4. On the M,waves (Sezawa-waves).

By Kiyoshi Kanari,
Earthquake Research Institute.
(Read Dec. 17, 1946; July 18, 1950.—Received Dec. 20, 1950.)

1. Introduction.

Many years ago we found? that there are generally two kinds of
different wave types of the dispersive Rayleigh-waves transmitted along
the surface of a stratified body. But, our previous studies being restricted
mainly to the fundamental nature of these waves, no detailed condition of
the range of possible existence of these waves has yet been determined,
owing to the extremely complicated forms of the mathematical solutions.
In the present investigations, we shall extend our studies to the condition of
the range of possible existence of dispersive Rayleigh-waves. Next, as we
are now in a position to confirm the existence of M.-waves in actual seismic
waves, we shall deal with the general natures of the M;-waves to a greater

extent.
2. The dispersion curves of the M.waves.

The equation of dispersion curves of the Rayleigh-waves transmitted
through a stratified body originally obtained by us is
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1) K.SEzawa and K. KaNaI, “Discontinuity in the Dispersion Curves of Rayleigh
Waves”, Bull. Earthq. Res. Inst., 13 (1935), 238.
K. SEzAwA and K. KANAI, “The M.-Seismic Waves’’, Bull. Ecathq. Res. Inst.,
13 (1935), 471.
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in which H is the thickness of the stratum, 2z/f
the wave length, o/, ¥, »/; o, 1, i the densities

and elastic constants of the stratum and the
subjacent medium respectively.
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In our previous studies, the dispersion curves
corresponding to the Ms.-waves of very small
wave length and the vicinity of critical condition
were left untouched, owing to the extremel§7
complex numerical calculations.
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Fig. 1.

We shall now examine more closely the cases in which the ratios of
the rigidity of the subjacent medium to that of the stratum are 2, 5, 20, oo,
the densities of both media being the same and Poisson’s condition of elastic

Table I. pjp'=5, plo’=Apu=1]n' =1.

DIfs VT 1.0 1.2247 1.414 1.4491 1.5497

M, 0 0.9079 — 1.358 1.782

L/H S

' M - 2.904 3.85 4.050 4.812
Table II. pfpn'=20, plo’=2jp=1]n/ =1.

I xura 1.0 | 1.0954 1.500 1.6432

M, 0 | 0.5981 1.387 1.929

LiH ! s
M - ] 1.818 3.484 3.9077
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Table IIL. pjp'=oc0, plo’=2p=2[n'=1.

PUf- v oTTa © 1.0 1.0954 1.4142 1.6132 1.8974
M, 0 0.609 1.20 1.861 —
L/g N -
M = 2.098 3.120 3.730 4.37

constants being satisfied, and also the case in which the rigidity ratio is
2/’ = 1.65 and the density ratio p/p’ = 1.14. Theresults are given in Tables [,
II, III (other values taken from previous papers®) and plotted in Figs. 2~6.
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Fig. 2. The dispersion curves
of a case in which A/u=2"/u"'=1,
pninf=2.

Fig. 8. The dispersion curves
of a case in which 2/u=2"/p'=1,
olo'=1, plo'=1, plu'=5.
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Fig. 4. The dispersion curves
of a case in which Aju=24"/n'=1,
o/o'=1, p/n'=20.

© Fig. 5. The dispersion curves
of a case in which A/p=2"[n'=1,
plo'=1, plp'=oo.

2) Bull. Earthq. Res. Inst., 3 (1927), 1; 13 (1935), 238; 239; 472.
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It will be seen from these figures that M.-waves exist within a narrow
range, that is, a range of relatively small wave length, while M-waves existI
in throughout whole range of wave
length. The velocity of transmission
of the M.-waves at critical condition
reaches to the velocity of transverse

"""" [ waves of subjacent medium and
. i > H those at L/H—0 tends to the velocity
] of the Stoneley-waves in case the
Fig. 6. The dispersion curves Stoneley-wave can exist and to the
‘of a case in which A/u=2/p'=1, transverse waves of stratum in case
plo'=1.14, p/p’=1.65. .
it cannot.

3. The determination of the range of possible
existence of dispersive Rayleigh-waves.

Since the decrease in amplitudes in the subjacent medium as to the
distance from the boundary surface is given by e v, e~®v, in case either
of f2—I2, f:—k® .is negative, the condition of the surface waves fails.
. Hence, the critical condition of the possible existence of Rayleigh-waves is
determined by the condition that either of f2—A? and f2—k® changes its
sign from positive to negative. From the nature of things /2<{Z%%, the
condition under consideration is given by f2=£k2. Then, the velocity equa-
tion (1) reduces itself to

fi;_:”’ (2 J/; )11—7—!404-(

47’; L @ cosh ' Hsinh s'H +25 f (2—3{-—) sinh#'H cosh s’H

»Heosh s'H

WENE] 12\ 2
+{4'j:f' c+(2—%) alsinhp/ Hsinh s H =0, ......... (3)
where /
I].12
p = N]L, = —uy, n=—u¥, &= —7, |
/Lf‘
! 2 L2
R o o R R o B
, R o (4)
L. L), =1 L A 1_W,_1,M(L)‘,_
NG ) Hp+2 A +2\ o
s/ v Y
=1-(-2).
e (1)’ )




Part 1.] On the M,-waves (Se:amwa-waves). 43

In special case (v/v')?=1, equations (3) and (4) become
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Using equations (3)~(6), the special cases for Poisson’s ratio (¢=1/4 and
o'=1/4, that is to say, A/u=A[x’=1) are on calculation. The results of
calculation for the three cases, (v/v’)?*=1/2, 2, 1 are shown in Figs. 7, 8, 9.
In the double hatched area of these figures M- and M.-waves can exist,
while M-waves can exist in the hatched area only and in the blank area
no Rayleigh type waves can exist. From Figs. 8 and 9, it will be seen that
M.-waves can exist only within a narrow range, that is, a range of relatively
small wave length, in »/v’ >1, while it is possible for M-waves to exist
within a range from zero to infinity of wave length under the same condition.
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Fig. 7. The range of possible existence Fig. 8. The range of possible existence |
of M,- and M-waves for the case (¢v/v”)*=1/2. of M,- and M-waves for the case (v/v’)*=2.
In the hatched area M-waves only can Inthedoublehatchedarea M,-and M-waves
exist;; in the blank area no surface waves can exist; in the hatched area M-waves
can exist. only can exist.
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On the other hand, Fig. 7 shows
that, under the condition of vjv’ <
1, no M:-waves can exist in any /
wave length, while M-waves exist /4
in relatively large wave length
unless the condition of possible
existence of the Stoneley-waves be R
satisfied, that isto say, s/, >0.39,
and exist for any wave length
within the range /[ << 0.39 where
Stoneley-waves can exist, under
the condition of »jv’ <{1.9

Fig. 9. The range of possible existence
of M,- and M-waves for the case (v/v')*=1.
In the double hatched area M.- and M-waves
can exist; in the hatched area M-waves
only can exist.

4. Dispersion curves

of higher order of IR R ; ‘,:3"""‘““°"j:fg"‘
M- and M -waves. plp P Rt !
2 fNEZ S
In order to make the nature R ," b,

of M.-waves clear, we deter-
mined the dispersion curves of

M- and M.-waves of higher 2
order in the bodies whose den-
sities and elastic constants are

15+

specified by A/n=2"[p'=1, p/p'=1,
rlr=8. The results are shown

in Table IV and plotted in Fig. a 4, —-——»%/
10. Thetypes of orbital motions, # _//f i 2 5', ,'0

of the free surface correspond-
Fig. 10. The dispersion curves of a case

ing to points A, B, C, D of the
four dispersion curves are shown
in Figs. 11~14 together with the

in which Ju=/p'=1, plp’=1, p/'=8. The
curves in broken line and full line represent
M.- and M-waves respectively.

3) The results obtained approximately by J. G. Scholte somewhat differ from
the precise results of the present paper.
J. G. SCHOLTE, *The Range of Existence of Rayleigh and Stoneley Waves”’,
M. N.R.A.S., Geopliys. Suppl., 5 (1947), 120-126.

Added note:

As we mentioned in the previous paper,” our numerical calculations concerned
with Stoneley waves were carried out by means of the equations which were led by

introducing f*=k' or f*=k'* into (4).

The form of the equations used but not

written in the paper is reduced to that® of (1) and (2) of Scholte’s paper.
4) K. SezawaA and K. KaNai, “The Range of Possible Existence of Stoneley
waves, and Some Related Problems’’, Bull. Earthq. Res. Inst., 17 (1939), 3.

5) loc. cit., 3), 120.
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Table IV. pfi’=8, plp’=2/p=ip =1.

45

1.68 1.8166 | 2.000 | 2.4495

2.436 | 3.763 | 4.942 | 7.154

plf- vV | 1.0 1.1 1.32 | 1.44
|
M, 0| 0.62832] 1.0665 | 1.2913
L/H :
M| —|2.2258 | 3.0098 | 3.5508

4.434 | 5.427 | 7.270 | 24.05

Fig. 11. The dis- Fig. 12. The dis-

tributions of displace-
ments and orbital
motion of case cor-
responding to point
A in Fig. 10.

tributions of displace-
ments and orbital
motion of case cor-
responding to point
B in Fig. 10.

distribution of displacements at different depths.

It will be seen that there are two
kinds of orbital motion, one in the same
sense as that of the gravitational waves
and the other in the same sense as that
of the usual Rayleigh-waves transmitted
on the surface of a semi-infinite body.
Then, it will be reasonable to consider
that the dispersion curves C and D
correspond to the first order of disper-

sion curves of M.-waves and M-waves

respectively and there will be an infinite
number of dispersion curves which cor-
respond to higher order of the M.-waves
and the M-waves.

Fig. 13. The dis-
tributions of displace-
ments and orbital
motion of case cor-
responding to point
C in Fig. 10.

Fig. 14. The distributions of
displacements and orbital motion
of case corresponding to point D
in Fig. 10.

5. Distribution of displacements at different depths.

We also studied closely the distribution of displacements at different
depths: Horizontal and vertical components of displacement within the
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stratum and in the subjacent medium is reduced to
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‘The results of calculations of the cases corresponding to points by, bs, b:, b,
a, a: indicated in Fig. 10, are shown in Figs. 15~20. These figures show that
the distribution of displacements of waves corresponding to M.-waves is
somewhat different from that of M-waves. It appears that there is the
maximum of horizontal displacements having no horizontal nodal plane in
the stratum for M.-waves excepting relatively small wave length, while it
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Fig. 16. The distribu-
tions of displacements of
case corresponding to
point b in Fig. 10.

Fig. 16. The distribu-
tions of displacements of
case corresponding to
point b, in Fig. 10.
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Fig. 17. The distribu-
tions of displacements of
case corresponding to
point b; in Fig. 10.
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Fig. 18. The distribu-
tions of displacements
of case corresponding to
point b, in Fig. 10.
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Fig. 20. The distribu-

Fig. 19. The distribu-
tions of displacements tions of displacements
of case corresponding to of case corresponding to
point @, in Fig. 10.

point @, in Fig. 10.
seems no particular feature in the distribution of displacements of M-waves.
It would be useful to identify the M.-waves with the peculiar waves in the
seismic records at different depths of the earth.

6. Concluding remarks.

From mathematical investigations it is ascertained that the two kinds of
dispersive Rayleigh-waves, which we have previously found, fairly differ
in their nature. It has been ascertained fairly that M.-waves can exist
in a narrow range, that is the range of relatively small wave length, in
v/v' >1, and impossible to exist in any wave length in »/v'<1. While, -
M-waves exist in any wave length in v/’ =1, and in the range »/v’' <1 for
#'[10<<0.39, and are possible to exist for relatively large wave length in
the range p/{;n>>0.39 under the condition of /v’ <{1. ’
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The waves corresponding to M.-waves including higher order are
transmitted with an orbit of the same sense as that of gravitational waves,
while those corresponding to M-waves including higher order do so with
an orbit of the same sense as that of usual Rayleigh-waves.

It should be born in mind that there is the maximum of horizontal
component of displacements having no horizontal nodal plane in the stratum
for M.-waves excepting relatively small wave length, while there are no
peculiar feature for M-waves. As a matter of fact, by utilizing this feature,
we should be able to confirm to a greater extent the existence of the
M.-waves in actual seismic disturbance.

These results were found from complex numerical calculations, and
not immediately from the mathematical expressions.

In concludmg this paper I wish to express my thanks to Miss S. Yoshi-
zawa for her kind assistance in preparing this paper.
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