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1. Introduction.

Evidences hitherto revealed by the perusal of seismograms have
lead us to believe that the surface erust of our earth has at least a
doubly stratified structure in most places. But notwithstanding this
almost universal fact, we often treat the problems of seismic surface
waves theoretically under the assumption of semi-infinite elastic body
with a single superficial layer®. It is certain that this is mainly due
to the difficulties of problems in case of multiply stratified medium,
but it may be partly due to our vague confidence that the nature of

waves and their propagation will not suffer much change by such
simplified assumption, since a single layer, if chosen suitably, might
be equivalent to the double layer. Indeed this confidence does not
seem unreagsonable in view of the close resemblance of the shape of
dispersion curves for Love-waves propagated on doubly stratified
medium and on single layered medium. Thus it seems possible for us
to find an equivalent structure of single layer, so long as the velocity of
the waves is concerned. In this paper, we will call such a layer as
‘‘equivalent single layer’’, and the structure as ‘‘simple structure’’.
But, has this equivalent layer an appropriate value of thickness? Do
not the values of density and rigidity of the layer differ markedly
from those of two layers? Can we regard them as representing truly
the original structure of the medium?

Recently it has been repeatedly suggested that the dispersion
curves of surface waves may be used in determining the surface

1) The number of the investigation of surface waves with doubly stratified me-
dium is extremely small compared with the papers treating the media with one or
without layer.
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gtructure supplementally to the data of bodily waves®. But such
doubts as mentioned above must be cleared up before the dispersion
curves can be safely used in underground prospecting.

With this aim in mind, the following ecalculations are made taking
some typical examples to clarify the difference of the estimated thick-
ness, density and rigidity of equivalent single layer from those of the
original doubly stratified structure.

2. Fundamental equations.

It is well known that we can observe two kinds of surface waves
in seismogramg: the Rayleigh- and the Love-waves. Although we have
as much interest in the former kind of waves as in the latter, we can
hardly discuss the dispersion curves of Rayleigh-waves propagated on
doubly stratified medium on account of the enormous labour involved
in the calculation®. Consequently, in this paper, we will confine our-
gelves to the discussion of Love-waves only.

Characteristic equation of Love-waves assumed to bz proportional
to exp {ipt—ifx} in doubly stratified medium is as follows;®

2) B. GUTENBERG, ‘‘ Dispersion und Extinktion von seismischen Oberflichenwellen
und der Aufbau der obersten Erdschichten.” Prysikalische Zeits., 25 (1924), 377.
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where V is the velocity of Love-waves while the other notations are
illustrated in Fig. 1. '

On the other hand, the characteristic equation in the simple
structure is®

w=sec 0 [Tan™? {y sec 8- 1/(sin®* 0 —sin®G)}1.........(2.2)

in which

sind, = V.|V,
sin 6,/sinf = v, ,
o =pH, [V,
L=p'|p.

where suffix ¢ denote the value in equivalent simple structure, and
v, V,' the phase velocity of Love-waves in simple structure, while the

other notations are illustrated in Fig. 2.
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5) Y. SATS, “ Study on Surface Waves I. Velocity of Love-Waves.” Bull. Earthq.
Res. Inst., 29 (1951), 1. Expression (4.6). )
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3. Examples.

It seems so difficult to slove the problem described in § 1 generally
that we will discuss this subject by taking some typical examples in
this section.

Example 1.

As is given in the upper rows of Table II the velocity of S-waves
in the upper two layers are assumed to be equal, although the density
and rigidity vary discontinuously at the depth H from the free surface.

The relation between the velocity and period of
Table L. Love-waves are calculated by the expression (2.1)
Relation between gnd is given in Table I and also by the full line

vand ¢ n e in Fig. 5.
s | & T ; |

B Velocity (unit;V,) /"’ .
3 0
2.96 L1572 &
2.8225 .3316
2.69 .4312
2.44 .6116 6 //
2.21 - 7562 Period (unit tH/V,)
z -918 o] 2 4 6 8 10 12
1.81 1.086 - R
1.64 1.286 o Fige 82 ,
1.49 1.531 %2 On the other hand we searched for a disper-
1.86 1.848  sion curve of simple Love-waves which fits well
1.25 2.282 with the above curve. The broken line in Fig. 8
1.16 2.926 gives the result, showing extremely good coinci-
1.1229 3.382 dence with the full line. Material constants and
1.09 3.989 the thickness of the layer employed for writing
1.0625 | 4.83¢  this curve is
1.04 6.105 Y= [ =3, H/H=1......(3.1)
1 oc Namely the estimated structure by the idea of

equivalent single layer is as follows®:

6) To fit the two curves we always assume as
Ve=1V, and Ve =V, L.l 8.2)
which are necessary to secure the equality of the velocities of extremely short and
long waves in two structures.
Further, we adopt the assumptions
Me = 1y » Pe=pPy , ... (3.3)
because the surface values are directly determined by other observations and measure-
ments. .
Under such conditions we search for a most appropriate values of j.’'/u. and He/H.
In this study, however, the word ‘“most appropriate® is not used in the sense of
“least squares’’ principle, but just in the macroscopic sense.
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Table II.
. Thickness | Density Rigidity ° fVSe_l‘%fg?é s
iy 8 1 (52
Real struture Upper layer 2 - 10" 10 * 3 o
with double : 1 1 ‘1w
Middle layer - H 0 P R <—- ”)
layer 2 i3 3 0
~ . . 787
Semi-infinite part - Y I /(T)
) x
Simple structure | L H | L "<l i)
imple structure ayer 10° 10" ’/ 3
with equivalent 3 3 u
single layer Semi-infinite part — 10° 10" '/ <T>
i

As is clear from the above table, the estimation of the thickness is
quite good, and is equal to the sum of thickness of two layers of real
structure. The coincidence however of the physical constants is not
so good as that of the thickness. If we estimate the value of density
and rigidity by the above method we shall make a grave mistake.

Example 2.

We will next take another example which we gave in the previous
paper”. The distribution of matters in this case is a very peculiar
one, which is to be rarely found in natural state. (cf. Table III, upper

rows.)
|40| _| _______ ‘
Velocity (unit;Vy) "/:;;"/”ii

Pericd (unit; H/V,)
Q 2 4 6 8 10 12
Fig. 4.
Dispersion curve of the original structure is given by a full line
in Fig. 4, while the broken line in the same figure —which is constructed
7 loc. cit., b).
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by the constants z.'/z.=4.5 and H,/H=2/3—shows that of simple struc-
ture®. We will give the estimated constants of simple structure in
the following table as before, although we could not find a curve
which fits so well as in the former case. In this case also, the discre-
pancy of the values of physical constants is not small as will be seen
from Table III.

Table III.
Thickness | Density Rigidity oyse_lgv‘g% <

Real structure | Upper layer %H ) I / (i;—)
with double ; }H ) S
layer Middle layer - H 0 1o / (T(f N
Semi-infinite part - o u / ( %)
Simple structure | Layer 2 H ) L# <717 £
o . 3 10 10 »

with equivalent 9 9 .
single layer. Semi-infinite part - 50 ° 20 ’/ \p )

Example 3.

Study on the propagation of Love-waves along a doubly stratified
earth was performed by T. |

. . S L
Matuzawa®, in which he em- lw If’,=2<79'/Cﬂ13,}1|=29'4km-gr-sec,\/|=345km/sec
. . H=50km™F
pl'oyed the assumption shown in | Mo |pe30n, peaa0 n L Vemao
Fig. 5. His calculation covers =
the cases £,=0.4, 2,=0.6 and 4, Po=3.4p 5 }3=68.9 » , V=45 »
=0.9, %,=0.1. In this paper,
however, we have adopted the Fig. b.
Table 1V.
Case ! I a ] b c d e
hy 1.0 .9 .8 .6 .4 .2
e 0 .1 .2 4 .6 .8

8) In this example only, we adopted the assumption )
Ve=Vo, and Oc =P  ceeieereenns (3.4)
instead of (3.3). This is necessary to secure the equality of the velocity of short waves.
9) T. MATUZAWA, “Propagation of Love Waves along a Doubly Stratified Layer?®’.
Proc. Phys.-Math. Soc. Jap. [iii], 10 (1928), 25.
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Ve locity =
(unit; V3L/’/
" Y,
y
4
4
8
Period (unit; H/V,)
5 2 4 6 -8 10 12
. Fig. 6e.
Table V. Relation between v* and & in the example 3.
Case a b c d e
v? 3
1 0 0 0 0 0
. 987654 .3187 .3365 .378 .4355 5115
.916543 .8550 .906 1.040 1.221 1.507
. 8217285 1.386 1.476 1.722 2.122 2.935
.7685186 1.762 1.875 2.236 2.873 4.560
.679506 2.496 2.692 3.300 4.582 8.823
.592593 4.564 4.960 6.388 9.388 18.793
537778 e o) o o) o
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Table VI ‘
Case a b e d e
hy = HJH 1 .9 .8 .6 4 .2
o= Ho/H 0 1 .2 4 .6 .8
H./H (estimated) 1 4/3 10/9 | 1/1.05 1/2.1 1/5
He ( »» Ykm 50 66.7 b5.6 47.6 23.8 | 10.0
H (original) 50 km
pe’[ue (estimated) 2.844 2.5 2.0 2.0 1.05 0.6
ue’ (5, )km.gr.sec.| 68.9 73.5 58.8 58.8 30.9 17.6
pz  (original) 68.9 km. gr. sec.
ﬁ;e’ [pe (estimated) 1.2592 1.344 1.076 1.076 .5647 .3227
e (5 )grlems| 8.40 3.63 2.90 2.90 1.62 | .87
03 (original) 3.40 gr./em3

five ceases in Table IV, and calculated the dispersion curve in every
case respectively. The results are given in Fig. 6 a, b, ¢, d, e (full
line) and in Table V.

On the other hand we calculated tentatively the velocity in simple
structure, giving various values of g.//¢. and H,/H. The obtained
results, which seem to fit fairly well with the original curves are the
broken lines in the same figures.

The adopted values of x./[p. and H,/H are tabulated in Table VI
together with the original real values of the medium.

In spite of the good fitting of full and broken lines, the discre-
pancies lying between the original -values and the estimated ones are
generally very large.

4. Conclusions.

In the preceding articles we have examined the possiblity of
finding the ¢‘simple structure’ with an ¢ equivalent single layer.”
The answer is in the affirmative, and we could find the simple struec-
ture whose dispersion curve fits pretty well with that of original
structure in every case. However, with regard to the estimated
values of the thickness of the layer, the results are not always so
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satisfactory as in the case of fitting the curve. Moreover, between
the density and rigidity ecalculated by the above method and the
original values there is a marked discrepancy. Consegquently, judging
from the above results, crude and scanty as they are, we are obliged
to give a pessimistic conclusion to the questions raised in the introduc-
tion of this paper. Namely, the equivalent single layer with regard
to dispersion curve does not always give an appropriate value of
thickness of the crustal layers; and the estimated density and rigidity
are often considerably different from those of two layers; hence we
can not regard it as a good representation of the original structure
of the medium. So long as we are ignorant of the correct structure,
which is quite difficult to grasp, the knowledge of the dispersion curve
of the surface waves will be of little use for our practical purpose of
prospecting the underground structure.

The above discussion is limited only to the theory of Love-waves;
however, we cannot expect to obtain a greatly differing coneclusion
even if we extend our study to the case of Rayleigh-waves.
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