory should be applied. 

2) Robust estimation of sideslip angle: As discussion in chapter 1, vehicle is a time variant parameter 
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systems. The velocity can change during driving operation. Due to road friction variation, the tire 

cornering stiffness is not a constant. 

3) Consideration of external disturbance: Strong external disturbances may attack the vehicle lateral 

system, such as lateral wind force or gravity when vehicle is running on bank road. Due to the 

effect of external disturbance, the accuracy of sideslip angle estimation may be degraded. 

4) Compensation of GPS signal delay: The GPS based measurement delay may happen due to signal 

reflection. Therefore, this delay should be taken to be accounted in estimation model. 

5) Adaptation to quality of GPS measurement: The accuracy of GPS based measurement may change 

due to the number of visible satellites and signal strength. This means that an auto tuning Kalman 

filter is reasonable to be studied. 

6) Control evaluation: The sideslip angle estimation in previous researches was not integrated with a 

sideslip angle controller for real-time verification. 

This thesis aims to develop the sideslip angle estimation using GPS by considering problem 1, 2, 

3, and 6. 

3.1.5 Japan Radio Company’s GPS receiver CCA-600 

The GPS receiver CCA-600 at our lab is supported by Japan Radio Co., Ltd. (JRC).  Designed 

based on single chip ASIC, this is a small size, low power consumption GPS receiver with accurate 

measurement of velocity and course angle. In open sky condition, CCA-600 has the azimuth accuracy 

of 0.14 degree RMS which is better than the GPS receiver at Stanford University (azimuth accuracy of 

0.25 degree RMS). The update rate of CCA-600 is 5 Hz which means five measurement updates per 

second. Other features of CCA-600 can be seen in Appendix 1. CCA-600 can output data using 

NMEA 0183 protocol through serial port at baud rate 38,400 bps. A photo of CCA-600 can be seen in 

Fig 3.10 while Fig 3.11 shows the general circuit design. 

 

3.2 Experiment setup 

3.2.1 GPS interface design 

In order to transfer the data from CCA-600 to the experimental electric vehicle, GPS interface 

software is designed. As shown in Fig 3.12, the laptop is used for real time GPS signal processing. It 

receiver the NMEA messages from CCA-600 through serial port. In the laptop, GPS interface software 

decodes the NMEA messages. Then, decoded data are sent to EV’s controller through LAN cable by 

user datagram protocol (UDP). The first version of GPS interface software is designed using 

MATLAB 2010. The second version is designed using C language in Linux operating system. The 

interface software includes three following modules: 

1) Module I/O: This module controls the serial communication by setting the baud rate, serial port 

number, and working frequency. UDP communication is established by setting the IP address of 

the vehicle’s controller. Data received from CCA-600 can be recorded in real-time. 

2) Module data analysis: This module decodes the NMEA sentences for required data, such as 
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velocity, course angle, position in latitude and longitude, local time, number of visible satellites… 

The vehicle in GPS coordinates (Latitude, Longitude, Height) can be converted into local planar 

coordinates (East, North, Up). The structure of NMEA messages and coordinates transformation 

equations can be seen in Appendix 2 and 3, respectively. 

3) Module data display: The decoded data such as velocity or position can be display in real-time or 

off-line mode. This module can also generate keyhole markup language (KML) file which 

contains position information. Google Earth map can be called from interface software to display 

the trace of position presented in KML file. 

3.2.2 Experimental vehicle 

A one seat micro EV named “Super-capacitor COMS1” is used for research on application of 

GPS in sideslip angle estimation (Fig 3.13). Two in-wheel motors are equipped in the rear wheels. 

Other sensors are steering angle sensor, longitudinal and lateral acceleration sensor, and gyroscope for 

yaw rate measurement. In order to measure the sideslip angle sensor to evaluate the sideslip angle 

estimation, a Corrsys-Datron optical sensor is installed in the front of the vehicle. Using the lateral and 

longitudinal velocity measured by this optical sensor, sideslip angle at the center of gravity can be 

achieved easily. A Linux PC is used as the controller of COMS1 with the sampling time of 1 

millisecond. The drive train specification and parameters of the experimental EV are shown in Table 

4.1 and Table 4.2, respectively.  

 

Fig 3.12 Configuration of GPS interface 
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Table 3.1 Drive train specification of COMS1 

Motor 

Category PSM 

Phase/Pole 3/12 

Rating power/Max 0.29 kW/2 kW 

Max torque 100 Nm 

Max velocity 50 km/h 

Inverter 

Power switch MOSFET 

Control method PWM vector control 

Energy storage 

Type Electric double layer capacitor 

Energy 210V/173Wh/29.3F 

 

Table 3.2 Parameters of COMS1 

Name Description Value 

m  Total mass 378 kg 

sm

 

Sprung mass 332 kg 

um

 

Unsprung mass 46 kg 

fl  Distance from CG to front axle 0.8 m 

rl  Distance from CG to rear axle 0.4 m 

fd  Tread at front axle 0.840 m 

rd  Tread at rear axle 0.815 m 

h  Height of CG 0.4 m 

fC  Front tire cornering stiffness 10,000 N/rad 

rC  Rear tire cornering stiffness 10,000 N/rad 

zI

 

Yaw moment of inertia 44.4 Nm/(rad/s2) 

 

3.2.3 Preliminary measurement using GPS 

In order to verify the GPS interface software and experiment setup, preliminary experiments are 

conducted. The result of a lane-change test is shown in Fig 3.14: (a) vehicle trace on Google Earth 

map, (b) vehicle position on local planar coordinates, (c) vehicle velocity, and (d) vehicle course angle. 



Chapter 3: Sideslip angle estimation using GPS 

20 

 

EPS

, ,
x y

a aγ

fδ

fl
ω

rlω

fr
ω

rrω

β

*

fδ

*

rl
T

*

rrT

 
Fig 3.13 Experiment setup of electric vehicle COMS1 

 

3.3 Single-rate and multi-rate Kalman filter 

3.3.1 Single-rate Kalman filter 

Invented by R. E. Kalman in 1960, Kalman filter has been a useful algorithm for state estimation 

[41]. A continuous system is expressed in (3.2) with the state x, the control input u, output 

measurement y, process noise w, and measurement noise v. Single-rate Kalman filter is designed based 

on the assumption that all the sampling times of output measurements and holding times of control 

inputs are the same as 
cT . The discrete system can be established as (3.3) using the discrete 

transformation in (3.4) where k is the time index. 

x Ax Bu w

y Cx v

= + +


= +

&
  (3.2)  
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(a)Vehicle trajectory on Google map                   (b)View of experimental place 

 

(c)Position on local coordinates              (d)Course angle                       (e)Velocity 

Fig 3.14 Preliminary experiment results using GPS interface 

 

1k d k d k k

k d k k

x A x B u w

y C x v

+ = + +


= +
  (3.3)  
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

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
 =

∫   (3.4)  

In fact, every real control system is affected by noises. For instance, the measurement of yaw rate 

by gyroscope or acceleration by accelerometer always contains noises. We assume that w and v occur 

in a random process and their average values are zero. We also further assume that no correlation 

exists between w and v. That is, at any time, w and v are independent random variables. Then the 

process noise covariance 
WQ and measurement noise covariance 

VQ are defined as: 

( )

( )

T

W k k

T

V k k

Q E w w

Q E v v

 =


=

  (3.5)  
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Fig 3.15 Single-rate Kalman filter algorithm 
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Fig 3.16 Two sampling times in a control system 

Single-rate Kalman filter is designed with two stages, prediction and correction, as shown in Fig 

3.15. At any estimation step k, 
kx is the predicted state, ˆ

kx is the corrected state, 
kL is Kalman gain, 

and 
k k d ky C xε = − is the measurement residual. 

Prediction: 

1k d k d kx A x B u+ = +
)

  (3.6)  

1

T

k d k d WM A P A Q+ = +   (3.7)  

Correction: 

[ ]ˆ
k k k k d kx x L y C x= + −   (3.8)  

1
T T

k k d d k d VL M C C M C Q
−

 = +    (3.9)  

[ ]k k d kP I L C M= −   (3.10)  

3.3.2 Multi-rate Kalman filter 

    In a control system, there are holding period of control signal and sampling period of 

measurement from sensor. If such sampling times are different, we have a multi-rate control system 

which had been studied by a lot of researchers, such as M. Tomizuka in [28], [29] or H. Fujimoto in 
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[30]. In this thesis, a case of dual rate control system is examined. We assume that there are two 

sampling times, 
cT of control period, and 

sT of output measurement. We also assume that output 

measurement sampling is longer than the control period, as shown in Fig 3.16. The multi-rate ratio r is 

defined as: 

/s cr T T=   (3.11)  

    Multi-rate Kalman filter is designed in order to provide state estimation every
cT . The multi-rate 

Kalman filter algorithm is almost the same single-rate case, except the correction stage. If the 

measurement update is available, the state is corrected as single-rate Kalman filter. If the measurement 

update is unavailable, the state is only predicted. The predictions between two measurement updates 

are called inter-sample predictions. With j is the integer, the correction stage of multi-rate Kalman 

filter can be as: 

[ ]ˆ:

ˆ:

k k k k k

k k

k jr   x x L y Cx

k jr   x x                          

 = = + −


≠ =
  (3.12)  

 

3.4 Multi-rate Kalman filter for sideslip angle estimation using GPS 

3.4.1 Estimation design 

In chapter 2, the lateral dynamics model of vehicle is establish based with two states: sideslip 

angle β and yaw rateγ . By introducing the yaw angle ψ as the third state, yaw rate and course angle 

from GPS receiver as output measurement, the following dynamics equation is constructed: 

x Ax Bu w

y Cx v

= + +


= +

&
  (3.13)  

Where 

[ ] [ ], ,
TT T

f zx u N y cβ γ ψ δ γ = = =    (3.14)  

11 12 11 12

21 22 21 22
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A a a B b b C

   
    = = =             

  (3.15)  

    In this system, yaw rate measurement is sampled at the sampling time the same as the control 

period 1cT  ms= , while course angle is sampled at longer period 200s cT rT  ms= = . The discrete 

system is established using (3.4) with the basic sampling time 1cT  ms= .  

    The measurement noise covariance matrix is defined as: 

2

_

2

_

0

0

gyro

V

c GPS

Q
γσ

σ

 
=  
  

  (3.16)  

Where _ _ and 
gyro c GPSγσ σ  denotes the variance of yaw rate noise and course angle noise, respectively. 

V
Q is chosen such that measurement of course angle is more reliable than measurement of yaw rate. If 
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Qv is selected to large, the Kalman gain will decrease, thus, the estimation fails to update the 

propagated disturbance term based on measurements. The system has two inputs, the steering angle 

and yaw moment. Assume they introduce the process noises which are represented by the variance 

 and 
f zNδσ σ . The process noise covariance matrix can be calculated as: 

211 12 11 12

21 22 21 222

0

0
0 0 0 0

f

z
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W c

N

b b b b

Q T b b b b
δσ

σ

       =             

  (3.17)  

Qw is another tuning factor of estimation. Small Qw results in unstable estimation. On the other 

hand, large Qw compels the estimation to completely rely upon the measurement, and therefore, the 

noise associated with the measurement is directly transmitted into the estimated values.  

When GPS measurement update is available, estimation of sideslip angle is corrected by both 

measurement residual of yaw rate and course angle: 

( ) ( )ˆ c

k k k k k k k kL L c c
βγ ββ β γ γ= + − + −   (3.18)  

When GPS measurement update is unavailable, estimation of sideslip angle is corrected by only 

measurement of yaw rate. During such inter-samples, the matrix C is switched to 
0 1 0

0 0 0

 
 
 

. 

( )ˆ
k k k k kL

βγβ β γ γ= + −   (3.19)  

Where  andkL
βγ c

kL
β

 are two components of the matrix of Kalman gain calculated by (3.9). 
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γγ γ

ψγ ψ

 
 

=  
 
 

  (3.20)  

The above sideslip angle estimation is called three-state multi-rate Kalman filter (three-state 

MRKF) in this thesis. 

 

(a)Sideslip angle estimation                        (b)Yaw angle estimation 

Fig 3.17 Estimation result of three-state MRKF 
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3.4.2 Preliminary results 

A lane-change test is conducted and experiment results of three-state MRKF are shown in Fig 

3.17. In this experiment, the vehicle runs on high friction road and the cornering stiffness is set as the 

true value. In Fig 3.17 (a), the black line is the true sideslip angle measured by optical sensor. The 

result show that the estimated value (the red line) matches very well with the true value. In Fig 3.17 

(b), the black line is course angle from GPS receiver which is sampled every 200 millisecond. By 

using three-state MRKF, the estimated yaw angle can be provided every 1 millisecond. 

However, the preliminary results do not show the advantages of sideslip angle estimation using 

three-state MRKF, for example, when the estimation model errors happen. In the following section, 

the advantages and problems of three-state MRKF will be discussed by both simulations and 

experiments. 

3.4.3 Pros and cons of three-state MRKF 

Firstly, a two-state Kalman filter (two-state KF) is designed in order to compare with three-state 

MRKF. Two states are sideslip angle and yaw rate while only one measurement is yaw rate by 

gyroscope. The model of two-state system is expressed by the following equations: 

x Ax Bu w

y Cx v

= + +


= +

&
  (3.21)  

Where 
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  (3.23)  

    As discussing before, while running, vehicle velocity can change and tire cornering stiffness may 

vary from the nominal value of the estimation model. Therefore, the following simulation condition is 

set: 

- Time variant parameter: vehicle velocity is accelerated from 20 kph to 30 kph. 

- Model error: The tire cornering stiffness of vehicle model are set as 

[ ]10000, 10000 /V V

f rC C N rad= = while the tire cornering stiffness of the estimation model is set as 

[ ]6000, 6000 /M M

f rC C N rad= = . 

A case of lane-change test is conducted with both two-state KF and three-state MRKF. Simulation 

results are shown in Fig 3.18. The black curve is the true sideslip angle. Under model error condition, 

sideslip angle estimated by two-state KF cannot match with true value. In contrast, when an update of 

course angle is available, the estimation error of three-state MRKF can be minimized. This is the 

advantage of three-state MRKF with GPS in comparison with two-state KF with only yaw rate 

measurement. In other words, the redundant measurement from GPS receiver can develop the sideslip 
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angle estimation. However, during inter-samples, when there is no new update of GPS course angle, 

the estimation error increases due to model error. During inter-samples, estimated values are corrected 

by only yaw rate measurement. The increase of estimation error during inter-samples is actually the 

problem of sideslip angle estimation based on GPS. For comparison, three-state MRKF is verified 

with two update rate, 5 Hz (yellow line) and 20 Hz (violet line). Simulation results in Fig 3.18 suggest 

that higher rate GPS signal results in smaller estimation error. This is because with higher rate GPS 

receiver, there are more updates of course angle measurement. 

Lane-change experiments are conducted, and the results are shown in Fig 3.19. Course angle 

from 5 Hz GPS receiver is sampled every 200 millisecond. Vehicle runs on high friction road which 

means [ ]10000, 10000 /V V

f rC C N rad= = . However, the cornering stiffness of the estimation model is 

set as [ ]6000, 6000 /M M

f rC C N rad= = , in order to make the model error condition. The experiment 

results have the same phenomenon as the simulation results: When the new course angle measurement 

is updated, estimation error of three-state MRKF is minimized. However, between two course angle 

measurement updates, the estimation error increases. This is the problem of multi-rate estimation 

which will be solved in the following section. 

 

Fig 3.18 Lane-change test with model error (Simulation) 

  

Fig 3.19 Lane-change test with model error (Experiment) 
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3.5 Inter-samples enhancement by prediction of measurement residual 

3.5.1 Dynamics of single-rate estimation error 

Firstly, we examine the dynamics of single-rate estimation error. At estimation step (k+1), the 

prediction and correction equation can be expressed as: 

1
ˆ

k k k k kx A x B u+ = +   (3.24)  

( )1 1 1 1 1
ˆ

k k k k kx x L y Cx+ + + + += + −   (3.25)  

The estimation error can be calculated as: 

( ) ( )

( )
1 1 1 1

1 1

ˆ ˆ ˆ
k k k k k k k k k k k k k k k

k k k k

e x x A x B u A x B u L CA x x

e I L C A e  

+ + + +

+ +

= − = + − + − −

⇒ = −
 (3.26)   

The relation between measurement residual and estimation error can be calculated as: 

( ) ( )1 1 1

1

ˆ
k k k k k k k k k k k

k k k

y Cx C A x B u C A x B u

CA e

ε

ε

+ + +

+

= − = + − +

⇒ =
 (3.27)   

At estimation step (k+2), the measurement residual and estimation error is expressed as: 

2 1 1k k kCA eε + + +=  (3.28)   

3.5.2 Prediction of measurement residual 

The idea of measurement residual prediction is explained in Fig 3.20. A general case is examined 

such that the output measurement is sampled at every 
s cT rT= , while the control period is 

cT .In case 

of multi-rate Kalman filter, estimated value is corrected only when measurement input is updated. 

Between two output measurement update, the estimated value is only predicted. This explains why the 

estimation error increases during inter-samples as shown in the previous section. In order to enhance 

the inter-samples estimation, we propose to use the real measurement residual to predict the 

measurement residual during inter-samples till the next real measurement residual coming. The 

predictive measurement residual is used to correct the estimated value during inter-samples. By this 

way, multi-rate estimation works like single-rate estimation, hence, the quality of multi-rate estimation 

is enhanced. 

Assume that the measurement update is available at step (k+1), but not available at step (k+2), 

from (3.26), (3.27), and (3.28), we introduce the predictive measurement residual at step (k+2): 

( )2 1 1 1 1k k k k k kCA I L C A Gε ε+ + + + += −%  (3.29)   

    Due to the fact that the single-rate is fast enough (1 kHz), the estimation error of step (k) and 

(k+1) are almost the same. We can assume that: 

1 1 1k k kG eε+ + +=  (3.30)   

From (3.26), (3.27), and (3.30), we get: 

( )1 1k k k k k kG CA e I L C A e+ += −  (3.31)   
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Fig 3.20 Idea of measurement residual prediction 

Finally, matrix G can be calculated as: 

( )
1

1 1

T T

k kG C CC L
−

+ += −  (3.32)   

    From (3.29) and (3.32), we can predict the measurement residual at step (k+2) based on real 

measurement residual at step (k+1): 

( ) ( )
1

2 1 1 1 1

−

+ + + + +
 = − −  

% T T

k k k k k kCA I L C A C CC Lε ε  (3.33)   

    (3.33) can be applied in predicting of inter-sample measurement residuals, such that the 

measurement residual at any inter-sample step can be calculated from the previous. The summary of 

inter-sample prediction is shown in Table 3.3. 

3.5.3 Previous method on enhancement of inter-sample estimation 

From literature review, enhancement of inter-sample estimation was proposed by T. Hara and M. 

Tomizuka in [29]. This is the “measurement residual holding” method which is applied for multi-rate 

observer in hard disk drive control system. The method can be presented as followings: 

    At step (k = jr), the measurement update is available, hence, the measurement residual 

jr jr jr
y Cxε = − is used to correct the estimated state: 

0
ˆ

jr jr jr jrx x L y Cx = + −   (3.34)   

During inter-samples, from step (k = jr +1) to step (k = jr+r-1), there is no measurement update, 

but the measurement residual at step (k = jr) is held to correct the estimated values. 

( )ˆ 1,..., 1jr i jr i i jr jrx x L y Cx      |i r+ +
 = + − = −   (3.35)   
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Table 3.3 Prediction of inter-sample measurement residuals 

Step State correction Measurement residual 

k = jr ˆ
jr jr jr jrx x L ε= +  jrε  

k = jr +1 1 1 1 1
ˆ

jr jr jr jrx x L ε+ + + += + %  ( )1 1jr jr jr jr jr jr
CA I L C A Gε ε+ −= −%  

k = jr + 2 2 2 2 2
ˆ

jr jr jr jrx x L ε+ + + += + %
 

( )2 1 1 1 1jr jr jr jr jr jr
CA I L C A Gε ε+ + + + += −% %  

M M M  

k = jr + r - 1 1 1 1 1
ˆ

jr r jr r jr r jr r
x x L ε+ − + − + − + −= + %  ( )1 2 2 3 2 2jr r jr r jr r jr r jr r jr r

CA I L C A Gε ε+ − + − + − + − + − + −= −% %  

 

 

Table 3.4 List of estimation methods for comparison 

No. Estimation method Description 

1 
Two-state KF 

Single-rate Kalman filter with only yaw rate 

measurement 

2 
Three-state MRKF 

Conventional multi-rate Kalman filter with yaw 

rate and course angle measurement 

3

 
Three-state MROb 

Multi-rate observer with the holding of course 

angle measurement residual 

4 
Enhanced three-state MRKF 

Proposed multi-rate Kalman filter with prediction 

of course angle measurement residual 

 

 

 

Fig 3.21 Lane-change test with model error (simulation) 
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In (3.34) and (3.35), the observer gain is designed as: 

1

0 1 1

1

...
r

i r

r d d sr

i

L L L A A L

−

−
=

 
= = = =  

 
∑  (3.36)   

Where 
srL is the observer gain matrix of single-rate observer designed by pole placement. 

The multi-rate ratio of hard disk drive system (2-10) is smaller than the multi-rate ratio of vehicle 

system (50-200 for 5-20 Hz GPS receiver). Moreover, the working condition of vehicle frequently 

changes, such as road condition or external disturbance. For this reason, instead of linear observer, we 

propose the Kalman filter which is the optimal linear estimator in sense that no other linear filter can 

gives a smaller variance on the estimation error [31]. Our proposed method will be compared with the 

multi-rate linear observer in the followings. 

3.5.4 Simulation results 

Four estimation methods are performed for comparison, as can be seen in Table 3.4. Vehicle 

velocity is accelerated from 20 kph to 30 kph. The tire cornering stiffness of vehicle model are set as 

[ ]10000, 10000 /V V

f rC C N rad= = while the tire cornering stiffness of the estimation model is set as 

[ ]6000, 6000 /M M

f rC C N rad= = . The three-state MROb is designed with nominal parameters: 

[ ]20 , 6000, 6000 /xn fn rnv kph C C N rad= = = . A case of simulation, lane-change tests is conducted and 

the results are shown in Fig 3.21. In order to compare four methods, the root-mean-square-deviation 

(RMSD) of estimated sideslip angle from true value is calculated as in (3.37). 

( )
2

1

ˆ
N

i i

iRMSD
N

θ θ
=

−

=
∑

 (3.37)   

Where N is the number of estimation step, 
iθ is the real value, and ˆ

iθ is the estimated value. 

 

Table 3.5 Root-mean-square deviation of sideslip angle estimation (simulation) 

Estimation method RMSD [rad] 

Two-state KF 0.0028 

Three-state MRKF 0.0015 

Three-state MROb 0.0011 

Enhanced three-state MRKF 0.0008 
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Table 3.6 Root-mean-square deviation of sideslip angle estimation (experiment) 

Estimation method RMSD [rad] 

Two-state KF 0.0102 

Three-state MRKF 0.0086 

Three-state MROb 0.0046 

Enhanced three-state MRKF 0.0036 

 

The RMSD calculation shows that the proposed enhanced three-state MRKF has the best 

performance during inter-samples. Although three-state MROb designed by Hara and Tomizuka’s 

method can enhance the inter-samples, however, it has bigger error than the proposed method during 

inter-samples. 

3.5.5 Experiment results 

The results of lane-change test are shown in Fig 3.22. Vehicle runs on high friction road such that 

it has the real cornering stiffness [ ]10000, 10000 /V V

f rC C N rad= = . However, the cornering stiffness of 

the estimation model is set as [ ]6000, 6000 /M M

f rC C N rad= = , in order to make the model error 

condition. RMSD of each estimation method is calculated for comparison, and is organized in Table 

3.6. The RMSD calculation shows that three-state MRKF is better than two-state KF. Three-state 

MROb can enhance the sideslip angle estimation, but the enhanced three-state MRKF has the best 

performance. Fig 3.22 (f) shows the inter-sample performance of four methods. It is clear that the 

enhanced three-state MRKF (the red) has the best convergence to the true sideslip angle (the black). 

3.5.6 Section Conclusions 

Based on the simulations and experiments, we conclude that: 

- Multi-rate Kalman filter with course angle measurement can be applied for sideslip angle 

estimation and has better performance than single-rate method. 

- The prediction of course angle measurement residual can enhance the inter-sample of multi-rate 

estimation. The enhanced multi-rate Kalman filter with predictive measurement residual shows the 

better performance than multi-rate observer with measurement residual holding under model error 

and time-variant parameter condition. 
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(a)Two-state KF                            (b)Three-state MRKF 

 

(c)Three-state MROb                          (d)Enhanced three-state MRKF 

   

(e)Vehicle attitude by GPS and estimation                    (f)Inter-samples comparison 

Fig 3.22 Lane-change test with model error (experiment) 

 

3.6 Inter-samples enhancement by disturbance estimation 

3.6.1 Disturbance accommodating for robust estimation 

Disturbance observer was introduced in [42] for improving the robustness of the control system 
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by compensating the influence of disturbance, model variation, and noises. Disturbance 

accommodating control was firstly introduced in [43] in which the external disturbances are 

considered as extended states. In [44], both external disturbances and model uncertainty are lumped 

into a disturbance term. By this way, disturbance attenuation is effectively achieved in control of 

helicopter. The main idea of disturbance accommodating is explained as followings: 

Consider a system with model uncertainty and unknown input disturbance Wd. Here we assume 

that the uncertainty is only associated with the dynamics of disturbance term. 

( ) ( )n n d dX A A X B B U B W

Y CX

 = + ∆ + + ∆ +


=

&
 (3.38)   

The dynamics of external term can be written as: 

( )1 , ,
d d

W X U W= Γ&  (3.39)   

The external disturbance and model uncertainty can be lumped into a disturbance term: 

d d dD AX BU B W= ∆ + ∆ +  (3.40)   

The dynamics equation of disturbance term can be written as: 

( ) ( )1 2, , , ,d d d dD AX BU B X U W X D U= ∆ + ∆ + Γ = Γ& & &  (3.41)   

We usually do not know the precise dynamics of the disturbance term. For simplicity, one method 

of modeling the disturbance term can be expressed as following:   

d D dD A D=&  (3.42)   

In (3.42), AD is Hurwitz: 

Construct the new state vector [ ]
T

dZ X D= , the dynamics equation of new model with 

disturbance accommodating is expressed as: 

0 0

n n

D

A I B
Z Z U

A

   
= +   

  
&  (3.43)   

[ ]0Y C Z=  (3.44)   

The disturbance can be estimated and compensated by considering the new system expressed in 

(3.43) and (3.44). 

3.6.2 Sideslip angle and disturbance estimation using multi-rate Kalman filter 

As we known, the vehicle is a time-variant parameter system. During operation, the tire cornering 

stiffness may change such that model error may be introduced to estimation model. During 

inter-samples, when there is no course angle measurement update, the model error is counted step by 

step and the estimation error is increased. Moreover, the strong external disturbance, such as wind 

force may attack vehicle and degrade the estimation performance. In electric vehicle, when the road 
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condition on left and right side are different, anti-slip controller may give different torque commands 

to the left and right in-wheel motor. Due to this reason, the yaw moment disturbance may happen and 

can reduce the correction of sideslip angle estimation. 

Assume that the estimation model is designed with the nominal tire cornering stiffness ,fn rnC  C . 

If the road condition changes, unknown model error is introduced and the real tire cornering stiffness 

can be written as ,fn f rn rC C  C C+ ∆ + ∆ . We also assume that the disturbance force 
dF and 

disturbance yaw moment 
dN happens to the vehicle system. The dynamics equation of lateral motion 

in (2.20) can be re-expressed as: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

( )

2

2 2

2 2
1

2 2

2
0

2 1

fn f rn r fn f f rn r r

x x

fn f f rn r r fn f f rn r r

z z x

fn f

x f

zfn f f

z z

C C C C C C l C C l

mv mv

C C l C C l C C l C C l

I I v

C C

mv
      

NC C l

I I

ββ

γγ

δ

    − + ∆ + + ∆ + ∆ − + ∆    − −
     

=     
       − + ∆ − + ∆ − + ∆ + + ∆    

 
 

 + ∆
 

 +  + ∆  
  

&

&

1 0

10

x d

d

z

mv F

N
I

 
   

+     
   

 

  

(3.45)

   

If we consider all the model error, disturbance force, and disturbance yaw moment are general 

disturbance, we can define two general disturbances: 

( ) ( )
1 2

2 2 2 1f r f f r r f

f d

x x xx

C C C l C l C
d F

mv mv mvmv
β γ δ

− ∆ + ∆ − ∆ − ∆ ∆
= + + +  (3.46)   

( ) ( )2 2

2

22 2 1f f r rf f r r f f

f d

z z x z z

C l C lC l C l C l
d N

I I v I I
β γ δ

− ∆ + ∆− ∆ − ∆ ∆
= + + +  (3.47)   

   

The idea of disturbance estimation is utilized in this thesis for robust multi-rate Kalman filter. By 

introducing new state vector [ ]1 2

T
h d dβ γ ψ= , the new system for estimation design is 

established as following: 

h Kh Gu w

y Mh v

 = + +


= +

&
 (3.48)   
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( ) ( )

( ) ( )

2

2 2

22
1 0 1 0

22
0 0 1

0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

fn f rn rfn rn

x x

fn f rn rfn f rn r

z z x

C l C lC C

mv mv

C l C lC l C l

K I I v

 −− +
 − −
 
 

− +− − 
=  
 
 
 
 
  

 (3.49)   

2
0

2 1

0 0

0 0

0 0

fn

x

fn f

z z

C

mv

C l

I IG

 
 
 
 
 

=  
 
 
 
  

 (3.50)   

0 1 0 0 0

1 0 1 0 0
M

 
=  
 

 (3.51)   

Here we assume that: 1) the change of the disturbances with time is slow. 2) sideslip angle and 

yaw rate are controlled so that they converge to the steady values. Therefore, the derivative of the 

general disturbances in (3.41) is assumed to be zero.  

Using (3.48), a five-state multi-rate Kalman filter can be designed with the measurement of yaw 

rate and course angle from GPS receiver. This method is named five-state MRKF in this thesis. The 

configuration of five-state MRKF is shown in Fig 3.23. 

3.6.3 Simulation results 

In order to evaluate the proposed five-state MRKF, the following condition is set for simulation: 

- Vehicle runs at the speed of 20 kph and starts cornering at 2 second. 

- Model error: The tire cornering stiffness of vehicle model are set as 

[ ]10000, 10000 /V V

f rC C N rad= = while the tire cornering stiffness of the estimation model is set as 

[ ]7000, 7000 /M M

f rC C N rad= = . 

- External disturbance: Lateral wind force 100dwF N= attacks the vehicle from 3second. Assume 

that the distance from aerodynamics center to center of gravity is 0.1wl m= , a disturbance yaw 

moment w

dw dw
z

l
N F

I
= is generated and gives effect to the yaw motion of vehicle. 

Two-state KF and three-state MRKF are also performed for comparison. Simulation results are 

shown in Fig 3.24. Before the attacking of lateral wind force, three-state MRKF (the yellow line) has 

small estimation error during inter-samples. However, under the lateral wind, the estimation error 
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during inter-samples increases considerably. In contrast, five-state MRKF (the red line) can minimize 

the estimation error during inter-samples even with model error and external disturbances. Both 

five-state MRKF and three-state MRKF are better than two-state KF (the blue line). The estimation of 

general disturbances is shown in Fig 3.24 (c) and (d). RMSD of each estimation method is calculated 

and organized in Table 3.7 in which five-state MRKF has the smallest RMSD value. 

( )
s

τ ( )
c

τ

dF d
N ,

f r
C C∆ ∆

( )
c

τ

( )
c

τ

*

fδ

*

z
N ku

dG

dK 1
z

−

dM
+ −

+

+

+
+

k
y

kh

ˆ
k

h

m
c

mγ

1s

c

r
τ

τ
= >

[ ]1 2

T
h d dβ γ ψ=

 

Fig 3.23 Configuration of five-state multi-rate Kalman filter 

Table 3.7 Root-mean-square deviation of sideslip angle estimation (simulation) 

Estimation method RMSD [rad] 

Two-state KF 0.0018 

Three-state MRKF 0.0013 

Five-state MRKF 0.0002 

Table 3.8 Root-mean-square deviation of sideslip angle estimation (experiment) 

Estimation method RMSD [rad] 

Two-state KF 0.0112 

Three-state MRKF 0.0087 

Five-state MRKF 0.0041 
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(a)Wind force                                      (b)Sideslip angle 

 

(c)General disturbance d1                              (d)General disturbance d2 

Fig 3.24 Simulation results of five-state MRKF (cornering test) 

3.6.4 Experiment results 

Experiment is conducted with the same model error condition as simulations in previous 

sub-section. During experiment, the effect of the external disturbances, such as wind force and 

disturbance yaw moment, is unknown. Results of cornering test are shown in Fig 3.25. In comparison 

with two-state KF and three-state MRKF, five-state MRKF has the best estimation performance 

because the estimation error during inter-samples is compensated. The estimation of general 

disturbances is shown in Fig 3.25 (c) and (d).  RMSD of each estimation method is calculated and 

organized in Table 3.8 in which five-state MRKF has the smallest RMSD value. 

3.6.5 Section conclusions 

Based on both simulation and experiment results, we propose that by general disturbance 

estimation, the performance of multi-rate Kalman filter for sideslip angle estimation using GPS is 

developed. 
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(a)Estimation by two-state KF                     (b)Estimation by three-state MRKF 

  

(c)General disturbance d1                            (d)General disturbance d2 

Fig 3.25 Experiment results of five-state MRKF (cornering test) 

 

3.7 Chapter summary 

In this chapter, the scenario of GPS for vehicle state estimation is analyzed. GPS has the 

advantage such that it provides another redundant measurement for vehicle control system: the course 

angle. The problem of GPS based estimation for vehicle control is the low update rate of GPS signal 

and the unknown disturbances as well as model error. 

We have applied the new GPS receiver CCA-600 produced by Japan Radio Company in small 

electric vehicle COMS. The GPS interface software is designed for real time processing of GPS signal 

and sending measurement data from CCA-600 to COMS’s controller. In order to overcome the low 

update rate of GPS signal, the prediction of course angle measurement residual is proposed. The 

general disturbances are combined with other estimation states in five-state multi-rate Kalman filter. 

By this way, we can compensate the effect of both model error and external disturbances to sideslip 

angle estimation. Both simulations and experiments are conducted in order to evaluate the proposed 

methods. 
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Chapter 4:    Electric vehicle stability control design 

 

In this chapter, sideslip angle estimation using GPS which is designed in the previous chapter is 

applied in vehicle stability control system. Yaw moment generated by the different torque of left and 

right side in-wheel motors is utilized for stabilizing electric vehicle motion.  

4.1 Reference model for vehicle stability control 

As presented in chapter 2, the lateral motion of vehicle can be expressed by the following matrix 

equation: 

11 12 11 12

21 22 21 22

f

z

a a b b

a a b b N

δββ

γγ

        
= +        

       

&

&
  (4.1)  

From (4.1), the transformation from steering angle and yaw moment to sideslip angle and yaw 

rate can be expressed as the following second-order transfer functions: 
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f
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G G
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  (4.2)  
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For simplicity, the steady-state response of sideslip angle and yaw rate from driver’s steering 

angle input can be used as references for vehicle stability control system: 

*

1 f
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s

β

β

β δ
τ

=
+

  (4.7)  

*

1 f
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s
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γ

γ δ
τ

=
+

  (4.8)  

The steady state gains of sideslip angle and yaw rate are calculated by the following equations. 

Such gains depend on the nominal parameters of vehicle and are updated in real time with vehicle 

velocity. 
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The reference gain of sideslip angle and yaw rate will increase as the velocity increases. At high 

speed, this is unsafe for the driver. Therefore, the reference value of yaw rate and sideslip angle should 

be limited as followings: 

* *

max
β β≤   (4.11)  

*

x

g

v

µ
γ ≤   (4.12)  

Where µ is the road friction coefficient, g is the gravity, and 
xv is the vehicle velocity. 
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Fig 4.1 Vehicle stability control system based on direct yaw moment control and multi-rate Kalman filter 

 

 

4.2 Electric vehicle stability control based on direct yaw moment control 

4.2.1 General configuration 

The configuration of electric vehicle stability control system based direct yaw moment control is 

shown in Fig 4.1. The measurement of yaw rate and course angle from GPS receiver is used as 

measurements for sideslip angle estimation. In this system, five-state multi-rate Kalman filter which is 
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designed in the chapter 3 is utilized. Reference signals are generated from driver’s steering angle input. 

From the differences between estimated values and reference values, the feedback controller generates 

the yaw moment for stabilizing vehicle motion. Torque command of the rear left and rear right in 

wheel motor is calculated from yaw moment control signal. This is a multi-rate control system because 

the course angle is sampled every 200 millisecond, while the control period of yaw moment is every 1 

millisecond. 

4.2.2 Feedback controller design based on linear quadratic regulator method 

Considering yaw moment as control input, the state equation of the system can be obtained as: 

*

N z f
X AX B N Bδδ= + +&   (4.13)  
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Let E  be the tracking error between the reference and the estimated state. 

* * *ˆˆ ˆ
TT
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The reference model can be represented as: 
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    From (4.13), (4.18), and (4.19), the dynamics equation of tracking error is obtained as: 

( ) ( )* * * *

N z f
E AE B N A A X B Bδ δ= + + − + −&   (4.22)

 

Considering the third and the fourth term of (4.20) as disturbance
d

W , the dynamics of tracking 

error can be written as: 
*

N z dE AE B N W= + +&   (4.23)
 

In order to minimize the tracking error, linear quadratic regulator (LQR) method [32] is applied to 

design the feedback gain. The yaw moment control is generated as: 

( ) ( )* * *ˆ ˆ
z

N g E g E g gβ β γ γ β γβ β γ γ= + = − + −   (4.24)  

    The feedback gains  and g gβ γ are determined by minimizing the cost function J as shown in the 

following equation: 

( ) ( ) ( )
2 2 2

* * *

0

1 ˆ ˆ
2 N zJ q q q N dtβ γβ β γ γ

∞
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In (4.25), the weighting factors , ,  and 
N

q q qβ γ are chosen by the size of state and control input 

limitation. Because there is only yaw moment for controlling two states, there is a “trade-off” between 

sideslip angle control and yaw rate control. Under low friction road, sideslip angle is very sensitive to 

the stability of vehicle. Therefore, sideslip angle is given bigger weight factor at low friction road. In 

contrast, at high friction road, yaw rate is given bigger weight factor. 

4.2.3 Torque distribution to in-wheel motors 

Electric vehicle COMS has two rear in-wheel motors. The torque command to rear in-wheel 

motors are calculated by the following equation: 
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*
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  (4.26)
 

Where 
w

R is the radius of wheel, and 
ACC

T is the acceleration command given by the driver. 

In order to prevent the wheel slip which may be very serious on low friction road, model 

following control (MFC) is apply for controlling the wheel torque command [33]. The configuration of 

wheel torque control by MFC is shown in Fig 4.2. 
n

J  
is the zero-slip nominal model which is 

designed as: 
2

n w wJ J mR= +   (4.27)
 

In the above equation, 
w

J is the moment of inertia of the wheel. By using the control 
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configuration in Fig 4.2, when wheel slip occurs, wheel torque command will be reduced in order to 

induce re-adhesion. Therefore, the stability of vehicle motion is enhanced. On low friction road 

( 0.2µ = ), the driver accelerates the vehicle with very high and fast torque command. In case of 

without control, the wheel velocity becomes very high which means slip occurs (Fig 4.3). If MFC is 

applied, the motor torque is decreased if it reaches the limitation. As a result, the wheel velocity is 

reduced considerably (Fig 4.4).  

ω

nJ s
+ −

+

+*T

1
1sτ +

K

 

Fig 4.2 MFC of in-wheel motor’s torque for slip prevention 

 

 
(a)Acceleration command                 (b)Motor torque                   (c)Wheel speed 

Fig 4.3 Experiment results on low friction road (without MFC) 

 

(a)Acceleration command                (b)Motor torque                   (c)Wheel speed 

Fig 4.4 Experiment results of MFC on low friction road 

0 1 2 3
0

20

40

60

80

100

120

Time [sec]

A
c
c
 [

N
.m

]

0 1 2 3
0

20

40

60

80

100

120

Time [sec]

M
o

to
r 

to
rq

u
e
 [

N
.m

]

0 1 2 3
0

5

10

15

Time [sec]

W
h
e
e
l 
s
p
e
e
d
 [

m
/s

e
c
]

0 1 2 3
0

20

40

60

80

100

120

Time [sec]

A
c
c
 [
N

.m
]

0 1 2 3
0

20

40

60

80

100

120

Time [sec]

M
o
to

r 
to

rq
u
e
 [

N
.m

]

0 1 2 3
0

5

10

15

Time [sec]

W
h
e
e
e
l 
s
p
e
e
d
 [
m

/s
e
c
]



Chapter 4: Electric vehicle stability control design 

44 

 

4.2.4 Simulation results 

Electric vehicle COMS is designed to run at the maximum speed of 50 kph. At high speed, during 

the lane-changing or cornering, if sideslip angle is not controlled, vehicle may lose its stability. On low 

friction road ( 0.3µ = ), vehicle runs at 48 kph and starts lane-changing from 1 second. Simulation 

results are shown in Fig 4.5. In case of without control, the vehicle motion is unstable as the yaw rate 

and sideslip angle response comes to a big value. As a result, the vehicle cannot follow the desired 

path. In case the stability control system is applied, the yaw rate and sideslip angle response is closed 

to the reference value. In this case, the vehicle can follow the desired path of lane-change. This 

simulation test proofs that by using yaw moment control based sideslip angle estimation, the stability 

and safety of vehicle motion is maintained. 

 

(a)Yaw rate response 

 

(b)Sideslip angle response 

 

(d)Vehicle trajectory 

Fig 4.5 Simulation results of vehicle stability control on low friction road 
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4.2.5 Experiment results 

Cornering test is conducted on high friction road at the speed of 20 kph in two cases, the first is 

without any control and the second case is with direct yaw moment control. As can be seen in Fig 4.6, 

the response of yaw rate cannot track with the reference value. The response of sideslip angle is even 

bigger than the reference value. In contrast, when the yaw moment control is applied (Fig 4.7), the 

yaw rate and sideslip angle can follow the desired values. Because only yaw moment is used for 

controlling two states, perfect tracking to the desired values cannot be achieved. However, the errors 

between the responses and desired values are reduced remarkably. The experiment results show the 

effect of the control method and the enhancement of vehicle stability. 

 

(a)Yaw rate response                               (b)Sideslip angle response 

Fig 4.6 Experiment results of without control case 

 

(a)Yaw rate response                                (b)Sideslip angle response 

Fig 4.7 Experiment results of with control case 
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4.3 Chapter summary 

In this chapter, the vehicle stability control system by direct yaw moment control and sideslip 

angle estimation using GPS is proposed. Simulations and experiments are conducted to evaluate the 

proposed configuration. Due to the limitation of experiment space and safety condition at the campus, 

we have not conducted experiment at critical driving condition such as low friction road and high 

speed. Even though, experiments can show the effect of the control system in somehow



Special part: Research on tire lateral force sensor 

47 

 

Special part:  Research on tire lateral force sensor 

 

1. Introduction 

The special part presents the research on application of lateral tire force sensors in estimation of 

tire cornering stiffness and sideslip angle. The novel multi sensing hub unit bearing developed by NSK 

Ltd. can be installed at each wheel to provide the measurement of lateral tire force sensor. The 

multi-forgetting factor method in [39] is applied for identification design. Electric vehicle Kanon is 

used as experimental vehicle in the special part.  

Firstly, considering the difference between left and right side lateral tire forces, on-line 

identification of tire cornering stiffness without sideslip angle is designed. In [34], the lateral tire force 

sensors were used for an advanced method of sideslip angle estimation without cornering stiffness. 

The idea is to utilize the difference between the left and right side lateral tire force to construct the 

identification of sideslip angle by least square algorithm. However, the authors of [34] did not consider 

the load transfer which has effect to lateral tire force characteristics. The authors also used the linear 

equation in (2.4) and (2.5) to design the identification. In fact, as analyzing in chapter 2, the tire 

characteristics contain both linear and non-linear region. In order to overcome such limitations of the 

original idea, the empirical second order model in (2.2) is chosen for estimation design. Moreover, the 

influence of load transfer and nonlinear part of tire lateral force can be compensated by considering 

them as a disturbance term to be estimated.  

Finally, the special part proposes the two-input two-output (TITO) control of electric vehicle 

stability system. Two inputs are selected as the front steering angle and yaw moment generated by 

in-wheel motors. Simulations are conducted in order to verify the high robustness of the proposed 

method in comparison with conventional decoupling control. 

 

2. Experimental vehicle 

The experimental electric vehicle Kanon is a four-in-wheel motored vehicle which is powered by 

the lithium-iron type batteries. In order to measure the tire lateral force, at each wheel, multi sensing 

hub unit bearing developed by NSK Ltd. is attached. Fig. 1 shows the photo of experimental vehicle 

and tire lateral force sensor. AutoBox DS1103 is used as the controller to collect sensor measurement 

for cornering stiffness identification. The optical sensor produced by Corrsys-Datron is used to 

measure sideslip angle. Several parameters of the experimental vehicle can be seen in Table 1. The 

measurement of the front left and front right lateral tire forces are shown in Fig. 2 for two experiment 

modes: cornering test and lane-change test. 
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Fig. 1 Experimental electric vehicle Kanon and tire lateral force sensor 

Table 1: Parameters of electric vehicle Kanon. 

Parameter Value 

Total mass of vehicle m = 875 kg 

Yaw moment of inertia Iz = 617 Nm/(rad/s2) 

Distance from CG to front axle lf = 1.013m
 

Distance from CG to rear axle lr = 0.702m 

Front cornering stiffness (Asphalt) Cf = 11000 N/rad 

Rear cornering stiffness (Asphalt) Cr = 32000 N/rad 

 

 

(a)Cornering test 

 

(b)Lane-change test 

Fig. 2 Tire lateral force measurement 
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3. Single and multi forgetting factor identification 

Recursive least square (RLS) is a well-known method for identification design [38]. The key of 

this method is the decision of the forgetting factor 0 1< ≤λ . It operates as a weight which diminishes 

for the old data. The cost function with forgetting factor is expressed as following in which older data 

is gradually discarded in favor or more recent information. 

( )
2
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2
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k i T
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(1)  

The single forgetting factor identification equations are design with the update of covariance 

matrix ( )P k and the identification gain ( )L k :  
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There are cases of identification such that the incoming information is not uniformly distributed 

in the parameter space, or the convergence rate of each parameter is different to the other. In such 

cases, single forgetting factor RLS may be unsuitable. Therefore, multi-forgetting factor method was 

proposed and well applied in identification of vehicle mass and road grade [39]. Here, considering the 

case that there are two parameters but only one equation is known for identification. If two forgetting 

factor is used, we will have more degrees of freedom for turning the estimator: 
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(8)  

2 2 2 2
2

1( ) ( ) ( ) ( 1) = − − 
TP k I L k k P kϕ

λ
                            

(9)  

The equations (5) to (9) can be reorganized with the new identification gain: 

1 1

1

2 2

2 21 1 2 2

1 2 2

( ) ( )

1( )
( ) ( )( ) ( ) ( ) ( )

1

 
 
 =
 

+ +   

P k k

L k
P k kP k k P k k

ϕ

λ

ϕϕ ϕ
λ λ λ

                            

(10)  
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4. Cornering stiffness identification using tire lateral force sensors 

Based on the discussion in chapter 2, cornering stiffness is one parameter which can change 

according to tire slip angle and road condition. It is very important to understand the cornering 

stiffness in order to construct the linear bicycle model and. Based on the understanding of cornering 

stiffness, we can analyze the performance of vehicle dynamics [37]. Moreover, on-line identification 

of cornering stiffness is applicable for vehicle control system, such as exactly estimation of sideslip 

angle [14] or improving the active steering control [35].  

If sideslip angle is measured, cornering stiffness can be estimated directly. However, as 

mentioned in chapter 1, sideslip angle sensor is very expensive to be used as a practical method. 

Therefore, identification of cornering stiffness is required for vehicle control system. A method of 

cornering stiffness identification was proposed by Fujimoto et al [36]. As shown in Fig. 3, the 

cornering stiffness identification works simultaneously with a linear observer of sideslip angle. 

 

β̂
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f

*

z

δ

N

 
 
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γ 
 
 

f r
ˆ ˆC ,C

 

Fig. 3 On-line identification of cornering stiffness by “with-beta” method 

The design of robust observer gain matrix of linear observer in Fig. 3 is presented in [9] by pole 

placement. The identification gets estimated value of sideslip angle, and gives back the identified 

value of front and rear cornering stiffness. In this thesis, this method is named “with-beta”. The closed 

loop between observer and identification make up the complicated structure of with beta method. 

Moreover, the followings are disadvantages of with-beta method: 1) Sideslip angle observer needs 

convergence time to true value. This will introduce a delay to cornering stiffness identification. 2) The 

accuracy of identification depends on the accuracy of observer, and vice versa.  

4.1 Beta-less identification of cornering stiffness 

Using the measurement of tire lateral force, this thesis introduces a new method of cornering 

stiffness identification without the estimation or measurement of sideslip angle. Firstly, we define two 

parameters: 
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1

2

f

r

f

C
X

C
X

C

 
   

=   
                                 

(11)  

Based on (2.4), (2.5), (2.6), and (2.7) X1 and X2 can be identified using the following equations: 

( ) 1 22
f rfl fr rl rr

y y y y f
x

l l
F F F F X X

v
δ γ

+ 
+ = + + − 

                              

(12)  

22 2
f ffr fl

x y x y f f

d d
v F v F d Xγ γ γδ
   

+ − − =   
                                

(13)  

Combining (12) and (13), identification equation is constructed as follows: 

( ) ( ) ( )Ty t t X tϕ=

                            

(14)  

Where 

( )

2 2

fl fr

y y

f ffr fl

x y x y

F F

y t d d
v F v Fγ γ

 +
 

=     
+ − −    

    
                            

(15)  

2
( )

0

f rrl rr

y y fT
x

f f

l l
F F

vt

d

δ γ
ϕ

γδ

 + 
+ −  

=   
 
 

                            

(16)  

1

2

X
X

X

 
=  
                              

(17)
 

Cornering stiffness can be achieved from the identification of X1 and X2. Here we notice that the 

parameter X1 is almost stable because it is the ratio of the front and rear cornering stiffness. In contrast, 

the parameter X2 may frequently change due to the road condition variation. Therefore, we apply the 

multi-forgetting factor method for identification. The forgetting factor 
1λ is set closed to 1 while 

2λ is 

set as a smaller value. This mean the old and new information are treated almost equally for X1. 

4.2 Experimental verification 

Using measurement of tire lateral force and tire slip angle (calculated from sideslip angle 

measurement), the tire cornering stiffness of electric vehicle Kanon on asphalt road are obtained and 

shown in Table 1. Both “with-beta” and “beta-less” identification are conducted for comparison. In 

experiment, assume that the cornering stiffness is unknown. In order to verify the convergence of each 

estimation method to the real cornering stiffness, the initial value is set closed to zero. The results of 

cornering test are shown in Fig. 4 in which part (b) and (c) show the measurement of front and rear tire 

cornering stiffness. Part (d) shows the estimation of sideslip angle by the configuration in Fig. 3. It is 

clear that the estimation of sideslip angle has off-set in comparison with the true value measured by 

optical sensor. As the result, the with-beta method cannot converge to the true value of cornering 

stiffness, as can be seen in part (e) and (f). In contrast, the beta-less method can converge to the true 
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value of cornering stiffness with much smaller variation. Based on the experiment results, we propose 

that beta-less identification by using tire force sensor is an effective method for real time identification 

of cornering stiffness.    

 

 

(a)Front steering angle                                 (b)Front tire lateral forces 

 

(c)Rear tire lateral forces                            (d)Sideslip angle estimation 

 

(e)Front cornering stiffness                             (d)Rear cornering stiffness 

Fig. 4 Experiment results of cornering stiffness identification 

 

0 0.5 1 1.5 2 2.5 3 3.5
0

0.02

0.04

0.06

0.08

Time [sec]

D
e

lt
a
F

 [
ra

d
]

0 0.5 1 1.5 2 2.5 3 3.5
-200

0

200

400

600

800

1000

1200

Time [sec]

F
y
 [

N
]

 

 

Front left

Front right

0 0.5 1 1.5 2 2.5 3 3.5
-1000

0

1000

2000

3000

Time [sec]

F
y
 [

N
]

 

 

Rear left

Rear right

0 0.5 1 1.5 2 2.5 3 3.5
-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

Time [sec]

B
e
ta

 [
ra

d
]

 

 

Measurement

Estimation

2 2.5 3 3.5

0

5000

10000

15000

20000

Time [sec]

C
f 

[N
/r

a
d
]

 

 
True front cornering stiffness

Beta-less method

With-beta method

2 2.5 3 3.5

0

1

2

3

4

5

6
x 10

4

Time [sec]

C
r 

[N
/r

a
d
]

 

 

True rear cornering stiffness

Beta-less method

With-beta method



Special part: Research on tire lateral force sensor 

53 

 

5. Sideslip angle estimation using tire lateral force sensors 

5.1 Design of sideslip angle identification 

In order to model the non-linear characteristic of tire lateral force, the following model is often 

applied: 

( )1 1

1

1 ,  = +  


=

y y y z

y

F F f F F
                              

F C

µ

α                             

(18)
 

Where 1

yF  
is the first order term, and ( )1,

y z
f F Fµ

 
is the higher order function which captures 

the load transfer and the limitation of tire force due to road friction coefficient. For instance, in [ ], Abe 

proposes the two order model of tire lateral force: 

( )
21

1

1

4


 = −



=

y

y y

z

y

F
F F

F

F C

µ

α                             

(19)
 

If we consider the nonlinear part of tire lateral force is the unknown disturbance term 
( )

21

4
=

y

z

F
D

Fµ

can, we can write down the following equation: 

− =yF D Cα

                            

(20)  

The front left and front right tire lateral force can be expressed as: 

2

2

  
  +

− = − −  
  −
  


 
 +

− = − − 
  +
 

ffl fl

y f f

f

x

ffr fr

y f f

f

x

V l
F D C

d
v

V l
F D C

d
v

β γ
δ

γ

β γ
δ

γ

                            

(21)  

From (21), sideslip angle can be calculated without cornering stiffness: 

1 2= +β β β

                            

(22)
 

( ) ( )

( ) ( )
1

2 2

    
− − − − +        =

 − − − 

fl fl fr fr

f y x f y x f

fl fl fr fr

x y y

F D v d F D v d

v F D F D

γ γ
δ

β

                            

(23)  

2 = −
f

x

l

v

γ
β

                            

(24)  

Two RLS identifications are designed for 1 2
ˆ ˆ and β β . 2β̂  can be identified easily using single 
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forgetting factor method based on the measurement of yaw rate and vehicle velocity. In case of 1β̂

identification, the following identification is proposed: 

[ ] 1

1 2

2

 
=  

 
y

θ
ϕ ϕ

θ
                            

(25)
 

2 2

    
= − − +        

fl fr

f y x f y x fy F v d F v d
γ γ

δ

                            

(26)  

( )1
= −fl fr

x y y
v F Fϕ

                            

(27)  

2 = xvϕ

                            

(28)
 

1 1=θ β

                            

(29)
 

( )2 1
1 1

2 2

    
= − + − − +    

    

fr fl fl fr

f f f

x x

D D D d D d
v v

γ γ
θ β δ

                            

(30)
 

As shown in (30), all the disturbance term is combined in the parameter 
2θ . If the lateral 

acceleration is small, the disturbance term and the parameter 
2θ  are also small. In this case, almost 

the information is distributed to the parameter 
1θ . In contrast, at high lateral acceleration, the 

disturbance term and the parameter 
2θ  

will increase. Therefore, the following adaptive law is applied 

for multi-forgetting factor identification: 

- The forgetting factor is chosen such that 
1 2<λ λ , this mean more information is distributed to 

1θ . 

- If lateral acceleration is small ( *<y ya a ): 
2λ is set as a big value (

2 1≈λ ). 

- If lateral acceleration is large ( *≥y ya a ):  
2λ is reduced to a smaller value. 

In this research, * 0.3=ya g (30% of gravity) is chosen for experiment. 

Two identifications are designed for two local of lateral acceleration (small and large). Based on 

the measurement of lateral acceleration, two models are weighted, and the sideslip angle can be 

estimated by the following equation: 

1 1 1
ˆ ˆ ˆ= +l l n nw wβ β β

                            

(31)
 

The configuration of sideslip angle estimation using tire lateral force sensors is shown in Fig. 5. 

Local model 1 will dominate the identification of at small lateral acceleration. In contrast, at large 

lateral acceleration, local model 2 is weighted much more. 

5.2 Experimental verification 

Experiments are conducted with electric vehicle Kanon and multi sensing hub units for 

measurement of tire lateral forces. Two cases of experiment, lane-change test and cornering test are 

demonstrated as followings. The linear observer in [9] is also performed for comparison. 
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Fig. 5 Configuration of sideslip angle identification using tire lateral force sensors

 

(a) Tire lateral force measurement 

 

(b) Lateral acceleration 

 

(c) Disturbance term 2θ  

 

(d) Sideslip angle estimation 

Fig. 6 Experiment results of lane-change test 
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(a) Tire lateral force measurement 

 

(b) Lateral acceleration 

 
(c) Disturbance term 2θ  

 

(d) Sideslip angle estimation 

Fig. 7 Experiment results of cornering test 
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identification of disturbance term is shown in Fig. 6 (c). In Fig. 6 (d), the black line is the 

measurement of sideslip angle by optical sensor produced by Corrsys-Datron. The red line is the 

identification of sideslip angle by the proposed method. This is the combination of two estimated 

values obtained from identification 1 and 2. The blue line is the sideslip angle by linear observer. Here, 
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a big model error is introduced to the linear observer. The cornering stiffness of the model based linear 

observer is reduced 50% of its true value in Table 1. As a result, the linear observer cannot match with 

real value of sideslip angle. In contrast, the proposed method does not rely on cornering stiffness. 

Moreover, by introducing the disturbance term to be estimated, the load transfer or the non-linear tire 

force due to friction limit circle can be compensated. The proposed method has the remarkable 

estimation accuracy in comparison with the linear observer method. 

The other case of cornering-test is shown in Fig. 7. A model error of 50% value of real cornering 

stiffness is also introduced to the linear observer. As the lane-change test, the proposed method can 

match the real sideslip angle from sensor while the linear observer has a large “off-set”. Based on the 

experiment results, we propose the sideslip angle estimation using tire lateral force sensor for vehicle 

stability control system. 

 

6. Electric vehicle stability based on two-input two-output control 

6.1 Two-input two-output control configuration 

In the previous section, only yaw moment is selected for stabilizing lateral motion of electric 

vehicle. However, this one-input two-output control system faces with the problem that is the trade-off 

between two controlled states. In order to enhance the stability of electric vehicle, another control 

input is introduced: the active steering. The active steering system driven by electric motor can adjust 

the steering angle input by driver. The photo of active steering system is shown in Fig. 8. 

Decoupling method is usually applied for two-input two-output (TITO) control system [40]. The 

decoupling control configuration applied for electric vehicle stability system is shown in Fig. 9. In 

which, sideslip angle is controlled by front steering angle while yaw rate is controlled by yaw moment 

generated by in-wheel motors. The decoupling terms D11 and D22 are chosen as 1, while D12 and D21 

are calculated by the following equation: 

12 22 12
12

11 11 21 12 11 2212 11 12

21 22 21 21 21 11 21 21 11
21

22 2 2 11

0

0

G b a
D

G b s b a b aD G G
 

D G G G b s b a b a
D

G b s b a


= − = − + −+ = 

⇔ 
+ = + −  = − = −

−

  (32)
 

Assume that the decoupling terms follow the parameter variation of the real vehicle; we draw the 

step response of the decoupling terms at different vehicle velocity and different road condition. The 

model of electric vehicle Kanon is chosen for examining in this section. Fig. 10 shows that D21 is very 

stable to the change of vehicle velocity. The step response of D21 changes not too much under road 

friction variation. In contrast, in Fig. 11, the step response of D12 considerably changes due to the 

variation of both vehicle velocity and road friction. In fact, constant nominal parameters are chosen to 

design the controller including the decoupling terms. The step response analysis shows that the fixed 

decoupling term D21 is more robust than D12. This means, if we utilized the decoupling control system 

in Fig. 9, yaw rate control channel is much more robust than sideslip angle control channel. 
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Fig. 8 Active steering system produced by BMW 
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Fig. 9 Decoupling control system 

 

 

(a)At a constant road friction                            (b)At a constant speed 

Fig. 10 Step response of decoupling term D21 
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(a)At a constant road friction                             (b)At a constant speed 

Fig. 11 Step response of decoupling term D12 
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Fig. 12 Two-input two-output controller of vehicle stability system 

In this section, a feedback TITO control configuration without any decoupling term is proposed. 

The desired model is expressed as the followings: 

*
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s K

 
K
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  (33)
 

In the following calculation, G is the matrix of vehicle model and C is matrix of TITO controller. 

The matrix of controller must satisfy the following equation: 
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  (34)
 

From (33) and (34), the controller C is designed as: 
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  (35)  

From (35), the proposed controller shown in Fig. 12 has the form of two-input two-output PI 
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controller. Vector state [ ]
T

β γ is controlled by the vector input f z
Nδ   . In other words, the 

decoupling terms does not exist in the proposed configuration. 

6.2 Simulation evaluation of two-input two-output control configuration 

It is very important for the controller to be robust over the variation of road condition. Thus, the 

following simulation will be performed to test the vehicle running on sinusoidal trajectory and 

suddenly entering the low friction road from high friction road. Two methods are compared, 

decoupling control and proposed TITO controller. The cornering stiffness and vehicle velocity are 

time-varying parameters. The nominal values for designing the decoupling matrix and the TITO 

controller are 10,000[ / ], 30,000[ / ], 25fn rn nC N rad  C N rad  V kph= = = .  

In order to test the robustness of the controller, simulation is conducted with parameter variation: 

f fn f
C C C= + ∆ , 

r rn rC C C= + ∆ , 
nV V V= + ∆ . The considerable change of cornering stiffness can be 

seen in Fig. 13 (a). Vehicle velocity is 35kph instead of the nominal value of 25kph. The results in Fig. 

13 show that TITO control method provides better tracking with reference model over the variation of 

vehicle parameter. Even when suddenly entering the low friction road, TITO control has smaller 

tracking errors. This can be explained as the fixed decoupling matrix cannot adaptive to the nominal 

model and add the undesired signal to the control inputs. 

 

(a)Cornering stiffness variation 

 

(b)Yaw rate response                               (c)Yaw rate tracking error 
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(d)Sideslip angle response                           (e)Sideslip angle tracking error 

Fig. 13 Simulation results of vehicle stability by TITO control and decoupling control 

 

7. Summary 

In the special part, the application of lateral tire force sensor for vehicle stability control system is 

examined. By considering the difference between the left and right lateral tire forces, tire cornering 

stiffness can be identified without sideslip angle. This idea is also used for sideslip angle estimation 

without cornering stiffness. For accurate estimation, we consider the nonlinear part of tire lateral force 

as disturbance term to be simultaneously identified with sideslip angle. Experiments with electric 

vehicle Kanon and MSHubs are conducted to evaluate the proposed estimations. We also propose the 

TITO control design of vehicle stability control system. The high robustness of this method is verified 

by simulations. 
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Chapter 5:    Conclusions and future works 

 

5.1 Achievements of the thesis 

This thesis contributes to the stability control systems of electric vehicle in the following aspects: 

1. Parameter identifications  

The online identification method of cornering stiffness without sideslip angle is proposed. This 

method is designed based on the difference between left and right side of lateral tire force sensors. The 

advantages of this method is confirmed by comparing with the with beta method. 

2. State estimation 

Multi-rate Kalman filter is developed by two methods. The first is the prediction of measurement 

residual for inter-samples. The second is the integration of disturbance estimation with state estimation. 

All methods are easy for implementing in practical applications. 

Multi-rate Kalman filter is successfully applied for sideslip angle estimation using GPS. We have 

proof by both simulations and experiments the advances the proposed methods in comparison with the 

previous researches on sideslip angle estimation using GPS. The inter-samples performance of 

multi-rate estimation is well enhanced. The proposal of multi-rate Kalman filter in this thesis is the 

novelty in the field of state estimation. 

The research on sideslip angle estimation based on lateral tire force sensors had been done in the 

past. However, in this thesis, we develop the original method by considering the nonlinear part of tire 

lateral force as disturbance term to be estimated. We conduct experiments and compare this 

configuration with the conventional method which utilizes lateral accelerometers. 

3. Controller 

Based on the sideslip angle estimation using GPS, we design the stability control system electric 

vehicle by LQR method. The system is implemented in electric vehicle COMS in which yaw moment 

generated by in-wheel motors is used for managing both yaw rate and sideslip angle. 

We also propose the two-input two-output (TITO) controller for electric vehicle stability control 

system in which two control inputs are front steering angle and yaw moment. We show the higher 

robustness of the TITO control method in comparison with decoupling control method. 

4. GPS interface design 

The GPS interface software is design and can be used for displaying the navigation information 

in real-time. It can also be used for capturing all the navigation data from GPS receiver for off-line 

analysis. Moreover, the software can send the measurements based on GPS to the controller of electric 

vehicle for estimation and control purposes (such as vehicle velocity, course angle, position…). 

 

5.2 Limitations of the thesis 

The works of this thesis has the following limitations: 
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1. Evaluation of the control system 

Due to the limitation of experiment space and high requirement of safety, we just conduct the 

experiments at low speed. Hence, the critical situation of driving is not shown by experiment in this 

thesis. Therefore, we use simulation to confirm the control system under critical condition, such as 

driving at high speed on low friction road. 

The general disturbance term is estimated by multi-rate Kalman filter. However, the feedback 

loop for rejecting the disturbance term is not analyzed and designed in this thesis. 

The research on TITO controller is not actually finished so we cannot show the experiment 

results in this thesis. 

2. Evaluation of GPS based estimation 

The experiments of using GPS in this thesis are conducted under clear sky condition. By this way, 

we can receive the stable GPS signal and accurate measurement based GPS. The delay or reflection of 

GPS signal as well as the change of GPS accuracy are not examined in this thesis.  

For Kalman filter design, we have not studied the tuning of process noise and measurement noise 

covariance matrixes. In fact, due to the change of GPS quality, the tuning of such covariance matrixes 

is desirable for adaptive estimation. 

The dynamics of the general disturbance is assumed to be zero in this thesis. This assumption is 

acceptable for the simulation and experiment test in this thesis. However, thorough examination of the 

dynamics of general disturbance should be conducted for general study. 

 

5.3 Future works 

Based on the achievements and limitations of this thesis, the future works are proposed as the 

followings: 

1. Theory of multi-rate Kalman filter: 

In future, we will fulfill the theory of multi-rate Kalman filter with four points: 

a) The prediction of measurement residual for inter-samples estimation enhancement. 

b) The compensation of the effect of model error and external disturbance to multi-rate estimation 

accuracy by general disturbance estimation. 

c) The auto-tuning of process noise and measurement noise for multi-rate Kalman filter design. 

d) The consideration of measurement delay (such as the delay of GPS signal) for multi-rate Kalman 

filter. 

2. Application of GPS and multi-rate theory in electric vehicle: 

In this thesis, only sideslip angle estimation is studied. In future works, we will apply multi-rate 

Kalman filter for the full frameworks of vehicle state estimation and control by using GPS. The 

following states can be estimated: vehicle position, Euler angle (roll-pitch-yaw), sideslip angle, 

vehicle velocity (lateral and longitudinal). 

3. Advanced motion control of personal electric vehicle for future society 
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As discussed in chapter 1, the future society requires electric vehicle as the means of 

transportation. Personal EVs will have an important position among variety types of EVs’ family. The 

requirements of personal EVs are human-friendly, safe and comfortable driving. Such requirements 

can be achieved by advanced motion control of EVs which is proposed to be the combination of both 

dynamics control and autonomous navigation. Imagine that we just have to let the EVs know where 

we want to go. Then, the EVs will automatically find the route and bring us from departure till 

destination. The proposed configuration is shown in Fig 5.1. 

*

f
δ

 

Fig 5.1 Framework of advanced motion control of personal electric vehicle 
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Appendix 1:  Feature of GPS receiver CCA-600 

(Reference: Japan Radio Company’s website: http://www.jrc.co.jp) 

 

Fig 1 External dimensions of CCA-600 

 

Table 1 Features of CCA-600 

Receiving method L1 Band（1575.42MHz） 

GPS（C/A）、SBAS 

Receiving sensitivity Acquisition level -147dBm 

Tracking level  -163dBm 

Positioning accuracy 2.5m CEP（6.0m 2DRMS） 

TTFF

 

Cold start 35sec. (Typ) 

Warm start 34sec. (Typ) 

Hot Start 3sec. (Typ) 

Current consumption 36mA (typ., +3.3 V, acquisition ) 

28mA (typ., +3.3 V, tracking) 

Backup current 6µA（typ. +3.3V） 

Data format NMEA 0183 

Operation temperature -30～+70℃ 

Storage temperature -40～+85℃ 

External dimensions W 12.4mm× H 12.4mm× D 2.5mm 

Mass 1.1 g 
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Appendix 2: NMEA 0183 protocol for sending GPS data 

(Reference in: The website of US’s National Marine Electronics Association: www.nmea.org) 

NMEA 0183 is a combined electrical and data specification for communication between marine 

electronic devices such as echo sounder, sonar, anemometer, gyrocompass, autopilot, GPS receivers 

and many other types of instruments. It has been defined by, and is controlled by, the US -based 

National Marine Electronics Association. 

The NMEA 0183 standard uses a simple ASCII, serial communications protocol that defines how 

data is transmitted in a "sentence" from one "talker" to multiple "listeners" at a time. Through the use 

of intermediate expanders, a talker can have a unidirectional conversation with a nearly unlimited 

number of listeners, and using multiplexers, multiple sensors can talk to a single computer port. A part 

of NMEA message received by GPS interface software is shown as the following: 

 

$GPGSA,A,3,27,15,26,09,05,21,18,,,,,,2.48,1.19,2.18*0D 

$GPGSV,3,1,09,27,75,202,48,15,66,349,48,09,51,211,50,50,48,171,37*7F 

$GPGSV,3,2,09,26,42,050,42,21,38,284,46,05,33,125,44,18,26,311,43*7E 

$GPGSV,3,3,09,28,17,057,*4E 

$GPRMC,202505.600,A,3554.0717,N,13956.1151,E,5.32,346.31,230711,,,D*66 

$GPVTG,346.31,T,,M,5.32,N,9.85,K,D*3B 

$GPGGA,202505.800,3554.0720,N,13956.1150,E,2,7,1.19,19.2,M,39.2,M,0000,0000*64 

$GPGSA,A,3,27,15,26,09,05,21,18,,,,,,2.49,1.19,2.18*0C 

$GPGSV,3,1,09,27,75,202,47,15,66,349,48,09,51,211,51,50,48,171,36*70 

 

The following is the details of an NMEA sentence sent by CCA-600 to GPS interface software: 

 [$GPRMC,161229.487,A,3723.2475,N,12158.3416,W,0.13,309.62,120598,,*10] 

 

Table 2 RMC data format 
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Appendix 3: GPS coordinates to local coordinates 

(Reference: S. V. Drake, “Converting GPS Coordinates to Navigation Coordinates,” DSTO Electronics 

and Surveillance Research Laboratory, Edinburgh, South Australia, Australia 511, Published Date 

April 2002.) 

      

 

(a)                                           (b) 

Fig 2 Earth and coordinates 

From the GPS receiver, we get the position of the moving body including latitude, longitude, and 

height ( hφλ ). In order to convert from GPS coordinates to ENU coordinates, firstly, we convert to the 

Earth centered earth fixed (ECEF) coordinates ( xyz ). The transformation has 4 stages as following: 

1. Determine latitude, longitude, and height of the moving body from NMEA sentences ( hφλ ). 

2. Convert from GPS coordinates to ECEF coordinates 

cos cos
a

x h φ λ
χ

 
= + 
 

      (1)  

cos sin
a

y h φ λ
χ

 
= + 
 

       (2)  

( )21
sin

a e
z h φ

χ

 −
 = +
 
 

    (3)  

Where 2 21 sineχ φ= −  and a  and 2
e  are the semi-major axis and the numerical eccentricity of 

the Earth. In this report we used the WGS 84 ellipsoid. 

2

2 1 ,  6378137[ ],  6356752.3142[ ]
b

e a m b m
a

 
= − = = 

 
 

3. Express small change in position in ECEF coordinates 

Considering a small change in position ( , ,d d h h dhφ φ φ λ λ λ→ + → + → + ), by applying 
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Taylor formula to (1), (2), and (3), we have: 
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Where ( ) ( )3 2 and d dhdθ θΘ Θ  is higher order of either dφ  or dλ .  

4. Convert the small change in position from ECEF coordinates to ENU coordinates by the following 

transform matrix 

sin cos 0

sin cos sin sin cos

cos cos cos sin sin
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  (7)  

From (4), (5), (6), and (7), and by neglecting the higher order terms, we get: 
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