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1. Introduction.

The problem of reflection and refraction of elastic wave has been
studied by many authoritiesP»»9999 hut owing to the complicated nature
of elastic wave which produces four secondary waves when primary wave
meets a discontinuous plane (with the exeception of SH type wave), their
studies had to be limited only to the case of one or two boundary planes.

When there exist n parallel discontinuities in elastic medium and
the incident wave is the dilatational one, the calculation of the amplitude
of transmitted waves as well as reflected waves is reduced to the problem
of the simultaneous linear equation of 4n-th order, and though it is a
simple problem in prineiple, it is extremely subtle in actual treatment.
However, in spite of this difficulty which has prevented further study
of the problem, we must, in view of the importance of the problem,
investigate how the multilayered medium affects the transmission and
reflection of elastic wave.

Recently useful studies have been perfomed by Thomson® and Torikai®
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concerning the transmission of super-sonic wave through the multilayered
elastic plate. They both utilize the matrix ealeulation and express the
solution of that problem in a very compact form.

Following their mothod in this paper, we employ the boundary
conditions applicable to the seismic wave, and obtain the amplitude of
transmitted and reflected waves in the case of the incidence of the
dilatational and distortional wave. Using this result, we calculated
numerically the amplitudes for the case n=2. The results of these
caleulations may show some light on the discussion of wave amplitude
transmitted through a layer.

2. Expression of Stress and Displacement Componehts.

In this paper, we will confine our problem to the two-dimensional
waves for the sake of simplicity, and each elastic medium is assumed
to be isotropie and homogeneous. We take a Cartesian coordinate system
and assume that the incident waves as well as refracted and reflected
waves are included in wxy-plane.

Putting the density and Lamé’s elastic constants as p and 1, p re-
spectively, the equations of motion in that medium are

122 an(2422)
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where A is the dilatation, & is the rotation, and they are both expressed
by means of the displacement components # and v as follows;
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The fundamental solution of equation (2.1) which represents the
progressive waves towards the positive side of z-axis is

A={ A} exp {th(Vt—asin 0 Fycos 0)}
¢ (2.3)

2&:{5} exp {ik(Vit—a sin o Fy cos w)}

where




Part 4.] Transmission and Reflection of Seismic Wawves. 263

W=pp*[(A+2p)=(p|V,) } (2.4)
kBP=pp*l n =(p|Vy)

and ¢ and o are the angles measured from y-axis to the normal of
wave front of the dilatational and equivoluminal wave respectively.
From Snell’s law the next relation is easily found:

hsin 0=Fk sin o =¢; constant) 2.5)

If the elastic medium is bounded by two planes of separation
perpendicular to the y-axis, the waves in the layered medium, are
wholly expressed by the two upward-going waves and the two down-
ward-going waves. (Here the considera-
tion of the z component of displacement
is not necessary.) In the following cal-
~ culations, we will denote the amplitudes
of upward-going P- and S-wave as A and
% NN B, and downward-going P- and S-wave
as Cand D. The displacement components
due to the above waves A and B are

Fig. 1. denoted as wu,, v, and u, v, respectively.
Then the displacement components are
caleulated from (2.3) and (2.2) as follows:

wy= ip'V,Asin@ - exp {th(V t—xsin §—y cos 0)}
vy= 1ptV,Acos 0 - exp {th(V,t—xsin §—y cos )}
Up=—1ip VB cos w - exp {tk(Vi—a sin w—y cos w)}
vy= ip~'V,Bsinw - exp {tk(Vi—zsin o —y cos v)}
U= ip~'V,Csin 0 - exp {ih(V,t—asin 0 +ycos 6)}
ve =—1p~1V,Cecos 0 - exp {th(V t—xsin 6 +y cos 0)}

(2.6)

Up= ip~1V,Dcos w - exp {th(Vit—xsin o +y cos w)}
vp= iptV,Dsinw - exp {ik(Vi—xsin o+ycos w)}

The displacement at an arbitrary point in that medium is expressed
as the sum of each displacement component in (2.6).

From these expressions we can easily calculate the veloecity com-
ponents of a particle # and v and stress components X, and Y,. Using
the matrix expression and omitting the factor exp {i(pt—é&x)} for con-
venience, we get
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% —V,sind, 0, Vieosw, O, Ae~t 4 Cet*?
V| 0, —V,eos0, O, —Visino || Ae™ " —Ce' @.7)
Y, pVyieos 2w, 0, pVosin2w, O, Be~1*Y _ Dgthy
X, 0, pVisin20, 0, —pVicos2w )\Be-*Y 4 De'8
in which
hcos = Iccos o=f (2.8)

In the right side of (2.7), we ean find that the first matrix involves
only the material constants and the angles of incidence, and is dependent
neither on the period nor the amplitude of waves. Therefore we will
call this matrix the characteristic matrix of that medium and express
it by [M], then

— V,sin 0, 0, V,eos w, 0
M= 0, —V,cosd, 0, — Vssinw (2.10)
PV, cos 2w, 0, pVisin2w, 0
0, pVisin 20, 0, —pVicos 2w

Modifying the equation (2.7), we have |

7 cosay, —esinay, 0, 0 A+C

) —\M —isinay, cos ay, 0, 0 A-C (2.10)
Y, 0, 0, cos fy, —isinfPy || B—D
X, 0, 0, —isinfy, cos By/)\ B+D

Further, solving this equation with respect to 4, B, C, and D

A+C cos ay, ¢sinay, 0, 0 -1/ g

A-C |_|isinay, cosay, 0, 0 M v @.11)
B—-D 0, 0, cos By, isinfy Y,

B+D -0, 0, i8in By, cos Py ) X,

where [M]~* is the reciprocal matrix of the characteristic matrix [M],
and its elements all take finite value except on the occasion when the
determinant | M| vanishes.

Calculating this reciproeal matrix actually, we get
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. _ V,sin 20 , 0, 1 , 0
Vyieos w PV
0, ___cos 2w ’ ’ sin 0
M| = V,cos @ pV,:cos
~ cos 2w ’ 0 sinw 0 (2.12)
V,cos ’ pVicosw’ ‘
sin 26 1
0 - V,cos 0’ 0 T pveE

Now, if we substitute y+d for y in the equation (2.10), and put the
equation (2.11) into the relation just obtained

% cosa(y+d), —isina(y+d), O, 0
D M —e¢sina(y+d), cosaly+d), 0s 0
Y, 0, . 0, cosf(y+d), —isinfy+d)
X, )+ 0, 0, —isinf(y+d), cosP(y+d)
cosay, +sinay, 0, 0 (%
% isinay, cos ay, 0, 0 M v
0, 0, cos By, <sinfy Y,
0, 0, 1sin Py, cos Py X,/?
cosad, —isinad, O, 0 e
—IMm —¢sinad, cosad, 0, 0 M ) (2.18)
0, 0, cosfBd, —isinfd Y,
0, 0, —¢sinfd, cospd X, )0

This is the very relation connecting the elements on the plane y=y and
that on y=y+d, which is invariable even if the conditions of the outer
part of the plenes y=y and y=y+d are replaced by different ones.

Now we assume that there exist » discontinuous boundary planes
perpendicular to y-axis and lying at y=w, ¥ sy« ... ¥, Expressing
* the elements on the boundary plane y=y, by the suffix %, we get the
relation generally

112 (12

CA I R (2.14)
Y, Y,

X, Yx Xy Yr-1

where
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€08 Qpy(Yi—Yim1)y  —4SIN Apos (Y —Yi-1)s
Ki_\|=|M;.. — 4810 0y (Y —Yi-r)s €08 e 1(Yi — Y1)
07' 0,
0 0,
0, 0 N

0, 0 M, (.15
€0S P 1(Wp—Yu-1)s  — o8I0 Bra(Yi—Yi-)
—38in Byoi(W—Ys-1)s €08 Br_1i(¥r—Vi-1)
The matrix [M,.,] is the characteristic matrix defined by the medium
between 7=y, and y=y;.
If we connect the boundary conditions by the relation (2.14) from
y-plane to y,-plane, in the order of k=2, 3,4,....n, we reach the fol-
lowing result;

112 i A
GO I 1) - D et | I P o 2.16)
Y, Y, Y,
X/ yn Xy Zh Xy ?/1
where
lll ll’.l llS lli
Ll=| & b b bk KK (2-17)
l31 l32 l31 l35
: Zu l42 l~13 L
Equation (2.16) is the relation connecting the elements on the plane of ,

discontinuity y=v, and that on y=y,. Here [L] is the produet of
3(n-1) matrices shown in (2.17) and (2.15). The equation (2.16) indicates
that the velocity and stress component at y,-plane can be calculated by
operating 8n matrices to the velocity and stress components at yi-plane.

3. The Solution when the Multilayered Medium Exists between
Two Semi-Infinite Elastic Media.

Tirst we assume that n discontinuities exist at y=ui, ¥s Yss o « «» Y
and dilatational wave is incident upon , plane as shown in Fig. 2.
Further, we denote the amplitudes of waves as follows;

Incident P-wave: A
Transmitted P-wave: A*
Transmitted S-wave: B*
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Reflected P-wave: C*
Reflected S-wave: D*
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Yoy |
!
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Fig. 2.

From the equation (2.7), the velocity and stress components which are
produced on y; plane by the waves 9, C* and D* are expressed as

w A e~ 1+ C* ¢
v | M A e~lo? —C* ™% (3.1)
= o .
Y, —D* o'y,
X, )y D* ¢y
i A* gtenn
7_') A* g'wnl/n
=M, (3.2)
Y, B* e-#utn
Xy Un B* e~ Bar¥n
Put these equations into (2.16), and we have
A* e—iwn‘yn 9[ e—iw0y1+c* eiwoyl
M A+ e-ianyn _ L M 91 e—-twoyl_c* e”o’h (3 3)
" B* e—-iBng/n 0 _D/L eiﬂoz/l

B* e‘iﬁniln D* e‘ﬁo’!l
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where [M,] and [ M;] are the characteristic matrices which are determined
by the medium %>y, and the medium y<y, respectively. When there
exists reciprocal matrix of [M,], we get the next relation by modifying

the above equation
A*

% g-tapn

e"’“n”n
e tPn¥n

e"‘Bn?In

where

When 9 is given,

N3
N3
N33

Ny3

A e—mﬂ”l-i—c* eiwox/l
9 e't"D”l—C* etaoly
3.4
— D* ¢tfonr ( )
D* etsoyl
on -t
M = IM,| |L 3.5
- n M() ( . )
T34
m

the unknowns of this problem are the amplitudes

of transmitted and reflected P- and S-waves; viz., 4%, B*, C*, and D*.
Therefore solving the equation (3.4) with respect to A%, B*, C* and

(—nn+ ny,)e"
(— Ny + )™t
(— Nz +mz.) €' 0"

(— gy 4 np)et %"

D*, we get

A%y (et 0

B*| |etenvn 0

C* - 0 e—isnvn

D* 0 e—iﬁn’!/n
N1+ s

% R 9 e-'%on

a1+ Naa
N1+ Nye

(n— nyg)etforr \

(7253 — Myy)e'Pol
(1203 — ny4)e'Por

(nym— ny)e'fol

(3.6)

This is the solution we seek for, and it gives the amplitudes of
reflected and transmitted waves. Here, [IN] is the product of (3n-1)
matrices of the 4th order shown in the equations (3.5), (2.17) and (2.1).
In actual treatment, the next formula is more convenient for numerical

calculation. That is,

2 g'““’o”l" L2 A

*= — e
A r

—= = O O

n
2y

N3y

Ny

2
My,
73

Mgz

(33 —111)
(M3 —124)
(13— ss)
(3 —Nur)
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N Mo (M3 —N4)

2 o~ Kagv1=Bpun) 9

r

sk
B Ny N (Mas—1y)

Ny Mg (Mg —MNyy)

S O H

Mg Ny (Ng—Ny)
0 (nu+n.) @p—ny)
0 (mutnn) @p—ny) 3.7)
1 (ma+ms) (Me—ns)
1 (ng+n,) @z—n)
0 Ny Mgy

e—?z’rxoyl 9/[
C* = SR
r

S O

2 @fpv 9[
I

D*
M My

S O

0

1 N N,
1 Ny s
where

(—nn+ns)  (z—1)
(=g +n) (Ry—n,)
(~ N+ 1) (Mp—ny) '

(—ng+ ) (Mg— Nyy)

S O M
= =)

4. The Reflection at the Surface of the Layered Crust.

In the foregoing paragraph, we have treated the case in which the
multilayered medium is placed between two semi-infinite elastic media.
But in actual cases, our observation of seismic wave is performed at
the free surface of the earth crust which are known to have layered
structure. Therefore the problem must be treated in which one boundary
plane is free from any traction.

In order to solve this problem in this section, first we assume the
boundary plane at y=y, to be free, and denote the amplitudes of
incident P-, reflected P- and reflected S-wave as A, C* and D* respec-
tively.

From (2.16) and (3.1), we get

. ~twgyyy Yk eiwoyl —mo'g/l * Llagyy
U e + e + e
) A e~ V1 — C'* gl*om A etV — C'* gloary
=|L || M, —~|F ")
Y, — D* ¢ _ D* ¢tfm
Xy Yn D* effon1 D* etfor1

where




From the condition of free
stress X, vanish at y=y,.

5.

In the foregoing problems,

-the incident wave is dilatational.
that the incident wave is distortional and the displacement is involved
If we put the amplitudes of distortional

in ay-plane (SV type wave).

270 T.
Ju fu S

Fl= Sa fo Sfu

Sa fo Ja

Jao fu fu
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fll

fa =1L | M, 4.2)

S

S

surface, normal stress Y, and tangential

Putting this condition into (4.1), we get

D* (=fu+fp)e™ ™ (fis—fiu)ePn Ju+fe
or employing the expression of another form
C*:L‘sz (fa+Sfe)  (fu—1) .
r (Fatfe)  (u=ri)
D — 9 o~ KagHBy 9| Fan Fan ! | ’
I fa Fo 4.4)
where
(=S +Sa) (fs—Fs1) l
’ (=futfi) (fis=S4)

When the Incident Wave is Distortional.

we have treated chiefly the case in which
Here we start under the condition

wave as B, we get the expression corresponding to (3.1),

U C* ¢
P ~lm —C* ooy 5.1)
Y, B g~ o1 — D* glho
X, ) B g~ o1 4 D* ¢lPonr
Further calculation is quite similar to the foregoing one. Resulting
equation corresponding to (3.6) is as follows:
A* e tn¥n 0 (__nu_}_,nw)emo?q (7113~n1.1)6iﬂ°y1 1 s+ Ny B ¢~ Fon
B* e7tonvn 0 (= 1p)et 0"t (R —my,)etort Tz + My
c* 0 e ®nvn (=g +05)8 0" (14— 1y, )ef0n1 Nz + Ny
D* 0 e Prvn (—my+nu)e @ (g—n,)efont Ty + Mgy (5.2)
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6. Numerical Examples.

We treat here the case n=2, that is, the case of a single layer
existing. In this circumstance, the matrix [N] in (8.5) becomes [M.]™
x[Ki] [M,].

We assume that Poisson’s ratio o is 1/4 in each medium and the
incident angle of P-wave 6, is /6. We take two models of the layered
medium, one containing the low velocity layer among the high velocity
media, and the other containing the high velocity layer.

In the former case, we assume that the ratio of the P-wave
velocity and that of the density in each medium are as follows:

Vo 2 Vi ¢ Vip=1:1/2:1
P Pyt opy,=1:8/4:1
The results of numerical calculation are shown in Table I and Fig. 3.

In the latter case, the ratio of the P-wave velocity and that of the

density in each medium are as follows:

Voo 2 Vi 2 Vp=1:1/2 : 1
Po ot opy=1:4/83:1
The results of numerical calculation are shown in Table II and Fig. 4.
In both figures, we take the ordinate as the ratio of the absolute
value of the amplitude of transmitted and reflected P-wave A* and C*
to that of incident wave 9, and the abscissa as the ratio of thickness
of the layer d to the wave length L of P-wave in that layer.

o © A7 QL
5 S
)
he)
E
205 c/a
< $
0 1 | ! !
0 02 04 06 08 1.0
d/L

Fig. 8. Amplitude Ratio (low velocity layer)
T
o= Voo Vi Vip=1:1/2:1, potpripa=1:3/4:1)
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d/L 0 0.1 0.2 0.3 0.4
Transmitted P-wave 1.0000 0.9180 0.6893 0.6928 0.7053
Transmitted S-wave 0.0000 0.1520 0.1807 0.7192 0.85566
Reflected P-wave 0.0000 0.3373 0.4748 0.5929 0.4992
Reflected S-wave 0.0000 1.0250 1.1660 0.6052 0.6426

0.5 0.6 0.7 0.8 0.9 1.0

0.8251 0.8071 0.8206 0.5932 0.8533 0.8753

0.6251 0.6944. 0.9196 0.8648 0.4805 0.5023

0.1407 0.3568 0.3774 0.6001 0.4165 0.0459

0.6608 0.7354 0.6191 0.7988 0.4638 0.8632
Table II. Amplitude Ratio (high velocity layer).

d/L 0 0.1 0.2 0.3 0.4
Transmitted P-wave 1.0000 0.9248 0.8048 0.8346 0.8878
Transmitted S-wave 0.0000 0.2519 0.4693 0.5866 0.6389
Reflected P-wave 0.0000 0.2380 0.6662 0.6785 0.5861
Reflected S-wave 0.0000 0.5895 0.6804 0.7372 0.4192

0.5 0.6 0.7 0.8 0.9 1.0
0.88656 0.8671 0.8268 0.9147 0.6932 0.8668
0.8508 0.8993 0.7699 0.6772 0.6336 0.8837
0.5812 0.7529 0.3176 0.0855 0.0977 0.3607
0.4738 0.9521 0.8977 0.5280 0.4107 1.4150
1.0 Y
o ivaell
: &
o
L
©
2
aQ5) y
g Cc/al
- S
’
0L ! \ ] L )
0 02 04 06 0.8 1.0
d/L
Fig. 4. Amplitude Ratio (high velocity layer)
(GO:E, Vpo: Vi Vpe=1:12:1, ppipripe=1:4[3:1)

6
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