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1. Introduction.

It is one of the most important problems in the field of geophysies
to make researches on the internal constitution of the earth, and since
the 19th century many authorities have attacked this problem by means
of statical, dynamical®> as well as a thermo-dynamical and other
methods.

Recently M. Ewing and F. Press™ suggested that it may be possible
to make use of a long surface wave with a period of several hundred
seconds for investigating the interior of the earth, especially with respect
to the part of the mantle. This is a hopeful idea and it is reasonable
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to expect that if the wave length of
the surface wave becomes as long as the
earth’s radius, the dispersive property of
the wave may be affected by the density
and rigidity of the deeper part of the earth;
therefore it may be possible to infer the
state of the earth’s interior by the dispersive
property of the long surface wave.

In order to make clear whether such an
analysis is possible or not, we calculated the
vibration of the first class® of the earth
model, which we assumed to be composed of two parts, namely the
core and the mantle. In each part, the density and rigidity of the
medium are assumed to be uniform, and are denoted by p,, g in the
mantle, and p,, g, in the core respectively.

2. Vibration of the elastic sphere.

Fundamental equation of motion in a homogeneous, isotropic and
perfectly elastic medium is given by the following expression

*u
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where u expresses the displacement vector.
If we take the divergence and the rotation of the above vectorial
equation, and express them referring to the spherical coordinates, we
get the equations of motion which give the dilatation A and the rotation
components &,, @ and &, as follows:
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13) “Tirst (and second) class” of vibration is the term adopted by H. LamB. The
vibration of the first elass corresponds to the transversal vibration.
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The typical solutions of these equations were obtained by K. Sezawa
in the following formsw® :
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where J,.,, means the Bessel function of the first kind and
Py(cos 0)(=sin™0 (d/d cos 6)"P,(cos 0)) the associated Legendre funetion.

Modifying the equation (2.3), we can obtain the expressions giving
the displacement components, which we denote as u(r-component),
v(0-component) and w(¢-component) respectively'®.

The displacement components cited above are resolved into three
parts™®, as for example, w=u,+u.+u;.

We offer the set of displacement (u., v,, w,) as the solution of the
first class, in which the dilatation A and the radial displacement « both
vanish, and with which alone we can satisfy the boundary conditions
at the spherical surface. The other set of displacement (u,+u;, v,+v,,
w;+w;) is given as the solution of the second class, in which the
rotation component &, vanishes.

As a first step, we will consider only the solution of the first class
in this paper, leaving that of the second class to the future.

It is easily proved that this solution of the first class is not affected

14) K. Spzawa, “ Amplitude of P- and S waves at Different Focal Distances,” Bull.
Farthq. Res. Inst., 10 (1932), 299-384.
16) loc. cit., 10). See p. 556-562.
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by gravity owing to the property u=0 and A=0". This nature, which
does not hold in the case of second class vibration, is convenient for
our study which aims at making clear the change of the period caused
by the variation of elastic constants and the density of the earth’s
interior.

3. Vibration of the first class generated in the layered
earth’s model.

In later sections, we will adopt the simplified model of the layered
earth whose radius of the outer mantle is ¢ and that of the internal
surface of separation between the mantle and the core is b.

It is easily shown that the displacement components of the first
class, which are denoted by suflix “0” in the mantle and “7” in the
core, are as follows:
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where Iei=0p/ and k=00, py «
The boundary conditions are given as follows :
For the outer free surface (where r=a):
2 By, (9_%=o) , (3.32)
or 1 orr

16) H. T;;ﬁUCHI, “On the Earth Tide,” Jour. Fac. Sci., Univ. Tokyo, 7 (1951),
23-29.
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and for the boundary surface between the mantle and the core (where
r=>0):
PRI NI (F,Oi%:/,i_a__@) , (3.3b)
: or r or r
Vo=1, , (wy=w,) . (3.3¢)
Introducing the equations (8.1) and (3.2) into the above conditions,
we get three homogeneous, linear equations, from which by eliminating

the coeflicients B,, B, and E,, we can obtain the determinantal equa-
tion of the following form

E{Jnﬂlz(koa) } g{ Yn+llz(koa)} 0
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(3.4)

This equation involves the variables » and ka(=é£), and parameters
kiky, mlpy and ba.

3.1. Meaning of n and m.

To make clear the physical meaning of the equation (8.4), we will
consider what sort of quantity » and m mean.

When the conditions n3>»m and n>1 are both satisfied, it is well
known that the associated Legendre function has the approximation
formulae

P(cos 0)~( )I'z sin {(n+1/2)0+ 3} +o(ni3,z) ,

nsin 0

)"2 cos{(n+1/2)0+3) +o(ni3/2) .

(3.5)

@ (cos 0)~(

7 sin 0

Substituting the above equation into (8.1) and (3.2), and assuming the
value of D,/D,, to be —i, we get, as R. Yoshiyama™ has proved before,

" —cos
(3.6) indicates that p/(n+1/2) represents the angular velocity in the 0-

direction in rough approximation, and therefore, (n--1/2) represents the
number of waves involved in a spherical surface in the direction of 4.

17) loc. cit., 11).
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However, if the condition »>1 is not satisfied, 1/»** cannot be
neglected compared with 1/»*. Sinece we are now considering the case
in which »n takes small value, the approximation mentioned above is
not admissible in our problem.

When n is not so large compared with unity, p/(n+1/2) loses the
meaning of angular veloeity in the 0-direction, therefore we must con-
sider what meaning the variable of » has. From the nature of
Legendre’s associated function P and QF, we know that (n—m)
represents the number of nodal lines in #-direction, and m the number of
nodal lines in ¢-direction. Therefore we will regard » and m as the
parameter by which we can define the mode of vibration.

Here it should be added that m must be an integer, while » can
take any arbitrary positive real value. When » is an integer, (3.1) and
(8.2) represent a stationary vibration, while if n does not take an
integral value, (3.1) and (8.2) represent a vibration in which the nodal
lines moves with the lapse of time, or a wave.

3.2. Modification of the equation of vibration.

Now, we will try a modification of fundamental equation of vib-
ration (38.4) in order to get a more simplified form of equation.
Tirst, we will introduce a new quantity

4:::]‘:0“‘—‘21;[(1//21 ’ (3.7)

s0

where V,, means the velocity of S-waves in the mantle, and

%:T / 2;“ the period of vibration, the time unit of which is the time
s0

 necessary for the S-wave to travel around the earth’s surface.
Introducing (8.7) into (3.4), we have
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4. Determination of the Period of Vibration.

Caleulations were performed for two special models of the earth.
In the first model, we assumed the core to be in rigid state, and in
the second, the core to be in liquid state. In both models, we put the
ratio of b (radius of the core) and a (radius of the free surface) as 0.5469
(=2900/6870). The numerical calculations were performed by means of
series expansion.

Case I. When the core is perfectly rigid, the ratio o[k, becomes
infinite and s4/p, vanishes. Then in the right hand member of equation
(3.8) the first term is neglected compared with the second term, and the
period equation takes the following form ,

R.(§, bja)=s,(¢) cos (1 —b/a)s +¢,(¢) sin (1 —bla)e=0, (4.1)
or in a different expression

L VN )
tan(l a)s L 4.2)

in which s,(€) and ¢,(¢) are obtained expanding the Bessel functions;
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b

N=—5,
a

_{ m/2 when » is even,
<">—{(n—1)/2 when 7 is odd .

In this equation, the coefficients c¢,, which are obtained from the
coefficients of the expansion of Bessel Function are calculated as follows :

Cp=1

ca=1 =1

C=3 ¢, =3

=15 ;=15

Co=105 ¢, =105 = ¢;=10 =1

Cu=945 ¢;=945 25 C;; =105 ci=15 =1

The roots of equation (4.2) are given by the ordinates of cross point
of the curves of tan(1—b/a)é and —s,(8)/t,(¢). For any arbitrarily
given n (of which the physical meaning is discussed in section 3), we
can get a series of roots &,, which are tabulated in Table I. The letter

Table I. The Roots of Characteristic Equation R, (¢, b/a)=0.

(Rigid Core, 1/¢=T / 2;“, Kofly=oo ,  pofu=0, Dfa=0.5469)
s0

0 I II 111
¢ | 1/¢ ¢ 1/¢
1.160 0.8261 9.963 0.1014

2.000 0.5000 10.14 0.0986

3.045 0.328 10.49 0.0953

4.30 0.233 10.8 0.0936

4 5.40 0.185 11.6 0.0870

N stands for the number of nodal plane in r-direction, which should
be explained in a latter section.

Case II. After the same method as the foregoing calculation, we
can obtain the roots for the case of liquid core. In this case the ratio
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k,/k, vanishes and p/p, becomes infinite. Then the period equation (3.8)
takes the following form

L, (&, bja)=g.(€) cos (1L—bJa)é+h, () sin (1—b/a)e=0, (4.4)
in which ¢,(€) and A,(§) are obtained as before, namely

<n><n>

1. O=E L 3 3 (— )7 = 20 D Cona T
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4.5)
The roots of this equation are shown in Table IL

In the Tables I and II there exist many roots &, for a given value
of n (which are denoted by the letter N=0, I, 11, I11,---). These roots
give the same distribution of displacement on the spherical surface, but
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Table II. The Roots of Characteristic Equation L,(& b/a)=0.

(Liquid Core. 1/5=T/% k=0, pofp=co ,  bja=0.5469.)
s0

11

y i

AN BTG ¢ | o L

o~ D rses | oams | 141 | o.0m09

—T a -A-”i¥7}—> ¥—;_, 7.62 0.181 14.2 _ 0.0704 .

777 2;115 0.414 8.18 0.122 B 14.5 76(_;;37

3| s 0.261 | 8.9 | 0112 | 119 | 0001
4 4.9 0.20 ~—9.9 0.101‘ N N

L N R

differ in its distribution of amplitude in »-direction. TFor example,
caleulated distribution of amplitude in r-direction for the branch N=0, I,
and IT (n=2, rigid core) are shown in Fig. 2. Here we can observe that
the branch number 0, T and II indicate the number of nodal planes in
r-direction. The branch 0 gives the lowest value of &., that is, the
longest period of vibration.

—_—
amplitude
Fig. 2.

5. Conclusion.

The results of ecaleulation are shown in Fig. 8. As stated above,
the longest period of vibration is given by the reciproecal of the root on
branch N=0. In the case of n=2, for instance, the longest period
measured by the unit 2za/V,, (see 3.7, %=T/2V”a) are 0.328 for

s0
rigid core and 0.414 for liquid core respectively. If we adopt 6.5
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km./sec. as the S-wave velocity in the mantle, the actual periods will
be expressed by the relation

T=1/6x6.16 x10° sec.
and are about 83.7 min. for rigid core and 42.5 min. for liquid core.

09

p

\
\
A}

V;(J(,?—"—“- ) o Rigid Core
$o

0.7 @ Liquid Core

x Thin Spherical Shell
(by H.Lamb)

o~ o

_———— e e O = — === Q===

-O--—--~----0---- N=2

2 3

—_—> N
Fig. 3.

When the ratios k/k, and g/p, are finite and give the intermediate
state of rigid and liquid core, the periods will also give the inter-
mediate values of them.
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Thus it may be possible to infer the ratios kolke, and pfpy, if we
have enough observations distributed over the earth’s surface to make
clear the period and the mode of vibration. But in actual observations
such long period as cited above must be left to future consideration.

It is also necessary to ealculate the period of the vibration of
the second class, that is, the combined oscillation of the dilatational and
rotational motion. This sort of vibration is conjectured to be more affected
by the internal constitution than that of the first class, and its eon-
sideration is left to a future case.
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