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Introduction

About thirty years ago, Stoneley proved the possible existence of
boundary waves of the Rayleigh-type being transmitted along the plane
surface of separation of two solid media, and also proved that it is im-
possible for waves of the Love-type to be so transmitted®.

Later, the nature of the wave, now called the Stoneley wave, was
investigated by K. Sezawa and K. Kanai®, and the range of possible
existence was elucidated. But even its velocity, to say nothing of the
orbit and the distribution of amplitude, has not yet been studied, although
more complicated problems concerning the Rayleigh and Sezawa waves
propagated in a stratified medium have been approached by a number
of authors®.

Hence, in this paper, we will give the results of our caleculations
concerning the said properties, and will discuss the nature and the
meaning of the Stoneley wave.

Velocity

Let the axes of x and z be drawn in coincidence with and perpen-
dicular to the surface of discontinuity, the density and elastic constants
in the media on the positive and negative side of z being p, 4, ; p’, ¥, o/

1) R. STONELEY, “Elastic Waves at the Surface of Separation of Two Solid,” Proc.
Roy. Soc. London, 106 (1924), 416.

2) K. SEzAWA and K. KANAI, “The Range of possible Existence of Stoneley-waves
and Some Related Problem,” Bull. Earthq. Res. Inst., 17 (1939), 1. With respect to the
generation of waves in a medium consisting of two semi-infinite elastic body, K. SEZAWA
and K. KANAI published another paper. “ The Formation of Boundary Waves at the
Surface of a Discontinuity within the Earth Crust 1,” 4bid., 16 (1938), 504.

3) e.g. K. KANAL “On the My-waves (Sezawa-waves),” Bull. Earthq. Res. Inst., 29
(1951), 39.
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respectively. In this case the displacement potentials of the dilatational
and distortional waves assume the forms

7V ////// ¢ =A exp (—rz+ife—ipt),
PN, }L" Ve ¢ =B exp (—sz+ifx—ipt), (1)
5 > X ¢’ =A’exp (*'z+ifw—ipt),
C, A, M, Vs ¢’'=B’' exp (s’z+ifx—ipt),
’ ¥l Y
N \\\\\\\\\ where
; refioh, s=f—1I,

Fig. 1. We always assume the re- ri=f?—h", s¥=f*—Fk", (2)
lation {)'<p, which does. not impair'the h2=,0p2/(2+2p), k2=,0p2/,u,
generality. In the numerical calculations N .
we also assumed the relation A=y, 3’ =p'. h'r=p'p*[(X +24), ]C'“=P'p’/#'-

The displacements in both media are then expressed by
zc=2¢+%"b ) w=fj—)——g—¢ ,
X 2 or X
og’ , o9 3¢’ _ oy (5)
Y="r-+", ="
o oz oz ox

Since the two media are continuous, the boundary conditions which must
be satisfied at the surface of separation are the continuity of the displace-
ments and the stress, viz.,

u=1u',

w=w’,
w azc) (aw' 8u’>
L) ==+ ), (4
#( or oz ! o oz )
! ! I3
,z(?,{‘+ a_w>+2#a_w = ,z/<§2‘_+§ﬂ’_) +2/1'-a—%£ .
x oz oz ox oz oz

Putting (1) and (3) into (4), we get
ifA—sB—ifA’'—s'B'=0,
rA+ifB+1r' A’ —ifB'=0,
2urfA— p(fP+)B+i2p'r fA! + p!(f* +8)B' =0,
(— 2+ 2u0%) A +i2psfB+ (X' h"> = 2p'r*) A’ +12p/'s' fB'=0.

(5)

Thus the velocity equation of the wave transmitted along the boundary




Part 4.] Stoneley Wave—Its Velocity, Orbit and the Distribution of Amplitude. 551

surface under consideration is

of —3 —if —s’
L i o 7 =0 (e
W2prf —p(f*+5%) w2p'r'f P (*+s?)

— A4 2pr 2psf MhE=2prt G2u's'f

Assuming various values of p’/p and putting them into the above
equation, we calculated the relation between (V/V,)* and g'/n. Here we
can assume, without losing generality, that the condition p’ <p holds.
Further, we employed the assumption that 2 and ¥ are always equal to
¢ and g’ respectively.

1 { 1 1 1 [
.84 86 88 90 ,92 94 96 98 |0
. — (V/\/s)z

Fig. 2. The relation between p’/p, u'/n and (V/V,)2. V being the velocity of Stoneley
wave. Above two figures have the same content, only the parameter and the abscissa are
interchanged. On the broken lines V is equal to V. In the right figure the parameter
is p’/p, the value of which is given on the left and of the full lines. p'/p=0, p'/u=0
gives the Rayleigh wave. '

The results of the calculation are given in Table I, and illustrated
in Fig. 2.
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Table I. The values of p’/# and w,/u, when the conditions p’/p
and (V/V,)* are given. (w, and u, are the vertical and

horizontal displacements at the plane of separation.) .
“\TQ\?\E’{ o 0 o1 | o2 0.3
(V/Vg);\\\ Hn ' woluy ¥ e woluo v ln Woluo B l Wo/to
1.0000 .3435 1.608 L3772 1.685 .4153 1.789 .4579 1.932
.9900 — — - — —_ —_ .3766 1.977
.9800 .2221 1.592 .2559 1.678 .2955 1.800 .3425 1.999
.9600 .1710 1.575 .2043 1.659 .2449 1.799 .2965 2.066
.9519 —_ — —_ — — — .2856 2.164
.9400 .1312 1.555 .1646 1.643 .2070 1.803
.9240 - — — — .1848 | 1.864
.9200 0976 | 1.535 | .1311 | 1.627
.9000 .0680 1.517 .1024 1.619
. 8882 — — .0888 1.638
.8800 .0414 1.499
.8600 .0169 | 1.480
.8453 0 1 1.468
o'le 0.4 0.5 0.6 0.7
$ win , wolto »e woluo | w'fu wo/ug plu wo/uo
1.0000 5065 | 2.138 | .5625 | 2.458 | .6290 | 3.011 | .7088 | 4.104
.9990 — — — — — — 7005 | 4.805
.9980 — — — - —_ _ .6987 | 5.220
.9978 — — — — — — .6984 5.389
L9975 — — — — .6046 3.432
.9950 — — .5160 | 2.690 | .5978 | 3.758
.9935 — — — — .5961 | 3.986
.9900 .4307 2.271 .4997 2.876
.9854 — — .4927 | 3.139
.9800 .4015 2.379
.9720 .3888 | 2.570
\P'/" 0.8 0.9 1.0
(VIVe: #ip l Wo/uy e WolUo wu Wo/Uo B
1.00000 8013 | 6.648 | .90005 | 14.73 | 1.00000 | oo
.99997 — — .89997 16.27
-.9998 .8000 7.485
.9995 .7996 | 8.141 |
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Orbit
When the characteristic equation (6) holds, only three of the four
equations in the expression (5) are independent, so we selected the upper
three.
WfA—sB—ifA’'—s'B'=0,
rA+ifB+1A’—ifB =0, (7)
201 fA— p(f*+s)B+2p'r fA + p' (f*+8*)B'=0 .
The amplitude constants A, B and A’, B’ can be then written as
follows :
A=K4, , B=K4,,

, (8)
A’=KAA/ 9 B =KAB' .

In these expressions 4,, 4, and 4,., 4, are the minor determinants made
by the coefficients of 4, B and A’, B’ in the equation (7). They may
be written as follows:

A=p (P =18 ) +8) = ' (P +18) ([ + )+ 2p'r f(s+5') ,

dy= =i (7)) = 2pr (P =) =2 (P}, o
Adp=p(f*+18")(f*+8)— p'(f*—rs)(f*+ %) —2prf*(s +5') ,

Apr=—if {p(r+ 1)+ 8%) = 2p' 1" (f*—1r8) — 2p(F* + 18} .

Using these expressions, we can describe the displacements in both
media as follows:

w=K(4d,if e — 4, s e *%)-exp (ifx—ipt) ,
w=K(—d,re "~ dyif e7%%)-exp (ifx—ipt) ,

10
w=K(d, if e+ 4, 8" %) -exp (ifx—ipt) , (10)
w =K(4, 7" e*— 4z if e’*)-exp (ifx—ipt) .
Taking the real part,
u=K(4,f e "+ dyise*?) sin (pt —fx),
w=K(—4,7e " —d;if e~**) cos (pt —fx) ,
4 b ) cos (pt— fx) (11)

W=K(d,fe""—Ady 18" ) sin (pt—f7) ,
w'=K(4, 7" € — Ay, if &%) cos (pt — fx).

The ratio of the displacements x and w at z=0 is
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Wo_ r(L=ris) V|V + 7l =rs:)(p [p)V] V)
uy, 2(1—p/[p)1—7r8)A—=7is)— A = ris) VIV +1— 1)’ [p) V]V’
(12)

where the quantities with suffix 1 have the following meaning :

r—rlf =V I= TPV, s=slf=VI=(V|V),

ri=r' [f=VI=(V Vi [P e, si=s'|f=V1=(V] Vs)ﬁ(pf/,a)'(p/(;f)),
3

(when A=pg and V=¢/, 7’=7"=3)
110 We put various values of
dg p'lo, #'[p and (V[V} which
satisfy the condition (6) into
the above expressions and
performed the calculation. The
16 results are shown in Fig. 3.
) j{ In this figure, the ordinate
1
1

4 8

is the ratio wyfu,, the abscissa
is the square of the velocity
. 4 of the Stoneley wave measured
/ by the wunit V,, while the
“A' 13 parameter is the ratio of the

\ densities of the two media.

/\ The numerical values are
, .
3,7

Q/é //\
— 2 .7 g2
”,\_‘
|- /
—""\ M 4
O __--~ Uo e
N
I 7o
L1 ! I ! ! 1 1 |
.84 86 88 .90 92 94 95 .98 10 |
__.(v/\,g)2 Z
Fig. 3. Ratio of the amplitude of vertical Fig. 4. The direction of the
and horizontal displacements at the boundary rotation of particle orbit at the
surface. Numbers beside the broken line are surface of separation of two media.

the parameter p'lp- On the broken line V is

equal to V',

tabulated in Table I. From the sign of the ratio we can infer the
direction of the rotation of orbit which is shown in Fig. 4.
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Distribution of Amplitude

We also studied the distribution of amplitude at different depths.
Using the equation (11), the horizontal and vertical displacements in both
media are calculated corresponding to the given values of z/L. (L implies
wave length.) The results are shown in Figs. 5-13. (In these figures
the vertical displacement at 2=0 is taken as unit.)

Conclusion

1. In the previous sections we have tried to elucidate the relation
between p’/p, ¢’/ and (V/V,)*. If two of the above three quantities are
given, we can obtain the remaining one using Fig. 2. This study also
makes eclear that the Rayleigh wave (the velocity of which is equal to
1/0.8453 - --. - V,) is the limiting case of the Stoneley wave in which the
values p’/p and p//p both tend towards zero. (See Fig. 2.)

2. We next considered the ratio of the amplitude of vertical and
horizontal displacements at z=0. When (V/V,)*=0.84563-.-. the ratio
wolu, gives the minimum value and is equal to that of the Rayleigh
wave (1.468-..). As the parameter p’/p increases, so does the ratio
wo/u,. These properties can be seen from Fig. 3. When the parameter
p'lp approaches to unity the change of the value of w,/u, becomes very
remarkable, because the horizontal displacement becomes small and
finally vanishes when p’ becomes equal to p.

3. The sence of the rotation of particle orbit at the surface of
separation of two media is determined easily by means of the expression
(11). With respect to the denser medium (the lower one), the sense of
rotation is the same with that of the Rayleigh wave, consequently it is
reverse with regard to the upper medium. (See Fig. 4.)

In the aspect of the distribution of the amplitude, we also find a
feature similar to that of the Rayleigh wave in the lower denser medium,
excluding the case when V[V, is nearly equal to 1. Of course the
Rayleigh wave is the limiting case of p’/[p—0 and p//zp—0 (V tends
towards V). (See Figs. 2 and 11.) The general tendency can be seen
in Figs. 5-13.

4. Lastly we will consider the significance of the Stoneley wave a
little. The Stoneley wave is a wave propagated along the surface of

separation of two semi-infinite medium and has the type [%]“.

4) Y. SATS, “Study on Surface Waves XI. Definition and Classification of Surface
Waves,” Bull. Earthq. Res. Inst., 32 (1954), 161.
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Consequently it cannot practically exist in the strict sense. Therefore,
when the term ¢ Stoneley wave” is used with reference to a stratified
medium, the authors are of opinion that it should stand for the phe-
nomenon that approximately shows the properties of the Stoneley wave,
because the thickness of the layer is sufficiently large compared with
the wave length. Such a wave, however, can hardly be observed unless
we install the measuring instruments deeply in the ground.

35. Stoneley F——% OWE, MK CIRMO ST

SH-
TR {{”EJ ﬁ% ?g =
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