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Introduction.

As shown by Gaussl, it is possible to separate the earth’s magnetic field
into parts of external and internal origins. Applying this method to the field
of the daily variation, Schuster? was the first who found that the major part
originates above the earth, but there is also a part of internal ‘origin.” Ac-
cording to his investigation, the latter may be the secondary field due to the
electric currents induced in the earth by the variation of the external one.
This hypothesis seems to be able to explain the relation between the two
parts when the electrical conductivity (¢) and the magnetic permeability (u)
are distributed suitably in the earth. After Schuster’s investigation, we mad=
a good number of studies concerning this problem. Their brief outlines will
be mentioned as follows.

In the above mentioned paper, Schuster, in co-operation with Lamb, showed
that the conducting sphere must be smaller than the earth, that is, the outer
layer of the earth must be non-conductive.

Using the observed data of 21 stations distributed widely over the earth,
Chapman® made a more complete analysis of the daily variation field. If the
thickness of the non-conducting shell is about 250 % and the electrical con-
ductivity of the inner core amounts to 3.6x10~13 emz, the relation between
the amplitude and phase of main harmonics becomes reasonable, while the
magnetic permeability is assumed to be unity.

Chapman and Whitehead? studied electromagnetic induction by periodic
magnetic variation in a conducting sphere whose permeability has any value.
They showed that we can determine the ratio ¢/ from the observed data,

1) K. F. Gauss, “ Allgemeine Theoric der Evdmagnetismus”, p. 13,

2) A. SCHUSTER, Phil. Trans. Roy. Scc. London A, 180 (1889), 467.

3) S. CHAPMAN, Phil. Trans. Roy. Soc. Lordon A, 218 (1919), 1.

4) S. CHAPMAN and T. T. WHITEHEAD, Trans, Cambr. Phil. Soc., 22 (1922), 463,
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. but not o and p separately. They also investigated the possible influence of
the induced field produced by the electric current which is flowing in sea.
As the electrical conductivity of sea-water amounts to the order of 10—-10~10-11
in electromagnetic unit, it is of importance to estimate to what extent the
varying magnetic field may be affected by the presence of sea. According to
their estimate, the field must be considerably affected by the presence of a
comparatively shallow sea which spreads all over the earth with uniform depth.
In practice, as the distribution of land and sea is very irregular, the induced
electric current in an ocean must presumably be far less intense, on the
average, than it would be in the world-wide sea on account of the complicated
ocean boundaries.

As pointed out by Chapman®, the average field of magnetic storms is
mainly of external origin but also has a part produced within the earth. As
well as in the case of the daily variation, the latter is naturally interpreted
as the induced by the variation of external origin. Chapman and Whitehead?
made an attempt to determine the electrical conductivity from storm-time
induction. Constructing the mathematical theory of electromagnetic induction
by aperiodic field, they got o=1~4x10"3 emz in the conducting core. Their
calculation was, however, somewhat rough. According to the later work, the
conductivity must be higher.

The mathematics of electromagnetic induction in a sphere was fully in-
vestigated by Price®. . In co-operation with him, Chapman® studied the
electrical state of the earth’s interior consistent with the storm-time variation.
According to their study, it was required c=4.4 x10~13 gsmz¢ for a core of al-
most exactly the samsz size in daily variation. It is remarkable that the
electrical conductivity which is in accord with the daily variation and the
storm-time variation differ from each other. The slower the change, the deeper
do the induced electric currents penetrate into the earth. As the storm-time
variation is slower than th= daily one, the conductivity, which is consistent
with the former is interpreted to correspond to the deeper part of the earth’s
interior than the one obtained from the latter. Then the earth’s interior can
not be uniformly conducting.

K. Terada? discussed electromagnetic induction in a sphere consisting of
many concentric shells whose elcctrical conductivity differ each other. Apply-
ing his theory to the induction by 12-hourly component of daily variation on

5) S. CHAPMAN, Proc. Roy. Soc. A, 95 (1918), 61.

6) A. T. PrICE, Proc. Lond. Math. Soc. ser. 2, 31 (1930), 217,

7) A. T. PRICE, Proc. Lond. Math. Soc. ser. 2, 33 (1931), 233.

8) S. CHAPMAN and A. T. PRICE, Phil. Trans. Roy. Soc. London, A, 229 (1930), 427.
9) K. TERADA, Geophys. Mag, 13 (1939), 63 and 16 (1948), 5.
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the basis of-Chapman’s analysis, he got the same conclusion with Lahiri and
and Price’s investigation as mentioned below.

As mentioned above, the deeper part of the earth may be more conductive
than the part near the surface. In order to gat more precise knowledge about
the conductivity-distribution, Lahiri and Pricel® studied electromagnetic induc-
tion in a conducting sphere whose conductivity varies proportionally to #-m
where 7 and 2 denote respectively the radial distance and at the same time
a constant. According to their study, it was informed that the conductivity
becomes enormously higher at the depth of 700 k2 beneath the surface. *

Summing up the results of these studies, it is likely that the electrical
conductivity of the earth’s interior increases with the depth. Although, these
investigations gave us very interesting conclusion, only the daily and storm-
time variation were considered up to now. We have, however, magnetic
variations of another type such as abrupt beginning of magnetic storm, solar
daily disturbance variation, bay-type disturbance, pulsation and -disturbance
accompanying solar eruption. If we can collect a good many data from
observations, these variations may also be available for our purpose. While
a few of them vary with periods comparable to that of daily variation,
abrupt beginning and pulsation vary very rapidly. To use these variations
whose periods differ very much will be desirable for getting more complete
knowledge about the conductivity-distribution in the earth. In this paper,
electromagnetic indu_ction‘ due to variations of various types will be discussed
as far as the writer can get data.

As is known in researches of scismic waves, there is a distinct disconti-
nuity at the depth of 2900 k2 in the earth. In the core, inside this boundary,
it seems very likely that the rigidity is so small that we can scarcely observe
the transversal waves which come throngh this region, while the velocity of
the longitudinal waves decreases from about 13 to 8 kmz/sec at the boundary.
This is an evidence that the physical state of the material differs distinguish-
ably at this level and consequentiy it may be natural to consider that the
electrical conductivity also changes in- and outside this boundary. From this
point of view, the writer attempts to determine the electrical conductivity in
the earth’s core and mantle separately.

As to the influence of sea, about which only an idealized case was investi-
gated by Chapman, Whitchead, Lahiri and Price,?. 19 a complete estimate for
the real earth is very difficult, because the distribution of land and sea is very
complicated.” In this paper, the writer, intending to investigate the possible

10) B. N. LAHIRI and A. T. PRICE, Phil. Trans. Roy. Soc. London, A, 237 (1939),
509. .
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influence of ocean, such as the Pacific and Atlantic Oceans, calculate approxi-
mately to what extent the daily variation and the sudden commencement of
magnetic storm may be affected by the presence of a sea bounded by two
meridians 7/2 apart in longltude. .

In short, this paper is an extension of studies on electromagnetic induction
in the earth which was hitherto developed by many magneticians. It is hoped
that the knowledge about the electrical state of the earth’s interior obtained
in this study may contribute to get the more comprehenswe knowledge of the
internal constitution of the earth and physical propertles of materlal in such
high temperature and pressure as is in the earth

CHAPTER I. ASSUMPTION ON THE MAGNETIC
PERMEABILITY IN THE EARTH.

If u. would be larger compared to unity in the earth, the magnetically
‘induced field must be taken into consideration for our problem together with
electromagnetically induced field. Though we have not hitherto any reliable
method to infer ;the distribution of x in the earth, a few attempts have been
tried with respect to this problem. ‘ :

As pointed out by Chapman and Whitehead?, the magnetically induced
part cannot be separated from the electromagnetically induced part in the
case of periodic variation. On the other hand, Chapman and Price® showed
that it may be possible to make such a separation in the case of storm-time
variation. According to them, it is found that the magnetically induced field
will oppose the horizontal components and reinforce the vertical components
of the external inducing field at the end of magnetic storms because ‘the
electromagnetically induced currents may have fairly well died away at that
time. Then, if v differs considerably from unity, the ratio of the external
field to the whole field may become appreciably larger in the vertical compo-
nent than in the horizontal component. They tried to find whether such effect
really exists or not, examining data for several days after magnetic storms.
On account of the ambiguities due to difficulties to determine the undisturbed
state of the geomagnetic field and also the smallness of the later part of
storm-time variation, they found no reliable indication- that u differs from
unity.

Adams and ‘Greenl? investigated experimentally the influence of hydro-
static pressure on the critical temperature of magnetization for ferromagnetic
materials. Five ferromagnetic metals were used in their experiment, Deter'

11) L. H. ADAMS and J. W. GREEN, Terr. Mag., 36 (1931), 161,
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‘minations ‘were made at pressures up to 2000 atmospheres for iron .and
.magnetite, 2200 atmospheres for nickel, 2600 atmospheres . for nickel-steel, and

in the case of meteorite, 3600 atmospheres. The results indicate that pressure
has practically no-effect. However, the Curie point seems likely to .decrease
slightly with increasing pressure in the case of nickel-steel and meteoric iron.

An estimate of the increase of the Curie point of nickel and nickel-iron
alloys was made by Slater!? from a theoretical stand-point in which he applied
Clapeyron’s equation. According to him, the rate of increase for nickel with
pressure must be offhg order of 5x10-5degree per aimosphere, while, in the
case of nickel-iron alloys, it would become less as more iron is added. It
becomes zero with 70% nickel and negative for alloys with more iron. = As-
suming that the temperature and the pressure amount respectively to the
order of 5000 degrees and 10° atmospheres near the .centre of the earth, it is
required that the increasing rate of the Curie point must reach to the order
of 5x10-3 degree per atmosphere for the ferromagnetism in that region. This
magnitude is as much as one hundred times larger than the magnitude ex-
pected from the theory even for pure nickel. For this reason, it is implausible
that ferromagnetic state is kept inside the earth. '

Although the physical and geophysical studies mentioned above are not
always applicable to real earth, it is noticeable that they are all disadvan-
tageous to the assumption that the earth’s interior could be ferromagnetic.
Then, at the present stage of investigation, we naturally consider that u does
not ‘matérially differ from unity in the earth together with the impossibility
of any ferromagnetic explanation of the earth’s permanent magnetization.

" From this point of view, the writer assumes u=1 throughout the investi-
gations which will be developed in this paper.

'CHAPTER IL ELECTROMAGNETIC INDUCTION BY
DAILY VARIATION (so-called Sg-field). =

1. The influence of the ocean.

In promoting the study of the electromagnetic' induction in the earth, we
meet a dfficulty. This is the possibility that the electric currents induced in
the oceans may have an appreciable effect on the magnetic variations as often _
discussed by researchers of the present problem. . In sea-water, whose electrical
conductivity is about one hundred times Iérger than that of rock aLnd soil, the
induced electric currents in the ocean will become appreciably intense, especially

12) J. C. SLATER, Phys. Rev., 58 (1940), 54.
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in a deep sea. In order to investigate the influence of the oceans, Chapman
and Whitehead?® assumed that the earth is surrounded by a sea of uniform
depth. According to them, the internal part of the transient magnetic field
must be considerably affected by the presence of a comparatively shallow sea.
As they assumed that the sea is spread all over the earth, their conclusion
shows the limit to which the transient magnetic field is likely to be affected
by the existing irregular distribution of land and sea. On account of the com-
plicated ocean boundaries, the actual currents in the ocean, however, will be
much less intense than it would be in such an idealized sea mentioned above.
Then it is desirable to examine the extent to which the large oceans shield
the inner part of the earth from the outer field. From this point of view, the
writer will estimate below to what extent Sy may be affected by the presence
of a sea bounded by two meridians 7/2 apart in longitude.

— . —
The intensity of electric field £ and the magnetic induction B in a con-
ductor satisfy the equation

...................................................

when the phenomena are assumed to be quasistationary. Now we regard our
sea as a thin conductor whose thickness and specific conductivity are respec-
tively D and o. When the thickness is so thin that the problem can be treated
as a two-dimensional one, it is obviously sufficient for us to take into consider-

-_ ~> .
ation only the component of rot E and B which are normal to the surface.
Then, considering Ohm’s law, we get

(rot 7 )r=—Do 2Br. (1.2)

where 7 is electric current denS1ty and suffix » denotes the normal to the -
surface.

. —_—
As divi=0, we can define a current-function J which gives in polar co-
ordinate -

) :—_a] | ) == — ﬂ_
k7] a sin 06¢ , Z¢ aae ............................................. (1-3)

where @ denotes the radius of this spherical shell.
Substituting (1.3) in (1.2), we get

1{6".‘6 1 62}_2 0B, }‘ |
O (sine 8 )+ L &\ _pp, B 14
sin 6 g6 (.Sm 50 ) sne o) 1P (L4)
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When J can be expressed by a series of the type

J=SISTKRSE oo 15)

where S7 denotes spherical surface harmonic and K/ is a function of time,
14) becomes'by use of well known recurrence formulae

~ SIS Kp(On(n+1)Sy=aDo 63 e, (1.6)

Further, we assume that K » can be expanded into a Fourier series of the
form '

KB =50 K, 5 o (1D
whence we get. from (1.6)
- S u(n+1)K,:,Sreistt=a’Do %B%i et VTR (1.8)

If we can expand the righthand-side of this equation into a series of Shteispt,
we can determine K73, by comparing the coefficients of the corresponding
harmonics.

We only deal, in this Section, with main harmomcs of S, in Wthh magnetm
flux varies so slowly that we can neglect the influence of self-induction. Then,

66‘3; in (1.8) can be approximately regarded as the flux-change through umt

area which orignates outside of the conductor.
As already shown by Chapman?® the equinoctial mean of Sq can be ap-
‘prox1mate1y expressible as

By=3Ps(as,cos spr+bs,Sinspr) ....ooooeiiiiinl (1.9)
s

where T denotes local time. Taking (19) as the inducing field, we shall
estimate the magnitude and direction of electric currents induced in a- thin
conducting shell bounded by two meridians, ¢$=0 and ¢=m/2 on a sphere.
The normal component of the electric currents must vanish at the bound-
aries, namely ;=0 at ¢$=0 and ¢=m/2. This condition is satisfied by pre-

ferring Pf,“ sin 2v¢ instead of S). Then (1.8) becomes

> &=l 2v 6Br
—g%gnwﬂ)&ve'w sin 2= At ...(L10)

Under certain conditions, a function f(0,¢), defined between ¢=0 and
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¢=m/2, can be expanded in the next form

< <n/2
BCA $)= 24 Vi P2SIN20¢ ..o (1.11)
n=1v=
where
} = 201 L OS 10, $) P2 sin 206 Sin 0 ddp o .............. (L12)
m .
From (1.9) we get
B, _ o s
. ~ o - Pg{agcos s(pt+¢)+ b sin S(ﬁt+¢;}
or in complex expression
=ip >\ sesrt P {(as.1cos sp+ b sin s¢p)
S : '
+i(as sins¢—>bS51CoSSP) ... (1.13)
where £ denotes ¢=0 meridian time.
Using (1.11) and (1.12), (1.13) becomes
-@% =ip 35 5 (@ ibAG e PYSin2ug (1.14)
where . .
£ =21 (" P, Povsin oo et sin2ugdp . ... oo (115)
- . :
Substituting (1.15) in (1.10) and then comparing the corresponding co-
efficients of both sides, we get
2Daps . o
K= "FHDS (g b )ES i 1.16)
v in(n+l) ( +1 I)Cn, (
The current-function becomes
¥ 2 < =<n/2
J=EBob 51 SRS (apm b P sin2up (L17)
s=1'n=1 v=0 %(n 1)
» after ail. Then we'get current-intensity from (1.3) and (1.17). -

§s.'s can be easily obtained from (1.15). Their numerical values for s=1,
2,3, n=2,3,...,7 and v=1, 2, 3 are given in Table I
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Table I ¢ ,:,,

N 2 3 4 5 6 7
1 0 |00817(1+i) | O | 0.0088(1+4) 0 | 0.0019(1+4)
s=1 2 — — 0 |0.0147(1— | © 0 |0.0041(1—4) *
3 | — | — — | — | 0 00052044 .
1 0 0.167; 0 0 0 0 n
. »
5=2 2 —_— _— 0 . 0.0432 0 0.0110
3 — _ — — 0 0
1 0 |—002781—i) 0 [0.0022(1—i)
o= 2 -_— — 0 |0.00511—i)
Then the first three harmonics of the real part of J become
J=aDap(C; cos pt+ S sin pt+ C, cos 2pt
+.S; sin 2pt + C5 cos 3pt +.S;sin 3pf) ... (1.18)
where '
C,=(a—b}) (0.0817 P3+0.0088 P2+ 0.0019 P2+ ...)sin 2¢
— (ab+BY) (0.0147 PE-+0.0042 P4+ ... )sin 4¢ + (a3 —b3)
(0.0052 PS+..)SIN 6 ..oovvevvrenieneeiriiieciinn, e s
S1=(a}+ b}) (0.0817 P3+0.0088 PZ-+0.0019 P%+...)sin 2¢
+(ai—b3) (0.0147 P%+0.0042 Pj+ ...)sin 4¢ + (a}+ %)
(0.0052 PS8+ ...)8IN 6+ ..oovvevienieiiiieeiiieeeeeeen, ,
C,=0.167 @ P%sin 2¢— b3 (0.0432 P£+0.0110 P37+ ...) (. (1.19)
Sinde+ .ol e et et s
S,=0.167 b} P} sin 26+ a3 (0.0432 P4+0.0110 Pi+...)
SINAP+ ool e TTUUOTU *
C;=(a3+5)) {(0.0278 P3—0.0022 P¢+...)sin2¢
~(0.0051 P4+ ...)sindgp+...} ... ST , m
Sa=—(ai— ) {(0.0278 P3—0.0022 Pi+...) sin 26 .
—(0.0051 P4+ ..)sindp+ ...} ... ererieinins o 7
The lines on which G, Si,... ... are constant give the current-line that
corresponds to the current-flows varying with £ as cos p¢, sin pf, .. ... respectively.

For illustration, current-systems which correspond to Cy, S;, C2 and S; are
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shown in Figs. 1, 2, 3 and 4 respectively. The numerical values of a;’s and

bS1’s are taken from Chapman’s analysis® of Sy, 1905 (sun-spot maximum).
According to his analysis, the equinoctial mean of the harmonic coefficients
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Fig. 1. The current-systems for cos p:,
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Fig. 3. The current-systems for. cos 2 pz.
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are given in Table II'®, The time-origin of his analysis was taken at Green-
wich midnight. When the west boundary of our ocean is assumed to be 120°
E meridian which agrees roughly with that of Pacific QOcean, the harmonic
coeﬁic1ents referred to the 120° E meridian time or ¢=0 meridian time can

be easﬂy deduced from those values in Table II. These are given in Table
III.

Table II. Equinoctial Table IV. The amount of.
mean of the coef. eletcric current flowing .
for 1905. (after Table I1I. between two ad-
S. Chapman). Reduced coef. jacent lines.
s asi 1 bsi 1 s | asﬁ— 1 bss-\‘- 1 D Ar
1| 71¢| 24y 1| —56y| =507 100m | 120 amp.
2| —-66 0.1 2 32 -5.8 . 1000 1200
3| 44 |-15 3| 44 |-15 5000 | 6000
4| 17 | o9 4| —-08 |-19 4

In order to estimate the intensity of the current-flow, we take a=6400 km,
o=4x10~1 emu'¥ and p=27/(60x60%x24). Then the amount of the current-
flow between two adjacent current-lines is given in Table 1V in accordance
with the depth of sea.

These electric currents produce magnetic fields whose potential at " P(#,,
6o, bo) is given by

(" 7 COS y—a
Wfajo OL 6, ¢)—"T—sm9ded¢, ...... R—— (1.20)

where  is defined by

€os y=cos 6 cos 6,+sin 6 sin §, cos(¢— ¢0)
Meanwhile, we get out of the earth (7>a)

1/ R =(1/ry) ‘E_} (a/ 7’0)_kP #(Cos ) .

- Then differentiating with respect to @, we obtain

(7 cos y—a)/R*=(1/d?) % k(a/ro)*** Pr(cos y) .

13) According to the more recent analysis which will be referred to in 32, these
values differ slightly from those given in Table 11. It is sufficient, however, to take Chap-
man’s values to discuss the order of the influence of the oceans.

14) CHAPMAN and BARTELS, Geomagnetism p. 424.
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Further, considering the relation. .
A .
Pr(cos y)= zz(:) Pl(cos 6) Pj(cos 6,)cos L (p—d¢y)

the potential is given by the next expression

W= 3352 ka/n Piicos &), [ 710,4) Picos o)

0=0
sinfcosl(p—do)dodp. ........................ (1.21)

- Then we can express the magnetic field on the earth’s surface with sum
of spherical surface harmonics. This procedure, however, is so troublesome
that we can not practically get the whole distribution of the magnetic force
over the earth. Besides, as our ocean, which is bounded by two meridians, is
merely an idealized ‘mode], it is more practical to make an estimate approxi-
mately of the order of the field-intensity than try hard to get mathematical
exactness. .

Taking Fig. 2, for example, we see that the electric current-flow is fairly
parallel and uniform at the point on the equator of the centre of our ocean.
Then, to a fair degree of approximation, the magnetic force will be the same
as that due to an infinite horizontal plane uniform current-sheet with the same
direction and intensity of current-flow. Let this current-intensity be § in electro-
magnetic ‘unit, the horizontal magnetic force at this point will be 27, north-
wards. Giving 120, 1200 and 6000 amperes per 5 degrees of latitude to j as was
shown in Table IV, we get respectively 0.1, 1.4 and 7.0 gammas.

By means of a similar method, we can also estimate the order of the
magnetic field at the boundaries. Near the middle Iatitude, the magnetic
field will be approximately the same with that due to a half-infinite horizontal
plane uniform current-sheet with intensity j. The horizontal magnetic field
produced by this current-sheet is given. by #j. Then, giving the same values
to j, we get respectively 0.0, 1.0 and 5.0 gammas, eastwards at the west bound-
ary in the northern hemisphere. ,

Thus, in -the same way, we can estimate the horizontal magnetic force
due. to current-flows shown in Figs. 1, 3 and 4. The results in the northern
hemisphere are tabulated in Table V in which we do not show 8-hourly com-
ponent and higher harmonics, for their magnitudes are small compared with
those of 24~ and- 12-hourly ones. -

As to the vertical force, we can easily see that it will be affected in the
main at the centres of eddies and will not be influenced on the equator at
all. As to the quantitative estimate, it being rather complicated in this case, we

cease to discuss in detail.
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Tabel V. Magnetic force produced by the induced
: currents in the ocean.

Depth G Sz ) sz .- Sl
North component at 100 0.0y 0.1y —01y 0.1y
the middle point on | 1000 0.0 14 -12 | 14
the equator 5000 0.0 7.0 —58 70
West component at 100 0.0 0.0 0.0 0.0
the middle latitude on 1000 2 T
the west boundary of 00 0. L0 —08 10
the ocean 5000 1.0 50 —4.2 5.0

. As was mentioned above, the horizontal magnetic force produced by these
oceanic currents amounts to about 10 gammas at the middle point of the ocean
whose electrical conductivity and depth are assumed to be 4x10~1emz« and
5000 72 respectively. At the boundaries of the ocean, it amounts, in the middle
latitude, to several gammas addpting the same value to the depth. Near the
‘continent, however, ‘the magnetic force may be smaller than this value because
‘the sea becomes shallower.

"After all, we presume that the influence of the ocean will become appreci-
able near the centre of the ocean, while, at the boundaries between land and.
sea, the effect of the ocean amounts to only a few gammas or less. This will
be apt to be hidden by local irregularities of the external part of Sq. '

As the distribution of land and sea on the real earth is very complicated,
‘we.can only discuss the possibility of the ocean-effect in regard to such an
‘idealized and ‘simple model as has been treated in this Section. But it is
"obvious that .S, may not be affected so much by the ocean that the field due
to ‘induced currents in the ocean occupies its main part. Probably, the

-magnetic field produced by the oceanic currents may amount to the order of
orie tenth or less of S, except near the centre of the ocean.  Besides, it
depends upon universal time, while the external part of S; seems to depend
upon local time mainly. Then, on the average, the internal part of S, ob-
tained from spherical harmonic analysis in which it is assumed that S, depends
on local time can be considered, to a fair degree of approximation, as that
is produced by the induced currents flowing in the deeper part of the earth.
_ Although, it is smaller compared with the wholé amplitude of Sp, the
possible' ocean-effects, amounting to a few gammas, are not so small that we
_can not detect them at all if we could eliminate the fields which depend solely
on local time and other irregularities. It will be worth while, then, to
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make an effort to study whether such influences are really existing or not.’
However, the exact elimination of the superposing fields may be almost im-
possible unfortunately because the actual distribution of land and sea is very
much complicated. Thus we can, in the following paragraph, only make an
attempt to abstract very roughly the influence of the ocean.

As shown in several figures in this Section, the induced currents in the
ocean will produce magnetic fields which are almost the same in intensity and
opposite in direction at the middle point of the both boundaries of the ocean.
Besides, it is notable that the fields depend on universal time and not on
local time at all: If two magnetic observatories, whose latitudes are the same
are situated on both sides of the ocean, the daily variation of the magnetic
declination will be affected equally in their magnitides and oppositely in their
directions. Then, assuming the other part of the variation depends on only
local time and neglecting local irregularitieé, the daily variation of the declin-
ation may be expressed as follows;

Dy=F(t)+f(r) }
" Dg=F(#)—fir) ;
where suffices W and E denote respectively the quantities belonging to the

west and east-side observatories. # and T are respectively local and universal

time. . . . .
If we take the local time at the west-side observatory as the universal

time, (1.22) becomes : -
Dy=F@) ), ool (1.23 a)
Dp=F()~fl— ) s v (123 b)

where « is the difference of the local time between the two statjon. Sub-
tracting (1.23b) from (1.23 a), we get ’

Dy—Dp=fO+ft—a). oo e, (1.24)

When we assume that Dy—Dg and f(f) can be expanded into Fourier series
of the types

Dy—Dp= 1 (Ancos nt+BuSINBE) 5 .coovviieiinien, (1.25)

F)= 3" (@n COS 0t +bu SIN 7)) oo .......(1.26)
n
the righthand-side of (1.24) becomes
1 {@n(1+cos na)—bx sin najcos nt+ 3] {ax sin na.

+Bn(1+C0S %) }SIN 7t 2o e, (1.27)
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Then equating the corresponding coeﬁicier_lts,» we get

an(1+cos na)=by sin na=Ax ,} .

an Sin na—b%(1+cos na):Bn o (1.28)
Solving (1.28), it becomes

o An(l+c0s nar) + By sin na
1+cos na)+sin’na '
( Frsintna A (1.29)

b= — Ansinna + Ba(1+ cosna)
(1+cos na)?+sin 2na

As « is.known we can get ar and b, from A, and Bj.
to.get f(¢), that is the part varies with universal time.
.When we discuss the effect of Pacific Ocean, Kakioka (36. 2° in latitude
‘and 140.2° in longitude) and Tucson (32.2° in latitude and 249.2° in longltude)
may approx1mate1y suffice the condition above mentioned. The harmonic
coefficients of magnetic declination (4 denotes the west declination) averaged
through the all 1nternat10nal qulet days in 1924 are given in Table VI

Then we are able

Table VI. Fourier coef. of declination for 1924.

(4] 4] S1 S 2 S2
Kakicka 0.01/ —0.56/ -=0.79/ —0.80/ » 0.70
Tucson 0.00/ —0.25/ —-1.13/ ‘ —0.35/ 1.30/
Then making the difference, we get
A,=0.31, B,=0.34, A,=—045, B,=—0.60'.

Taking into consideration that a is nearly 16 hours, we obtain from (129)
a=—045, 5,=0.44’, a,=—0.75, 5,=0.09'.. /
Ih order to compare these coefficients to the estimate which has been done at

the first part of this Section, we rewrite these coefficients referred to 120° E
meridian time. Then it becomes

4=-033, b=05¢, a=-060, 5=046.

If we assume that the horizontal intensity of the permanent magnetic field
of the earth at both stations amounts to 0.28 Gawuss, the 24~ and 12~hourly
components of f can be written respectively in the next-form.

5.2sin(¢—2.0) and 6.2sin(2¢—3.5), (Unit in ) ............... (1.30)

Meanwhile, from the estimate with respect to an idealized ocean bounded by
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two meridians 7/2 apart in longitude, it is informed that they may become
respectively

44sin(t+0.7) and 5.2sin(2t—2.7), (Unit in v) e (1.31)

taking 4000 2 as the depth of the ocean. This estimate was made for the year
1905. As the magnetic activities in 1905 and 19241 are of the same order
- wWe may compare (1.30) to (1.31). The agreement between the theoretical
estimate and that obtained from the observation seems good, especially the
amplltude ratio of 24~hourly component to 12-hourly one. We must not,
however, forget that we dare to make several assumptions fearlessly both in
theory and in the treatment of the actual data.. Accordingly, it is dangerous
to conclude that the actual effect of Pacific Ocean is just of the type as expressed
in (130) or (1.31). They are only rough approximations.

In short, according to the writer’s opinion, there must be the influences of
the presence of the ocean, such as Pacific Ocean, upon S,. But they may not
be so considerable that they will be almost eliminated in spherical harmonic
analysis on the average assuming that S, depends solely on local time. On
the other hand, under suitable assumptions we can detect the ocean-effect
though it is rather small and less reliable. .

The ocean-effect on the other variations in the earth’s magnetic field will
be discussed later. ‘

2. Spherical harmonic analyses of S; which were done
up to this tinie and their relations to the uniform
~ core medel. of the earth.

As was briefly referred to in the Introduction of this paper, Chapman®
was the first one who analyzed S, using data obtained from well-distributed
observatories. The results of his analysis has been hitherto used by himself,
Price and Lahiri, and Terada to investigate the cause of .S, and also to infer
the electrical state of the earth’s interior. In order to explain the relation
between the external and the internal parts of S, both in amplitude and
phase of main harmonics, Chapman took a model of the earth in which a
conducting core whose electrical conductivity amounts to 3.6x10-Beman is
surrounded by non-conducting layér whose thickness is about 250 k. So far
as we assume that the distribution of conductivity is uniform, this simple
model is the best one. We shall call this “uniform core model” hereafter.
We shall also call the uniform core model having the values determmed by
Chapman the “ Chapman’s model ”,

15), The annual means of the u-measure of magnetlc actmty are 0.85 and 0.74 for
'1905 and 1924 respectively. : .
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After Chapman’s analysis in which he used the ' magnetic data for- 1902
and- 1905 obtained from 21 stations, hoWever, the number of magnetic ~ob-
servatories increased remarkably during th's 1/4 century. Using the  data
of the Second Polar Year, 1932~1933, Hasegawal® made -an analysis of S,.
On the other hand, the same analysis was executed by Benkoval?” with respect
to the summer of 1933. As these analyses were based'upon the dbserved data
from observatones amounting to several tens in number and distributed w1dely
all over the World these two analyses may be more complete and rehable
than Chapman’s old one. : ‘

' The amplitude ratio and phase difference between the external and the
internal parts of main harmonics of their analyses .are shown in Table VII

Table VII.  The results of the spherical har_mohic analyses.

Chapman Hasegawa Benkova
n m . |—

e/i €~ efi | e efi €t

2. 1. .28 | —-13 230 —9° | 234 | —5°
3 2 22 | —18° | 243 | —10° | 230 | —s°
4 | 3 25 | =217 225 | —14° | — | —
5 4 27 | =23 | — | — | — | ——
1 1 25 | —7° | 198 | —2 | 215 30

together with that of Chapman’s study.®® According to Nagata, the numerical
values of the conductivity and g (ratio of radius of the conducting core to
that of the earth) in uniform core model which are consistent with both of
amplitude ratio and phase difference are given in Table VIII. As also pointed
out by Nagata, the discrepancies of ¢ and g between those which are expected
'V'from’_Chap'man"s analysis and those obtained from recent two analyses ‘are
considerable. Especially, it is remarkable that the values of o and g obtained
" from each harmonic agree fairly well in Hasegawa’s and Benkova’s analyses,
while’," in Cha’pma'n’s" oné, they agree not so well Wi‘éh eac‘h 6thér as ih th‘e‘éé‘tv‘vo

16) M. HASEGAWA, Read at the Annual Meetmg (1943) of the Phymco-Mathematxcal
Scciety of Japan,

17) N. P. BENKOVA, Terr. Mag., 45 (1940), 425.

18) This comparison was made by Dr. T. Nagata in connexion with comment on
Chapman’s analysis, Read at the Dec. (1946) Meeting of .the Geophysical Institute, Tokyo
Imiperial‘ University. s ‘ :
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Table VIII. o and ¢ of uniform core model for each analysis.

‘éhapman B - Hasegawa Benkova
” m o(emu) q o(emu) q o(emu) q
2 1 88x10-13 | 0920 1.7x10~12 0.943‘ 5.1x10-12 | 0.933
3 2 41x10-13 | 0968 1.3x10-12 | 0,940 52x10~12 | 0.936
4 3 34x10-13 | 0961 071x10-12 | 0961 = —— | ——

analyses. With the superiority of data in mind, it will be natural to preQ
fer the results of Benkova’s analysis in discussing electromagnetic induction
by S; in so far as a new analysis will be done in the future. Hence, we get
o0=5x10"12emu and the thickness of the non-conductmg layer is about 400 km
namely, the core must be about ten times conductive and .its radius must
~become slightly smaller than was estimated at the first time by Chapman.
3. Electromagnetic induction.in the earth’s model consisting of
core, mantle and superficial ‘non-vconducting layer.

Electromagnetic induction by periodic field in a uniformly conducting
- sphere was fully discussed by Chapman, Whitehead, and Pricel®. Its appli-
cation to the earth was outlined in Section 2 of this Chapter.

As mentioned in the Introduction of this paper, we have seismological
evidences?® that there must be a distinguishable discontinuity at the depth of
2900 km in the earth. As this discontinuity is so notable that we must presume
that physical conditions of substances may differ in- and outside this boundary,
it will be worth while to attempt to find how far the electrical property
differs in both regions. We do not take into consideration the other disconti-
nuities reported from researches on seismic waves such as at the depth of
1200 & and 60 ke because they are comparatively small compared with that
of the boundary just mentioned. In short, the purpoée of this section is to
construct an electrical model of the earth which is in accord with the earth’s
structure inferred from seismic waves. : :

Mathematical theory of electromagnetic induction in a sphere which has
an inner core covered by outside layer of different conductivity is easily con-
structed in the same way as in a uniformly conducting sphere.

In conducting region, we have vector potential A which satlsﬁes the re-
lation

19) Mathematics of the electromagnetic induction in a uniformly conducting sphere is
summarized in Chapman and Bartels’ well known book “ Geomagnetism” Vol. II, p. 732.
20) e.g. B. GUTENBERG, ZS. f. Geophysik, 3 (1927), 371.
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for the phenomenon is assumed to be quasistationary. Here, magnetic per-
meability 4 is assumed to be unity for the reason mentioned in Chapter I
The typical term of the solution of (3.1) can be written in polar coordinate

=afu(t, p) [?grad S, (p= r/a) .................................... 3.2)

where a@ and S? denote respectively. radius of the sphere in question .and
spherical surface harmonic. f» is a solution of the differential equation of the
next . type

" 2 (e zf;) {n(n+1)+4'n'agop2%} Fae oo, 3.3)

. — '
As the 7, 0 and ¢ components of A?” in (3.2) become respectively

0, —af» ,687 ,anas,’;’
, 4 sin 60¢ 4 00

we get the components of the magnetic field as follows;

H,=— 1 n(n+1)fuS2, Y
P .

H=— 12 () 637, : e, (3.5)
p 6 . : , -

H¢: p ( PP G o59 sin 96¢>

.On the other hand, there is, in non-conducting medium, magnetlc potentlal
whose typical term can be written in the type

a{en(t)p”+l”(t)p L 1}5,, yeeerieneeeeeaens e EETEP (3.6)
by which we get the components of the magnetic field as follows?? ;

21) In the case of p.=1

— —
H=rot A
or writing the components, we easily get

0 (Ag sin 6) B 0 Ao

7= ysin606 ‘rsinbd s’
_ _0Ar 9(r Ag)
Ho = rsinbog ~  ror °

_0(rAy) 0A7
Hy = 707 700 °

22) H=-—grad W




Parts 1-2.] Eleclromagnetic Induction within the Earth.

Hr = — {nenp"'l—— (n+l)inp_”‘2}SZ’ y
aSm

Ho—_-—(enp"’1+inp‘”'2) 2n
00 "~y e, (3.7)
1y p-m-2y_ 0OSH
Hy=—(e,p" 141 n=2 7 .
¢ (enp ) sin 65¢

In our present model of the earth, as shown in Fig. 5, the continuity of the
magnetic field must be satisfied at every boundary. We get, then, from
(35) and (3.7)

Fig. 5. Schematic view of the earth’s model,

n(n+ Dfpn(t,q)) =nenqi —(n+1)igin1, ' ' \
G ot 4| L fonlt) |- = ntiingi ",
. ) ' ) ...(3.8)
.fZ)"(t)qZ) :f3)”(t,QZ) ’
-1 0 1 g 0
7p) fzm(t,QZ) +[ 6P .fzﬂl(t:p)_]p=q-z aq f&;n(t,‘k) +[ ap ﬁh"(t;p):lp=(l'z ’ }
where
fz,n(t,P): CzP"Fz,n(t,P) + D2P~'1~162,71(t,P) ................................. (3.9)
and
f;;,n(t,P) = C3P"F3,n<t,,0) . B e (3.10)

In these expressions, C,, D, and C; denote functions of ¢, while F, »(2, p) and
G, «(t,p ) are the solutions of the equations

2 ' .
{_6—7- + Z(—nﬂ 76’7 —477.“201' a }fV)”:O ’ (D:2,3) ......... (3.113)
op* p Op ot
or writing in operational form

a* 2n+1) d 5. _
{ dp2 + p d_P kya}fy,n(p,P)—-O §revrersencersersnrnnnnas (3.11b)

23) The coefficient of G3,, (,¢) is taken to be zero because the field must remain
finite at the centre,




66 T. RIKITAKE. [Vol. XXVIII,

where, putting 0/0/= ,
F=dmo,p . PRI RIS REE (3.12)
Solving (3.12), we obtain putting: ¥=Fkp

)

_ o x2 xt
PAR)=T4 5o+ dmaay@nag) T (3.13)

=t 20n=1) ., 2n—2)(n—1)
R o ey e S BCA

for x <1 and further

Fuo(®) _ % (1, m , nn+l) | nln+1)
Fu(x) 2n+1{ + x + 242 o }, ............ (3.15)

Gn (%) x {1 n+l |, nn+1)  n(n+1) }
) = 2 4 = 8 — S 3.16
Gn(x) 2n+1 x 242 243 ’ (3.16)
for large values of the real part of x. The nature of F, and G» were fully
investigated in the book “ Geomagnetism "?P. Solving the simultaneous equa-
tions (3.8) we get the relations between en(2), i»(#), C.x(#), D) and Ci(¥)
by means of operators in the forms

I (0 ) P L.317)
CA=CAP)en(t) y.ccovvnreaaice . (3.18)
DA=DAPIen(t) s vvvorvvrrrsis s (3.19)
CltY=CD)en(t) s .o (3.20)

in which

fim Fa@) (1 Fra@) . G2 D)y o Fra2) _ Fra22)) Fal22) Gu2D
Ip)=—gt _F@1) 32 622 32 F2.2) VF2,0) Gu2,2)
= n+l Fn A2, 1) {1 Fuy(3,2) _ Gna(2, 2)}+ LM 1{1 Q’hl(_z_l)_} Fa((3,2) _ Faoi(2,2) | Fa(2,2) Gx(2,1) *
Fu(2, 1) Fa(3,2) Gr(2,2) Gn(2,1) Fa(3,2) Fu(2,2) ) Fa(2,1) Gn(2,2)

(3.21)

_ Fua3.2) _ Genl2,2)
)= FA3.2) _ Ga2,2) . )
Cir n+1 F.(z D Fontz, 1){ Fai3,2) _ Gan(2, 2)}+ o 1{1 Gan(2,1) {'F..,_(_w_ F._.ggg_)_}m(z;zl Gaz1)
TF{2,1) F3,2)  Ga2,2) G20 IVRG2) ~ F22 TFE1) 62,2
(3.22)

Fa\(32) _ Fs-(2,2)
1 F22) RG22 F@2)

D{p)=ar" n+l Gn(2,2) Fu(2,1) Fa_(2, 1){1_ Frr32) _ c. (22 o)} T@,,.l{l'_c,..,(z,l)} {F.,.(sz) _ P22\ Fa(2,2) Ga(2)]) *

Fa(2) 32 GM22) G2 IVRB2)  Fu(22) IFa(21) Gx2,2)
(3.23)

24) CHAPMAN and BARTELS, loc. cit. Vol. II, p. 738.
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1= Fua(22) _ Gun(22)
gt = 1_Fs(22) 22 Ga22) . ,
n+1 Fa(32) Fal2,)) Fal2)); _ Fasl32) _ Gx. Caoi22) 4 Groi(2,1) {F..,(3,2) _ P 22\ Ful22) Gal2,])
Fe) U FE2) T Ga22) G2 IVRB2) ~ Fi22) IR G22)

(3.24)

. For the sake of simplicity, F(k, gq. @) and G(k, q. @) are written respectively as
F(v, ) and G(v, ) in the above expression. We also write T in place of
* g2/ 91 '
When the inducing field is periodic, the induced field becomes also periodic.
"In the case of period 27/, it is easily seen that the amplitude ratio i/e and
the phase difference ¢—e of the field at the surface (#=a) are given by

i/e=mod I(ia), e—e=arg I(@a) ..., (3.25)

with 7o in place of p.
In the case of S;, in so far as it depends solely on Iocal time, we get

a=2mmj(60x 60X 24) ..., ...(326)
measuring ¢ in seconds. e is the order of S}
We write
BEE=2i8%,  Bh= JTOMEL e (3.27)
so that B.2 is real and positive. Then it becomes
k.g.a=p,,.(1+7), 1/kgua=(1—1)/28yp . covoeoii (3.28)

As the lowest value of @3, . is about 7 in the case of daily variation, we are
able to calculate approximately Fy_1/F» and Gn.1/G» by use of (3.15) and
(3.16).

Writing

Frn_y(v,p) =A G (”#) ;

ko el 28 wtHiBy, , L OWE 7 ) N 3.2

Fatryw) e Gy Ot P e (8.29)
where A,,, B,., C,. and D,, are given by

=251‘—1{1+6Lw+%1)— ......... }, \
=
C= 253:1{“ ”+M1 ”Z’By) ...... b
o e 0 ). |
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On the other hand, it is known that F, and G. become approximately

1 x
Falr)= P2EDL piy,

—_ 2”(%:11’ ntlo~x
Gn(x)= on—1)1 x"*lemxp,(x) ,

where

= 1 _nln+l) . (n—Du(n+1)(n+2) _

Then we obtain approximately

Fu(x) _ @r+1)!1(2n—-1)! >
Gn(x) 22l (n—1)! K21+l

for large values of the real part of x.
Then it becomes

Fu(2,2) G2,)) _p, .o

Co2.2) T2 1) e (3.31)
where .
E=(Bu/Bzl" ™" P70 c0s 2(Bp—Ru) } ..................... (3.32)
F=(Bu/Br)" " PP sin 2(Bp—By) .
Finally, we obtain
Ii)= _n_fi_l P gl%: ............... (3.33)
where
&= An(1—As—Cy)+ By(By + Dy) \
+ 7 LE{(1— Cu)(As,— Ap) + Dy(By,— By) }
—F{(1—Cy)(Bp—Bp)—Dy(Ax— Ax)}1,
m=By(1—Ap— Cy)— Ap(By,+ D)
+ 2 E{(1—Ca)(Bp— Bp)—Du(As— Ayz)}
S (3.34)

, + F{(1—Cxu)(Ap— An)+Dy(By—By)}],
»=—(1—An)(1—Ay—Cp) + Bu(Byp+ Dy,)
— 1 Y E(Ayp—Ap)—F(By— By)} ,
7,=Bp(1—Ap—Cyp) +(1—Ax)( B+ Dy) )
— 1 Y E(By— Byp)+ F{Ax—Ay)} .

25) CHAPMAN and BARTELS, loc. cif p. 739.
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Now using &), %, & and 7, given in (3.33), we obtain from (3.25)

e/i=qr! K;_l_, / i e—

G+t

=tan! mo_

1

Thus we can estimate the amplitude ratio and the phase difference which
correspond to the given electrical conductivity in the mantle and the core of

our model of the earth.

The writer applies the above mentioned theory to the actual geo-
magnetic problem in two cases. The first is based on Chapman’s analysis
by which the electrical state of the earth’s interior was hitherto discussed.
The second is on the basis of Benkova's analysis which seems more reliable
than the former. According to Chapman's analysis which is given in Table

VII, it is believed that P;? is the most
reliable because its coefficients remain
almost constant in every analysis for
different years and seasons as shown
in his original paper. Then, we shall
attempt to determine o, and o3 con-
sistent with the amplitude ratio and
the phase difference for =3 and m=2
in the first place.

As ¢q; does not differ very much
from unity?® , the combination of o;
and o3 by which we get approximately
t?—ex2=18° is calculated from (3.35).

’

4x0

02

2

=13

10"

’c;—yz

1(3."" u;ﬂu_

05-—-)

Fig. 6. Combination of s2 and
63 by which we obtain
L32—€32= 18°.

As appears in Fig. 6, oy is more
effective than o3. In this calculation, ¢, is taken to be 0540 for the inner

Table IX.
e Tt 77’ i vzamreE ,—~ e L
N 38x10-1 | 34x10-13 | 3.0x10-18 | 26x10-13 | Chapman’s
2\ a3 8x10-13 | 3x10-12 0 3x10-1 | 3x10-10 | Analysis
E - .
2 |1 S 18° — 130
3 2 180 o1 18° 18° 18°
4 3 18> | 19° 21° 22° 21°
5 4 190 20 220 24° 23°

26) In such a case, the phase difference will not

difference of the numerical value of gj.

practically affected by the small



70 T. RIKITAKE. [Vol. XXVII,
boundary of the mantle is of the depth of 2900 k. Phase differences of main
harmonics are given in Table IX for the combinations of o3 and o3, where ¢,
is assumed to be nearly unity. Comparing these values to Chapman’s analy-

sis, we find that the combination o,=3.0x10"13 emz, 03=3x10"L emzt is the

best., Then, taking this combination, amplitude ratio of main harmonics are
calculated for several values of ¢, as appeared in Table X. As is easily
Table X.
: Chapman’s
0.985 0.980 0.975 0.970 Analysis
2.3 23 24 2.4 2.8
2.1 2.1 2.2 2.3 2.2
2.0 21 2.2 2.3 2.5
5 4 } 2.0 2.1 2.3 2.4 27

seen in this Table, we prefer ¢;=0.97 to let the calculation approximately
agree with the results of the actual analysis. Ultimately, it is determined
that the conductivity amounts to 3x10-1l emz in the core, 3.0%x10-13 ez in
the mantle and the thickness of the non-conducting layer is 200 ks as the
most probable conductivity-distribution in the earth.

As already mentioned in Section 2 in this Chapter, the newly made analyses
showed us that Chapman’s analysis might be somewhat rough. Then, to
:mzike the same determination of conductivity-distribution on the basis of
Benkova’s analysis will be worth while. Although only the coefficients of
Pyl and Pj2 are obtained by Benkova, we can get the most probable conduc-
tivity-distribution in the same way just mentioned. Thus, the electrical
conductivity is determined to be 5.0x10-1l emu in the core and also 5x10-12
emu in the mantle, while ¢, comes to be 0.94, that is, the thickness of the

outermost non-conducting layer must be about 400 k.

the calculation to the actual analysis is shown in Table XI.

The comparison of

Table XI.
enfily iy
n 1 m Cal : Obs. Cal. Obs.
2 1 220 | 234 —5.0° -5°
3 \ 2 } 2.26 1 2.30 —4.9° —5°.
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4. The distribution of the induced currents in the earth.
- Now, let us investigate how deep the electric currents induced dy S,
penetrate into the earth.

— —_
As the relation between the current-density ¢ and the vector potential A
is given by

- a?i
C = 0 o e 4.1
7 ot (1)
we get from (3.2)
7$= —oa —agT"f;:grad S (4.2)

corresponding to the harmonic whose degree and order are respectively #»
and m.

Considering (3.9), (3.10), (3.18) and (3.20), we can write the expressions
of current-density for the mantle and the core in operational forms such as

_C)ﬁfz: —oap{CA p)p" Ful bupa) + 52(?)»0_”-IGkazPa)}eﬁ(t)[—; grad S7/],...(4.3)
o= — asapC )P ol kap@)en(B)7 grad ST, ..ovvooeooeeeeeee (4.4)

where Co(p), D2(p) and Ci(p) are given by (3.22), (3.23) and (3.24). Putting
p=ia, we obtain current intensity for any value of p by taking the moduli of
—_ —_

c™ anl ¢}, which correspond respectively to the mantle and the core. As
the calculation can be easily performed in the same way with that of mod

I(ie) in Section 3, we shall only describe the results, neglecting the detail of
the numerical calculation.

As determined in the foregoing Section of this f&ativé Magnitude
Chapter, we take respectively 5.0 x10-12 and 5x10-1
emu {for the electrical conductivity in the mantle
and the core on the basis of Benkova's analysis.
The distribution of the current-intensity in such an
earth’s model is shown in Fig. 7 in arbitrary scale.

The rate of decrease of the current intensity seems

so rapid that it becomes practically zero at p=0.7,
that is, at the depth of 2000 k»:. For this reason,
the currents induced in the core are very small

Fig. 7. The distribution
compared with those induced in the mantle. Ac- of the induced currents

cordingly, the contribution of the currents flowing in the earth.
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in the core to the magnetic field at the earth’s surface is very small. Thus,
we must not forget that the determined conductivity of the core is rather
ambiguous. The more accurate determination may only be effected by in-
vestigating much slower variation than .S,.

Indeed, considering that the contribution of the currents flowing in a thin
shell whose radius is pe to the magnetic field at the surface is proportional

to p"*2[—(;| for the harmonic whose degree is #, we obtain the contribution of
the currents of any depth as shown in Fig.

8 for 24-hourly and 12-hourly components of ‘

Sg, where it is easily seen that 90% of the field ﬁ al_mve Magnitude
are due to the currents flowing in the upper part
of the mantle, from the surface of the mantie
to the depth of 1400 k2 for 24-hourly component 0.6

08

and 960 km for 12-hourly component. These P/
estimates, however, are not quite accurate 04 P
because the phase of the currents differ for 02-

different depths. But, as already pointed \

out by Chapman and Price®, the phase differ- 08, 08

ence is slight, especially in high conducting

sphere. Then, to>a fair degree of approxi- Fig. 8. The contribution of
the currents to the magne-

mation, we conclude that the magnetic field at tic field at the earth’s

the surface must be mainly due to the currents surface.

in the upper part of the mantle.

Summarizing the results obtained in the present Chapter, we may say
that the earth is composed of the outermost non-conducting layer, about 400 k
in thickness, the mantle whose electrical conductivity amounts to 5.0 x 10712 esnze,
and, as is well known from seismology, the core in which the conductivity seems
likely to amount as much as ten times or more compared with that of the
mantle. Though the determination of the conductivity in the core is rough,
the results seem to be in accord with that of Lahiri and Price!® in which the
increase of the conductivity with increasing depth was decisively reported.
As to the more accurate determination of the conductivity in the deeper part
of the earth, we must treat electromagnetic induction by much slower varia-
tions with induced currents which penetrate very deeply.
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CHAPTER IIL ELECTROMAGNETIC INDUCTION BY
. SOLAR DAILY DISTURBANCE VARIATION
(so-called Sp -field).

In a series of papers, Chapman®.20. % studied the average characteristics
of magnetic disturbances or storms, deriving .possible atmospheric current-
systems for them. According to him, magnetic disturbances can be separated
into storm-time (so-called Ds;) and solar daily disturbance variation (so-called
Sp). As already mentioned in Introduction, Ds: was hitherto subjected to
spherical harmonic analysis? with applications to the investigation on the
earth’s electrical state®- 10, On the other hand, Sp was not yet used for the
problem. in question. '

On the basis of magnetic data collected by himself, Chapman proposed the
atmospheric electric current-systems for Sp as shown in Fig. 9. Though the

Fig. 9. Idealized current-systems in amperes for Sp, assuming
magnetic and geographic axes coincident. Left: View from
equator at noon meridian, Right: View from North Pole
(After S. Chapman)

current-systems were derived for an ideal earth having its geomagnetic a_nd
geographic axes coincident, it is remarkable - that the electric currents con-
centrate so intensely above the auroral zones that the currents above the
polar caps and the low and middle latitude seem to be mere leak from the
auroral zones. The characteristics of Sp current-systems was also theoretically
confirmed by the writer® on the stand-point of “dynamo ” -theory as well as
the theory of bay-type disturbance. ’ ‘

27) S. CHAPMAN, Proc. Roy. Soc. A, 115 (1927) 242.
28) S. CHAPMAN, Terr. Mag., 40 (1935) 349.
29) T. RIKITAKE, Rep. Ionos. Res. Japan, 2 (1948), 57.
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Since the feature of the current-systems for Sp differ very much from
that for S on quiet days or Sy, it will be of interest and useful to check our
foregoing studies by discussing the electromagnetic induction by Sp. However,
we are obliged to treat our problem rather unsatisfactorily on account of the
shortage of available data. So far as the writer could get, the most utilizable
data were given by Vestine!® who showed, as illustrated in Fig. 10, the vari-
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Fig. 10. Variations with latitude of maxima and minima of
geomagnetic components of Sp for international
disturbed minus quiet days.
(After E.H. Vestine)

ations with latitudes found in the maximum magnitudes of the components
of Sp for dawn, noon, evening and midnight periods on the basis of data for
the Second International Polar Year and auxiliary for various epochs from
1911 to 1933. With the aid of the smoothed curves drawn among the points
given vby observation, we can analyze in like manner with S;. The separation
of the magnetic potential into the external and the internal parts will be done
'only in the case of 24-hourly component because the variations of shorter period
seem very small. Discussions on the phase difference between two parts will
be neglected because the data are not satisfactory for this purpose.’

When we assume that the variation depends solely on local time, the
magnetic potential is generally expressed by

30) E. H. VESTINE, Terr. Mag., 43 (1938), 261.
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. o 7n 9 . Rn+2
V= 2 z‘, {(e,,a LA i )cos mt
= : 7’"+1

Rn 1
+ <e,, b %:41 iy — Rl : )sm mt}P;;’(cos 0) i, (1)

in polar coordinate, where R denotes the earth’s radius. As is well known,
es and i"’s are respectively the coefficients of the harmonics whose origin
exist outside and within the earth. Then the components of the magnetic

field at the earth’s surface can be expressed as follows;
North-component : X=3>) n{(e}«+1i}a) cos mt )
n m

+(ens + i)'p) sin mt} Xn,

East- ’  Y="S1u{—(elat+ila) sm mt
nomo e (2)
+(epp+i) cosmt} Y7,
Downward- ,, : Z=>1>] {(nel.—n-+1i}a) cos mt
n m
+(neys—n+1izs) sinmt} P} ./
where
xn=1dPY  ym_ M _pm ..(3)
n db nsin 6
as defined by Schmidt3D. .
On ’the other hand, we get by means of spherical harmonic analysis
North-component: X= STV (@ cos mt+ b sin mt) X7
o 7 m
East- -, : Y= Z Si(a ccsmt+b7 sinmt) Y7, ) ..., .(4)

m

Downward- ,, : Z=3131(acos mt+ % sin mt) P,

7 m
Equating, then, the corresponding term of X and Z in (3) and (4), we have
n(ena'l'lna) a n(e b+l b) b;)'x’
nep,—n+1i,=ay, nepy—n+1ij,=0by.

Solving this we obtain

m (n+1) ay+nay T ay—ay ,etCo i,
’ #(2n+1) T 2n+1

The same determination can be also done from Y and Z in (3) and (4).

31) AD, SCHMIDT, Tafeln der Normicricn Kugelfunktionen, (1935).
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Thus we can separate the external and internal parts of the magnetic potential
from the combination of X, Z or Y,Z. In practice, the combination X and Z
is taken in this Chapter.

In the case of Sp, b} and ZZ’ are taken to be zero with suitable prefer-
rence of the time origin, that is, it becomes, on the average, near 18 7 of local
time according to Vestine. Besides, as the 24-hourly component is the most
predominant, we assume m=1. In that case we get from (4)

X= Zal XLCoSt, oo (6)
Z:Xl} @LlPLcost. ... (7)
e
On account of the orthogonality of Pl, the coefficients of (7) are given by
~ L3 3
= 2’2“ j Z(0)PLsin0de™®. ........c............ 8)
T YO

To get a,! from (6), we consider the expansion
Xsing =>c, PLcost.
n=1

Meanwhile, it becomes by the well known recurrence formula
1

Xsin 6= Z} @ sin @ dp,

n=l 5 deé

—Z. 1 ntl {/mpl _vV#-1p1 1}cost.
2n+1 n+1 n "

Then, as is in the case of Z, multiplying both side of this equation by Ps!sin 8
and integrating from =0 to 8=, we get

cost

—a3Y3 —g, ¢ 3VE g2 V5 g,
5 2 5 3 9 4
% /52i a51—73 Kgi =ck, o (9a)

or conversely
al=—1.92c!, a}=-—1.86(1.09c}+c}),
al=—1.88 (1.10c¢} +1. Olcd+c5) ............. (9b)

32) i . 4 .
1 Ppl = =
50PJ Pprlsin 0 d0 Sl for j=k

= 0 for j4=k.
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where, as is easily gotten,

A= 2ntl g“X(e) PLSIN0d0 + oo, (10)
471' 0

Here, the terms #=2r (v=1,2, ..) are only taken into considetation because
the current-systems concerned here are approximately symmetric with respect
to the equator.
Applying the above mentioned theory to the mean values, X and Z obtained
from Vestine’s smoothed curves, we have
a}=13, a=-12, ay=—46
N N N (unit in 7ry) } ...... (11)
a;=6.2; al=-38, l=—27
for the first three harmonics.
Then, calculating e,! and 7! by (5) and (11), we obtain the amplitude ratio
exl/inl, which is given in Table XII together with that expected in Chapman’s
and Benkova’'s models3® of the earth described in the preceding Chapter.

Table XII. The ratio of the external parts to the internal
parts for three harmonics obtained from Vestine’s
data and expected from the theory of induc-
tion within Chapman’s and
Benkova’s models.

7 m Vestine Chapman Benkova
2 1 37 25 2.2
4 1 23 3.2 _ 25
6 1 44 4.8 32

33) 1In the case of the uniform core model, the amplitude ratio is given by

. n+l /7 A2FBZ
enyim =241 g/ b L
where ) :
B { n n(n+1) }
= 14 = murl)
% 2n+1 + [3 + 4{12 ............... )
B P {1_ n(n+1) . n(n+1) }
- 2ﬂ+1 4@ 4{‘3 ...... .
In these expressions, § is calculated from
B An2omgPa?
T 24%60%60

where ¢, g, @ denote respectively the specific electrical conductivity, the ratio of the radius
of the core to that of the earth and radius of the earth.
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Although the agreement between the values obtained from the actual
data and the calculated ones based on the uniform core model is not quite
well, it can be said approximately that the uniform core model is also roughly
consistent with the electromagnetic induction by Sp, provided its conductivity
amounts to the order of 10712~10-18 eznz¢ and is covered by non-conducting
layer of a few hundred Fkilometers in thickness besides.

It is desirable, however, that a more accurate discussion will be made in
the future with the aid of more complete data of Sp.

CHAPTER IV. ELECTROMAGNETIC INDUCTION BY STORM-
TIME VARIATION (so-called Ds;-field).

The theory of induction by aperiodic fields in a uniformly conducting
sphere was developed by Price® 7, being applied to the induction by storm-
time variation or Ds:-field by Chapman and Price®. Lahiri and Pricel® also
studied the induction in a non-uniform sphere with applications to the conduc-
tivity-distribution in the earth which is compatible with both S, and Ds:.

According to these studies, the conductivity in the core obtained from the
investigations on Ds: became larger than that of S, as a whole, that is, it
amounts to the order of 4x10-12emu. Taking into consideration that the
induced currents penetrate deeper in the case of Ds: than of S,, the conductivity
must increase considerably with increasing depth as shown in the study of
non-uniform core.

However, their discussions on the discrepancies between the results of S,
and Ds; are all based upon the well known Chapman’s analysis® of S,, which
has better be criticized on the stand-point of recent investigations. As
already mentioned in Section 2, Chapter II, we have, at the present stage of
investigation, reasons to believe that the analyses carried out by Hasegawa
and Benkova are more reliable than Chapman’s one. Then, it will be worth-
while to treat the problem on the basis of newly made analyses.

‘Since the conductivity in the uniformly conducting core must amount to
about 5x10-12 esnz¢ using Benkova’s results, as Nagata3? pointed out, the dis-
crepancies between the results obtained from observations and those of calcu-
lation on the basis of Chapman’s model (¢=3.6x10-13 emz, g=0.97) is almost
overcome leaving a small difference between the actual analysis and the
calculation. For this reason, it is roughly satisfactory for us, as a first approx-
imation, to take a uniformly conducting sphere in which the conductivity
amounts to 5x 10712 ezt being covered by non-conducting layer of 400 k2 in

34) -T. NAGATA, Read at the Dec. Meeting of the Geophysical Institute, Tokyo Im-
perial University, 1946, : i :
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its thickness as the possible model of the earth compatible not only with .S,
but also with Dst.

Next, taking into consideration that the conductivity in the core seems
likely to be about ten times larger than in the mantle in the case of S, we
shall discuss the electromagnetic induction by Ds: in the earth’s model des-
cribed in Chapter IL

According to Chapman and Whitehead?, the magnetic potential of magnetic
storms in the low and middle latitude is expressible on the average by

W:,clzz%}s{en &) (#/ay +in (t) (a/r)"*1} Pu(cOSO) .cocoevnnenaannnn (1).

where a denotes the radius of the earth. Among these harmonics,'the term
n=1 is the most 1mportant Then the discussion will be limitted to the case
n=1. The variations of e, and 7} with time were given by Chapman and
Price® as reproduced in Fig. 11.
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Fig. 11. (After S. Chapman and A.T. Price).

As has been done by Lahiri and Pricel?, e is expressed by

=Ae™ (£>0)

— 0 (facQ) T

after 18 hours p:iésed from the beginning neglecting the initial phase, where
A=28vy , ©=3.2x1075sec™!

e, ({)=Ae=' H({t) o {

H(t) denotes the Heaviside unit function. Writing in operational form, we get

e, ()= pAf’ AP E#) e, 3)
Then it becomes by (3.17) of Chapter II
Ap Ip) |
i()= o H@@) o, 4)

where, as easily gotten from (3.21) of Chapter II, I(p) is given by
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{1 — ;I':‘O(zyl):} A \4) T2
d VUV FRenIU F@E2) G2 A
K0)==" Fa1 [ FB.2) _ G2 } +T*{1— ,nggll),}{ Fy3,2) _ £q<_2,,_21}£.<v2;v2,>‘ Gi2,1)

?;@3{ F3,2) G(22) G2, IVRGB,2)  F(22)) F21) G(22)

2 . )

f1- 3D _ GODV (162 _ Fo(é,Z),,}_Fl(z,Z) G2,

F(32)  F(22)) F@e1) 622

Considering that the mantle shields the core and consequently the induced
currents in the mantle contribute to the magnetic field at the surface in the
main, the second terms of the numerator and the denominator of the righthand-
side of (5) must be small compared with the first terms3>,

Solving the operational equation (4), we get

o

o A (. 1) )
"(t)_zﬂfﬁ'm 7 (6)

where the path of integration L is taken to be Bromwich’s one having all
singularities on its lefthand-side in the complex plane. As to the singularities,
it is difficult to get them rigorously because (5) is very complicated. How-
ever, we may assume as a first approximation that they are the same with
those of the uniform core model in which the conductivity is equal to that of
the mantle because the contribution of the induced current in the core seems
very small compared with that in the mantle. Under such assumption, we
shall calculate 7;(¢).

As is obvious from the definition of F» and Gy, since it becomes in the
case of n=1 that

Fy (kygua)=- SN (kg.0) \
ka.a
Fukaa= , 3 {cosh (bg.0— S Raa) ]
(kg.ay kaa 200 )
G (kygua)=c¢ "% (1+kq,.a), '
CZ (kvqﬁd):‘e_"’v%"{1+kv%a+ (Igvg“(l)“ } ’ )
the poles are approximately given by the roots of
sinh (kqua)=0 (k§=47r¢rgl)) PR (8)
as well as —w. Then, denoting the successive pole by —as, we get
as:( L )2 S=1,2,3 e e, .(9)
K21

35) Really, we get the expression for uniformly conducting sphere neglecting the
second terms, v . .
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where

Then taking into consideration that the integral along
the circumference of the semi-circle vanishes at infinity,
the contour-integration shown in Fig. 12 gives when the _w
radius of the semi-circle becomes inﬁnitely large

i (t)= A[ o] (= )+ 308 z ;-

21

~dst

s

{1+7¢ (—as)}] ......... (11) Fig. 12.

where

F, (2,2){Fn<3»2> _ Fo(2,2)} G(2,1)

= F\(3,2) Fi(2,2)) G(2,2) .
{F(2,1)~F(2,1)} {1_ 218,;; _ gjgég} i

The calculated values of #)(¢) are shown in Fig. 13 together with those based
on Benkova’s model of the earth. The results of the analysis are also illus-
trated there. The small discrepancies
between the observétion and the calcu-
lation based on the uniform core model

improved by introducing the core in

02=50x107 03=5x107"

which - the conductivity is about ten oo Bt

times larger than the mantle.
-Although the calculation carried

out in this Chapter is rather rough, we 6 = 18 2 30 % 42 a8
Time in Hours

may say that the electrical model of

Fig. 13. C i h
the earth obtained from the study on '8 omparison of the

theoretical values to
Sy is also compatible with the electro- the analysis.

magnetic induction by storm-time variation.

According to Chapman and Pricel®, the core in which =44 X 1012 ez
g=0.94 appears to be about right for the explanation of Ds:, while the size
and conductivity in the present model fairly agree with these values. Takmg
into consideration that the inner core is shielded by the outer layer, then, the
distribution of the electric currents in the mantle will be almost the same
with that obtained by Chapman and Price. Hence we cease to study the
penetration of the induced currents.
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CHAPTER V. ELECTROMAGNETIC INDUCTION BY
BAY-TYPE DISTURBANCE.

1. Morphology of bay-type disturbance.

In addition to the variations in the earth’s magnetic field which were
studied in the foregoing Chapters, we have a kind of magnetic disturbance
called bay-type disturbance. Because the form of the magnetographic record
resembles bay in a sea-coast. In this Chapter, the electromagnetic induction
by bay-type disturbance will be investigated in the same way with the treat-
ments of the former Chapters. ‘

According to the studies which were carried out up to this time, it was
established that the bay-type disturbance occurs nearly at the same time all over
‘the world durating 1~5 hours. Its maximum amplitude often reaches to about
100 gammas in the middle latitudes. Among these investigations?®, 30, 3,39, 40
~ on the bay-type disturbance, Hatakeyama’st? investigation is one of the most
excellent. In the first place, examining a large number of magnetograms
obtained at Toyohara Magnetic Observatory in Sagalien, he determined both
directions and magnitudes of disturbing magnetic forces and consequently those
of electric currents, which, being distributed in the upper atmosphere of the
earth, are considered to be the primary origin of the disturbance, and tried
to obtain general features of the electric current-systems in the upper atmos-
phere. Hatakeyama'’s further studies on the world-wide character of this
disturbance also concluded that such electric current-systems must exist. The
idealized current-systems obtained by him seems to be fixed to the sun while
the electric currents are concentrating above the auroral zones as shown in
Fig. 14 which is reproduced from his original paper. We can’ easily see that
these current-systems agree with those of Sp as already shown in Fig. 9
which was obtained by Chapman. Meanwhile, the present writer? mathema-
tically studied the mechanism of occurrence of the bay-type disturbance and
Sp on the basis of “dynamo "-action in the ionosphere where the air is electric-

36) L. STEINER, Terr. Mag., 26 (1921), 1.

37) LUBIGER, Diss. Gottingen (1924).

38) E. WIECHERT, Mitt. Geophys. Warle Gr. Raum, Kénigsberg, Nr. 22 (1934).

39) K. BIRKELAND, The Norwegian Aurora Polaris Expedition, 1902-1903, T and II
(1908). .

40) A. G. McNIsH, Trans. Edinburgh Meeling Internat. Union Geod. ‘Geophys. Ass.
Terr. Mag. Electy. Bull., 10 (1937).

41) H. HATAKEYAMA, Geophys. Mag., 11 (1937), 1 and 12 (1938), 15.
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ally conducting. In that study, it was assumed that the conductivity above the
auroral zones is very high compared with that of the middle and low latitudes
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Fig. 14. Current-arrows at Toyohara and current-systems for bay-type
disturbance. Broken arrows represent the disturbing forces
at #; and thick arrows represent those at 3. 7 and #3
are defined in the next Section.
(After H. Hatakeyama)

with Stormer-Birkelands’ theory in mind. According to the results of the
writer’s theoretical investigation, the current-function Rp which corresponds
to the current-systems in question is given by

R,=KCFIC; cot 0 sin (t+ab)

in the middle and low latitudes, where K, C, k!, Cs and «;! are constants.
0 and ¢ denote the colatitude and the local time respectively.

As the height of the electric currents is very small compared with the
radius of the earth, the components of the magnetic forces at the earth’s
surface which are produced by these electric current-systems, vary, to a fair

degree of approximation, with 8 as —;.2— cot @, —g?rf—g— and cotd in X, Y and Z

respectively. Thus the magnetic field increases remarkably with increase of
lIatitude. Then, if we take the usual spherical harmonics which are defined
in the region including 6=0 and 6=, we must take a large number of higher
harmonics to express the distribution of these magnetic fields. This procedure
seems to be too troublesome and less reliable to analyze the actual data
except the case in which the distribution is given everywhere all over the
earth. Actually the mean disturbing forces of the bay-type disturbance of
Feb. 24, 1933,%2 are such as shown in Figs. 15 and 16, where, assuming that

42) The data used in this Chapter are all taken from Hatakeyama’s paper,
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the components of the disturbing forces vary as the sine and cosine of longitude
on the same latitude, Y and Z are respectively reduced on ¢=0° and ¢$=90"
meridian with respect to the geomagnetic coordinate.

T
L J 40_-
® 207
o o Geomagnetic Equator
ser B ° |°, ., 60N
_2ob °%; .

’ [ .

e ©
_Ao..'

Fig. 15. The east component of the mean disturbing force of
bay-type disturbance, Feb, 24, 1933.
(Reduced on $=0° meridian)
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Fig. 16. The vertical component of the mean disturbing force
of the bay-type disturbance, Feb. 24, 1933.
(Reduced on ¢ =90° meridian)

2. The analysis of bay-type disturbances.

In order to analyze Hatakeyama's data, we shall introduce a system of
functions which satisfy :
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a*u + cot 8 —=— du

T 7 {n(n+1)— —zé}Uzo .................. (2.1a)

in the region excluding both the north and south poles..
As’is well known®, (2.1a) or

(1— ,u,)dzU —2u dU+{n(n+1)—
dp

2
dp? MZ}UZO (p=cos6) ...(2.1b)

are satisfied by P’ (p) or @) (u) provided pu?2<1, where

2)m/2 AP m__(l #2)711/2 a Q’l .

Pm= 1 ,
% ( d m d m

In like manner with the usual spherical harmonic analysis, we can generally
express the magnetic potential of the disturbance as follows;

W ZZ em + i £n+2 cosmd)
e R"_l ma il
Y . Rnt2 .
+ (e;:f,, Tt it )sm me } P(cos 6)
“m ¥ P Rn+2 -
S %«e”“ qort T lie pjcosmeé

Sm " P R»*2 H "
+(e + i = sinm ¢ (@(cosb) ...... (2.2)
7

mb R#-1 2+1

where R denotes the radius of the earth and the coordinates are taken to be
geomagnetic. In the case of the bay-type disturbance, however, as the magnetic
potential of the disturbing forces are nearly symmetric with respect to the
geomagnetic equator as shown in Fig. 14, it is approximately sufficient for the
present analysis to take into consideration only the terms which are odd func-
tions of . Then, we only deal with PJ}'s where #+m is odd and @}’s where
n+m is even., Besides, as the disturbing forces seem to vary as the sine or
cosine of longitude on the same latitude, the greatest part of the magnetic

.. . . Lcos Lcos
potential must be expressible with the sum of P sin & and Q» sind °

Meanwhile, we see in Figs. 15 and 16 that the east and vertical components
both reduced on the meridian on which they becoime maximum increase mono-

43) e.g. E. W. HOBSON, *‘ The Thcory of Spherical and Ellipsoidal Harmonics,” (1931).
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tonously with latitude changing the sign approximately at the equator. This
fact suggests that the term including Q! ¥ occupies the main part of the
potential function of the disturbing forces. Thus, so far as we discuss the
magnetic disturbance in the low and middle latitudes such as from 0° to 45°,
we may assume without serious danger that the magnetic potential can be
expressed by '

W= {(ear+ ia 1:23 )cos b+ (ebr% i %: >sin ¢ }Q} .. ............ (2.3)

Q! and @,l/sin @ are shown graphically in Fig. 10.
From (2.3), we get the magnetic forces at the surface o
(r=R) as follows; 90° 80 70 60 50 40

X={(Catia) OS ¢+ (€s+i3) sin ) _“igi, o
al

Y={—(ea+is)sind+(estis) cosp} &, (&4 7
sin 6 a7

Z={(ea—2is) cos ¢p+(es—2is) sinp} Q. Zi
Then we can determine eq+7; and ep+is from the ob- :‘:
served data of X or Y and also e;—2i, and es—2i from 12

that of Z by means of the method of least squares. -Bp
Combining these coefficients we can calculate eg, 7z, €5 ::
and 7p. Thus the separation of the disturbing forces into -16}
the external and internal parts is over. -
As to the application of the method described above ::

to the actual problem, the writer used the data published ~20

by Hatakeyéma who divided the course of a bay-type Fig. 17.

disturbance into six parts of equal time-interval, say #,,
hs, ..., t5ts determining the deviation of each component from the normal
curve at #;, &, ..., 5. He collected copies of magnetograms sent from many
observatories (about 30 in number) distributed widely over the earth. The
determination of the disturbing forces was made in the case of the bay-type
disturbances of Aug. 28, Sept. 23, 1932, Feb. 24 and Apr. 10, 1933 as reproduced
in Tables XIII, XIV, XV and XVL '
Selecting the data of 16 stations whose geomagnetic latitudes are all less
than 45°, the writer determined eg, 7s, €5 and i from the combination of Y
and Z. For example, they are tabulated in Table XVII in the case of the

).

/

2 3
4) Ql=-2(1-p2)l/ 2!’(1+ 3 p2+ 3 pd4 .
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Electromagnetic Induction within the Earlh.

Table XIII. Disturbing forces during the bay-type disturbance of
Aug. 28, 1932. (After H. Hatakeyama)

87

2510 m

2 h 435 m

Geomag- | Geomag- 3h17 m
Station netic netic ,

latitude |longitude « AH AZ o AH| AZ « AH| AZ
Toyohara 36.°4 | 206.°5 | S 4°W 109y —2y | S23°W 101y, —2y | S38°W | 43y| 41y
Kakioka 26.0 | 206.0 |S26 W 53| —34|S26W|53| —22 538 W|33|~3
Tsingtau 24.7 | 188.3 |SIZW|63 — 6[S23W |50 | —6|S54W 3|4
Lu-Kia-Pang 20.0 | 189.1 |SI3W!67: — [S20 W|5 | — |S50W|33| —
Antipolo 3.3 189.8 |S7E |'35 —11 STE|22|-8|S29W|21| -5
“Kuyper —17.4 | 175.7 S 34 —14|S34E | 14! —3|S45E| 6| +3
‘Watheroo —41. 8 185.6 | S32E 80 + 5|S56E 74| +19|S60E |24 | + 5
Toolangi —46.7 | 220.8 |SISE 119 —28|S27 E |96 | —31 | S23 E | 52| —19
Christchurch | —48.0 | 252.6 |S2E 89 —11 |S7TE |46 —15|S5E 37| —6
Apia —16.0 | 260.2 |[S7TE 62 — |[SOE |5 — |SI9E |31| —
Honolulu 21.0 | 266.5 |[SI1E 60 + 2|S8E 61|+ 1[S7TE |35|+3
Sitka 60.0 | 275.4 |N27 E 174 +189 |[N63 E | 68 |+121 | S81 E | 20 | +73
Agincourt 55.0 | 347.0 [N28E 126 —59 |ST5E |99 | —33 | S62E |60 | — 7
Cheltenham 50.1 | 350.5 |N38E 134! —55 (S35 E |76 | —28 | S50 E | 68 | —25
Tucson 40. 4 312.2 | S82E 146 +14 |S51 E | 45| + 5|S3 E |50 | + 2
Teoloyucan 20.6 | 326.8 |NSTE 77 + 7 S3LE |31 —1|S2E 48, -11
San Juan 29. 9 3.4 |N3E 52 —11|N9E| 5|—6|S43E 22| —38
Huancayo —0.6 | 353.8 INAW 51 —6|S35W|40| —14|SOW|4|~6
Dehra Dun 20. 5 149.9 |SI1 W 26 1 —2|NI4W| 8| +10 |[NALW| 9| + 4
Alibag 9.5 | 143.6 |SITE 17 . + 3|N51E |13 +10 |N30E | 8| + 7
Helwan 27.2 | 106.4 |NASE 501 —10 {N1W |54 —14 NI1W|32|~4
Ebro 43.9 79.7 'NSBE .49, —20 [N29E | 63| —16 [N34 E | 37 | + 1
Coimbra 45. 0 70.2 | — = — _ = = = =] =
Val-Joyeux 51, 3 84.5 |N38 W' 46 | —22 [N20E |50 | —22 | N4L E, 38 | —16
De Bilt 53. 8 89.4 |N2l'W 45 —49 N4LE |69 | —63 |N55 E | 47| —39
Seddin 52. 4 97.0 |NS4 W 56. —44 |NI4 E | 64 | —52 |[N24 E | 45 | —34
Swider 50.6 @ 104.6 |N6OW 66 +27 N6 W|61 +25 N1 W|39|+20
Lovi 58,1 105. 8 | S63 W 112 —190 | N55 W |28 —149 N5 E | 33| —61
Eskdalemuir | 58. 5 82.9 'SI7TW 27 —140 |NS6 E | 37 |—122 |N5O E | 34 | —71
Lerwick 62. 6 88.6 | S7 W 398 —270 | 510 W 174 |—250 | S6 E | 62 [—135
Tromso 67.1 | 116.7 |S37 W 248 +711 | S26 W [743 | +77 | 525 W [248 |—291
Vassouras -11.9 | 23.9 |[N8W 57 — |N63W| 25| — |S5 W21 —
Mauritius ~26.6 | 122.4 |N64E 30 +5 NME 44|+ 8| NSE 32| +9

(Each element for 1 2 03 m and 4 /1 24 m was assumed to be undisturbed.)
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Table XIV. Disturbing forces during the bay-type disturbance of
Sépt. 23, 1932. (After H. Hatakeyama)
19 /1 48 m 20 7 18 m 20 h 48 m 21 h 18 m
Station

) « AH| AZ o« AH| AZ o AH| AZ o AH| AZ
Toyohara S28°W | 15y| +1y | S34°W | 18y -2y | S54°W | 32y| +2y7|-S63°W | 33y| 43y
Kakioka - S56 W, 7| —2|S52W|11| —3!S73W[{24|—-2|S7T9W|[20]| + 3
Tsingtau ST6 W| 8| —1(S37W|10| —2 ST5W|27|—2 N85W|[25| 0O
Lu-Kia-Pang S81 W| 6 0 |[S45W |11 | —1|S7T3W|24| —3INOW |23} -3
Antipolo b= 0+ 2 S 9 0 |S63 W|11 | + 2 |N73 W| 10 0
Kuyper N6OE 14|+ 2 /N83E | 8|+ 3|S5 E 6 0 N3 E |18} +10
Watheroo S83 E |42 +25|S86E [ 31| +20 | S80E {35! +17 |[N89 E | 50 | +34
Toolangi 'SISE |25| — 5|46 E | 30| —13  S31 E | 26| —10 | S4S E | 36 | —14
Christchurch S67 W A15 + 4| S48 W | 24|+ 2 S49W |20 + 2|S24W|32|+1
Apia S 6| — |S20W|12| — |[S6W|[19 — |S21W|17| —
Honolulu S81 W ! 12| — 6 | S4OW| 8| — 7 1 S49 W23 —15|S39 W|19! —10
Sitka N27 W30 | +15 | N63 E |27 | + 6 |N31 W| 12 | +13 [N76 E 414+ 7
Agincourt S41 W | 28| + 6 | NIS8W 26|+ 4/S32W |21 4+16 | S63 E | 20 | -+15
Cheltenham’ S28 W| 26| + 2|N3E |17|+6|S8W |27 +6|S57E |30 +14
Tucson S7T7TW| 9|+1|S59W| 6|+ 3 [SI3W|13 |+ 2|S19W|18| + 2
Teoloyucan S 8| +2|S16 W| 7|+ 1|SI8W|22|+ 4|S12W 24| + 3
San Juan S5W|11 |+ 1|SIS8E.| 6| —1|S11E |20 + 2| S45E | 18| — 2
Huancayo  |SI5W 30|+ 1!S9E |12|+2|{S3W|39|+1/S8W|21| 0
Dehra Dun N28 W|[28| +5|N60OW| 8|+ 1| N9W|37| +9{N22WI[43 | + 5
Alibag N |25|—-4|N4W|13] 0 NILW|26 —7 N6W|[4al|+2
Helwan NI2ZE (30| —13 N34 W|19| — 2/N9E {52! =19 N6E | 51| —11
Ebro S8OE 53| —19 NI6E [18| —10 |[N6OE |82 | —32 |[N34 E | 50 | —11
Val-Joyeux ST9E |65 +1 N2E |21 0 IN67TE |71 — 9 N43 E 50| —~°5
De Bilt N8O E (101 | —15 | S83 E 23|+ 2 | N59E |91 —30 |IN68 E | 51} —14
Seddin N8O E |83 | — 5 N80 W| 18 0 N2 E | 96 ; —25 N33 E | 60| —14
Swider N64E 72| —8|NI2W| 14| + 6| NBE |74 | —3(N37E (59| + 5
Lovd — =] = w 1] ~15|N42E |57 | =61 [NT4 E | 59 | —4a1
Eskdalemuir w 26| + 9 |NI8 W|13| — 9[N53 E |100 | —27 | SB4 E | 30 | —27
Lerwick " S64 E 1100 | —22 S14 Wi 51 —49 | S7T3 E |75 !—131 | S39 E |-59 [—106
Tromso’ N20 E | 90 0 | S68 WI57:  +97|S42 E 39 “+189 S1E |177 {+144
Vassouras S12E 14} — | S 7 — |S4E 16 =— w 6 —
Mauritius ~ NI2ZE 24| — 2 N22W!1l + 1|NO9E |37 0 |NI2ZE 40|+ 3

(Each element for 19 4 18 m and 22 / 18 m was assumed to be undisturbed.)
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Table XV. Disturbing forces during the bay-type disturbance of’
Feb. 24, 1933. ( After H. Hatakeyama)

11 736 m 11 1 51 m 12 1 06 m 12 h 2L m
Station 1 | -
" : -~ a« |AH| AZ « G AH AZ « |AH| AZ « |AH| AZ
!

. Toyohara N8O°E | 36y] 0y | N75°E 3387“ +1y | N40°E | 35y| -1y | N67°E | 15y +1y
. Kakioka N69E |25 —1|N44E 37|+ 8 NBE|[25|+3 N3E|[11|—3

. Tsingtau SISE 24|+ 2 N8E 32| 0 NSSE |22 —2|NeTE| 8| —1
Zb-se SIOE [20| —1|N67E 30 — 4 |N66E 22| —2|NSOE |11 | —1

- Antipolo SSLE| 6|+2 N6E 14|+ 6|NOE |11+ 2|N67E | 8| — 2
Kuyper S |15|—6N3W 5  —8 NIBE| 6| —4 NSE| 6| — 2

Watheroo S48 E |30 | —30 |[N73 W |30 | —18!N61 W |13 | - 7| N 2]+ 1

Toolangi S86 W 166 | + 1 |N48 W |45 | +15 |N37 W |21 +13| N 20+ 7

Christchurch | N44 W | 81 | 422 |N25 W |47 | + 7 N33 W |20 | + 2 |N68 W| 5| + 2

Apia N51W|28| — |NI2ZW 25| — NI2W|14 — |N5W| 6| —

Honolulu N7W|[33!|+3/N20W|33 —5 N30W|20| —6|N6W| 7| -1

Sitka S69 W 126 | —78 | €46 W 144 |—121 | S18 W | 93 |—~118 | S11 W | 43 | —76

Agincourt S39W|77| — 8|S48 W |88 | — 8 |SA0OW |42 | —9|S45W| 14| — 6

Cheltenham | S58 W | 45| — 3 [S57 W 68 | — 7 | S69 W |39 | + 7 |ST5W| 20| — 7

Tucson N59 W |51 | —1{N67W i 48| — 3 |NJOW|23| —4|NT9W|10| — 3

Teoloyucan: “|N60 W' 28| + 4 |N69 W {30 | + 3 |N67 W |21 | + 2 | NAW| 7| + 1

San Juan W 18| +3[S82W!22 +3| W |18+ 1|NsLW|12| 0

Huancayo SI8W 13|+ 3 S W 19|+ 5 S&2W 16|+ 5| S39W|19| + 4

Dehra Dun | SI1E 32| —2{S39E /28| 0 [S61E |21 |+ 2| S45E | 6|+ 4

Alibag SME 21| +3/S6E 30|+ 3|S43E |21 0 |S4LE| 9|—6

Helwan STW|24|+9|S2E 28|+ 8 SBE|13 0 | ‘E 2| -3

Ebro SI8W |22+ 5|SI3W 37.| +9|S9W|22| 0 [SI5E |11| — 4

Coimbra S7TW!26| — |STW 43, — S8W|27| — !S9E |13| —

ValJoyeux |S9W 26|+ 1[S9W/37| o0 |[Si6wW|22| -3|siow|11| -3

De Bilt S4W |43 +8 S8W 44!+ 4|S21W|[19| 0 SS4E| 9| + 5

Seddin S18W|32|+6|SILW 48, +4|SI2W 25| 0 |[SUW| 8| -1

Swider SI7W |30 |+ 5|S11W:38! 0 [SI1W 20| — 6 S 5| -3

* Lovo SI9W| 37| —2[SI6W 41 + 8 |SI8W 23| +15| 510 W |11 | +12
~ Eskdalemuir — |=|+1] — — +2/S77TW |18 +7|S9E| 6 + 2

Lerwick SI4 W33 |+ 7|SI8W 44 420, S19 W24 +17[S33 W|17 | +13

. Tromso N43 E | 26| +22 [NS5E 111 +28 |N28E 59 | +23 | S16 W) 29 | +14
Vassouras SI5W/ 11|~ 2 S0W 15 —2[S40W 8|+ 1 S58W| 9|+ 2

Mauritius S2E 24|+ 1 S3E 20 —2 S5E 11, —-2| S 3| -3

(Each element for 11 / 21 m and 12 } 51 m was assumed to be undisturbed.)
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Disturbing forces during the bay-type disturbance of
Apr. 10, 1933. (After H. Hatakeyama)

15 2 00 m 15 2 18 m 15 h 36 m
Station

« AH AZ « AH AZ a AH AZ
Toyohara N31°W | 35y | =7y | N36°W | 17y | —4y | N16°W Ty | —2y
Kakioka N2 W| 25 | 414 |[N22 W | 18 +9 N 11 + 3
Tsingtau N 32 | -1 /NI5W! 23 0 |[N20E | 12 0
Z6-Se N2E| 28 |- 5/N5W| 22 | =2 N 11 0
Antipolo N3W| 23 |+ 7 |NIOW| 23 | — 2 |{NI4E 12 | -3
Kuyper N9W| 33 | +17 N7W]| 24 | +27 N 13 | +16
Watheroo NI9W| 40 [ +10 | NI4W| 26 | +12 |NI7TW| 14 | + 6
‘Toolangi N33E| 45 |+ 8 N43E | 34 | + 7 |N28 E 17 |+ 5
Christchurch N77E | 28 | -5 /N82E | 22 |- 1|N70OE | 12 | + 2
Honolulu N76 W| 8 | — 2 |N59 W 6 |+ 1| N56W| 4 0
Sitka €43 W | 48 +10 { S55 W | 40 |+ 6| S48 W| 13 -2
Agincourt S24 W 17 0 |SI3E | 21 0 | S38 E 1 |+ 1
Cheltenham S24W| 17 | — 3  SIGE 19 | — 4| S24 E 12 | - 2
‘Tucson S4E | 15 | + 4| S27TE 16 |+ 3|S45 E 8 | + 2
Teoloyucan S16 W 7 | —2|822E 5 | —2|S45E 3 -1
San Juan S8W 7 - 1/ S11 W 5 | —2|S45 E 1 |—-2
Huancayo S6E 9 |+ 1|N2SE 19 |+ 2 |N21 E 22 |+ 1
Dehra Dun N37E | 26 | +10 NISE 26 |+7|/NSE | 11 -3
Alibag N63 E 7 + 2 |NI16 E 19 0 |[NI7TE 14 +1
Helwan S73 E 17 |+ 2| N7OE | 20 — 4 IN49 E 11 | -2
Ebro S25E | 17 |+ 3| S7T2E 13 | — 6 |N39E 6 | — 8
Coimbra- SI1E | 20 —_ E 7 — IN34 E 4 —
Val-Joyeux S32 E 26 + 1 : S73 E 17 + 1 N45 E 10 + 2
De Bilt S4E | 35 |+ 1 N63E | 3 —5IN4E | 19 | +1
Seddin © S33 E 30 + 2 N8O E 34 — 1 |N37 E 20 |+ 2
Swider 'SI6E| 30 |—2 N72E| 36 | —11 |N4E | 18 | — 5
Lovo 1 S29 E 35 |+ 4 NB1E 46 +20 | N27 E 28 | +12
Eskdalemuir | S24E | 32 |+ 4 N7TE| 21 |+ 5 N2 E 22 +5
Lerwick SI2E | 29 | +8 N5E| 23 |4+9 NHME ' 33 |+ 5
Tromsd N59 E | 108 0 NS3E| 70 | —18 NI9 W' 21 | —41
Vassouras |SS1E| 14 |+ 1 S60E | 14 |+ 2 NSE| 11 |+ 3
Mauritius S84 W| 10 [ -3 N6IW 10 |- 3.N&5W, 6 | —1

(Each element for 14 4 24 m and 16 & 12 m was assumed to be undisturbed )
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Table XVII. The coef. of the magnetic potential of the
disturbing force in the case of the bay-type
disturbance of Feb. 24, 1933. (Unit: )
G.M.T. Ca ia eb ip
- 112 2lm 0 0 0 0
N 11 36 —2.3422 —0.2£13 129+1.9 69112
11 51 —1.8+24 —0.7+14 159+3.1 8013
R 12 06 —2.0+1.6 —0.64+0.9 11.9+14 58409
12 21 —244+12 —0.5+0.7 68:+1.1 27407
. 12 51 0 0 0 0

157

€p

-5L

Fig. 18. The coefficients of the
potential in the case of the bay-type
disturbance on Feb. 24, 1933.

line shows the thcoretical value for {

which will be obtained in Section 3.

magnetic

Broken

bay-type disturbance of Feb. 24, 1933. As shown in this Table, the probable
errors of the determined coefficients amount to 1~3gammas. However, a
part of these apparent errors may be attributed to the method of the analysis
in which we did not take into consideration higher harmonics of the magnetic
potential. Thus owing to the smallness of these apparent errors, we may say
that the greatest part of the magnetic potential is given by the term including
Qi cos P and Qy!'sin ¢.
These coefficients are shown graphically in Fig. 18.

-4k

Fig. 19. The coefficients of the magn ‘tic
potential in the case of the bay-typa
disturbance on Apr. 10, 1933. Broken
line shows the theoretical value for 7
which will be obtained in Section 3.
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The same determination was made in each bay-type disturbance mentioned
above being illustrated in Figs. 19, 20, and 21.

w0} "
—
U . €a
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5r 5 L
{2
- \
0 1 1 L 0 L il 1
- 2 3 2 57 . 0 21 224
N ’l 'II
\‘ /I’ /,I
.\ ¥
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=5r b ] b
41 A
-0l -ioL

Fig. 20. The coefficients of the magnetic Fig. 21. The coefficients of the magnetic

potential in the case of the bay-type potential in the case of the bay-type
disturbance on Aug. 28, 1932. Broken disturbance on Sept. 23, 1932. Broken
line shows .the theoretical value for { line shows the theoretical value for {
which will be obtained in Section 3. which will be obtained in Section 3.

3. The relation to the electrical state
of the earth’s interior.

Now, it is of interest to study to what extent the theory of electromagnetic
induction is applicable for the relation between the external and the internal
parts of the bay-type disturbance. As the durations of the bay-type disturb-
ances range from one to several hours, shorter than the daily variation, and
besides the mode of variation is quite different from the daily variation on
quiet days, the investigation will become a good check to the induction-theory.

If we take the uniform core model in which c=5x10"!2 ¢z and ¢=0.94 as
already informed by the study on S,, the internal part of the magnetic potential
must be related to the external one by® -

in (f)= ‘% j:e (t—20) b () due—=cn (8) o (o>+§:e,, (t—1) I ) du ..(3.1) -

where %(#) corresponds to #,(#) when e»()=0(<0) and =1 (t<0).v.
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When =1, it becomes

hty= L [ eI (B) P 32)
27t JL p
where L is Bromwich’s path of integration and‘
_¢ F(y/dmapqa)
I ___q‘_ {1__1_‘1—;7; ® esscesesssssesv s e e seR Ve 3-3
®) 2 ~Fy(y/ 47rapqa)} (3.3)
Fr was already defined in Chapter II. We get from (3.2)
_ 3q3 =1 st
h(t)y= 2> = — 2 TP 3.4
® ’n_zs%szexp( phoe ) o (34)

in like manner with the study on the induction by Ds;. When {# is small, ()
can be written as '

=0 (1= e ) (35)
2 mqa o 471'0'(]‘02
as studied by Price®. ‘
In the case of Benkova's uniform core
model, 2() decreses very slowly as shown in
Fig. 22. The mean rate of decrese during a few

hours from the beginning amounts to only

3 3
0.015 % —%— per hour or 4.1x10-6x *(:IZ per second. 08

Then neglecting the second term of the right-
“hand-side of (3.1), we get to a high degree of a6
approximation ’

3 . | 04 { =5x{0emu
7= L e, (t)=0415¢e,(t)............. (3.6) -
2 a2 o= emu

‘ Applying (3.6), the broken lines in Figs. 18, 19,
20 and 21 indicate the changes in the internal

parts which are expected on the stand-point of 123 4 5 6p-
Tome

o« I Hemu

induction-theory based on Benkova’s uniform v

core model. Fig. 22. The change in the

induced field with the
lapse of time. (e=0

with those of the theory when we take into for <0, e=1

consideration the accuracy of the determination for £>0)

of the coefficients. Thus, we may conclude Benkova’s model is approximately

compatible with the induction by bay-type disturbance.

The results of the analyses roughly agree
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As shown in the figures mentioned above, however, it seems that the theoretic-
al curves are used to be lower than those of the analysis. If this were true, it
might become better to give larger values to ¢ or to consider that the outer
layer is somewhat conducting. Next, we shall determine the radius of the core
on the basis of the present analysis of this Chapter.

The ratio of 7 to e!® when e becomes maximum Table XVIIL
are given in Table XVIII with respect to the ex- The ratios at maxi-
amples of the bay-type disturbance co‘ncerned in this mum variation.
Chapter. As shown in this Table, its most probable _
value becomes 2.24:0.3. The probable error seems Date eli
rather large because we have only four examples. Feb. 24, 1933 2.0
If the conductivity in the core is smaller than the Apr. 10, ,, 25
order of 1012 emu, h(t) decays rapidly as also shown Aug. 28,1932 & 17
in Fig. 22. Then #(#) also decays rapidly. Thus Sept. 23, ,, 21

the conductivity must not be materially smaller than
the order of 10-12¢mu in order to explain the facts, as shown in Figs. 18, 19,
20 and 21, that e/7 is approximately equal to 2 and the mode of time-change
of e and 7 resemble each other. For these reasons, we may say that the
conductivity in the core amounts to the order of 10-12emu or more. In that
case, we can determine g or the radius of the core with the aid of e/i obtained
just before. By (3.6) we have v
qa=3/2e/i .

Then the most probable value of g becomes 0.96, say, the thickness of the
non-conducting layer amounts to about 260 km. However, it is desirable, in
the future, to determine the conductivity in the core and the thickness of the -
non-conducting layer separately with the aid of more accurate analysis.

Although the determination is somewhat rough, it is interesting that the
scale of the core obtained from bay-type disturbances is likely to differ slightly
from that obtained in the case of Sj.

As to the influence of the ocean on the electromagnetic induction by bay-
type disturbance, it will not be large by the same reason in the case of
induction by S,;. Then we may neglect it.

4, The distribution of the electric currents in the earth.

We concluded in Section 3 of this Chapter that the electrical state of the
earth’s interior, inferred from the study on the electromagnetic induction by

45) In order to avoid errors due to the smallness of the coefficient, we have better
to use e=y e 2+ ep2 and i=y 742442 in place of eqs, iq, ep and ip vthemselves.
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bay-type disturbances, nearly agrees with the uniform core model based on
Benkova’s analysis of S,. Now in the present Section, we are going to study
how deep the induced currents penetrate into the earth. As already investi-
gated in the case of S,, the estimate of the induced currents can be made as
follows.

According to the study on the electromagnetic induction within the uni-

—
formly conducting sphere, the current-density ¢ ;' which corresponds to the
spherical harmonics Sy, is given by

= —0ap C(p) p Fa (kpa) en () r grad ST, oo, A1)

whereas thé notations in this expression are the same with those in Section 4,
Chapter II, except C(p). Since the case including Q! is the most important
in the case of the bay-type disturbance, it is sufficient to take into consider-
ation only .

d=—cap C(p)p Fiy(kpa) e ()7 2rad@1 0561, oo (4.2)
where ‘ o
:::_1_ ____1_ 40 .
C(p) o Tty e (4.3)

In order to study the radial distribution of the electric currents in the core,

N
we deal with the coefficient of [# grad Q]S ¢1, that is

—_ oap Fi(kpa) 18)
c(t)= 5 P Fu(ga) e)®. ... s (4.4)
Solving the operational equation (4.4), then, we get the behavior of the change
in ¢(#) with the lapse of time together with the radial distance or p (its ratio
to the radius of the earth). Owing to the complexity of e(?) obtained, as
shown in several figures in Section 2, from the actual analyses, it will be not
only troublesome but unpractical to study each example. We shall here
discuss an idealized case. Assuming that '

e(®)=0 (0>1), e()=Ate™ (0<t)..ccovrvveeeereiiii, .(4.5)
where 0=0.278 x107 % sec™? ,

we may express the general tendency of the change in the external field as
shown in Fig. 23. Rewriting (45) in opzrational form we have

46) k2=4=cp.

47) CHAPMAN and BARTELS, loc. cit. Vol. 11, p. 741

sinh x ) sinh x
x X

48) Fy(x)= fz— (coshx—

. Fo(®)=
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Fig. 23. Idealized change in inducing field of bay-type disturbance,

where H(#) denotes Heaviside’s unit function. Substituting (4.6) into (4.4),
we get

—_poar Fkea) p :
c(t)=—A b Gy H{) o oo AT)

According to the operational calculus, the solution of (4.7) becomes

—_qa0ap( Flkpa) p
c(?) 'A47rz'jLF0(kqa) i € s e (48)

where L is Bromwich’s path of integration. Taking into consideration that the
poles are given by —w (double pole) and the roots of

sinh v/ dwap ga=0

except zero, namely, —as=—47w;225§ (s=1,2,3,.....), we can integrate (4.8)
getting
clt)=—A-22 [{(1+p) Flékf’”;
a EI(EPE) & [ Fi(kpa) Qs ust .
dp Fo(kqa) } e=_m 1 {F(](kqa) }‘p_—__wsm_ag 4 J * erevenans ( -9)

The series in (4.9), however, converges rather slowly for small value of %
Then we shall obtain a suitable expression for small value of t as follows.
Using Bessel function, F, is expressed by

Fu(x)= <ﬁ zx) U <n+ __) Tt (Gx)

49) CHAPMAN and BARTELS, loc. cit. p. 738.
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or

Fulx)= (—i-)% 1 (n+ g)lé O (4.10)

Meanwhile with the aid of well known asymptotic expansion

. 1 =12 (4P—17) (42— 3)
Iixe/ 1 pxfi 4 .
) 27rxe{ 118z 2182 }

- we get for large value of x

. . Fyx)aves/2x | Fx)nBex/2x ® . .. . i (4.11)
. Thus substituting (4.11) into (4.7), we get
(B A3V T4 (1),/F) e~ a-oVimate H(f) ... (4.12)
4/ 7 p

for large value of p. As well known in the operational calculus, the solution
of an operational equation when p—co corresponds to the one when #—0.

Then we get an expression of current-density for small .value of ¢ solving
(4.12) as follows; ‘

3 /?q ) T ~_(Q-p)?roqa®
t:—A‘J"—:V[Z LA 1]
¢t 4y mpl x/w €

—(a=pn/irea (it J=pFred \T" (4.13)

As to the change in the current density
. . Arbitrary Scale
with increase of the depth, we can 10y
calculate from (4.9) or (4.13): For in- o8l
stance, the change in the current-density 5
. . 0.6
isshown in Fig. 24 in arbitrary scale for
=386 %103 sec, that is, after one hour  04r

past from the beginning and at that 0ol

. | Surface Surface
time e becoming maximum in our ide- of earth of core
‘ L L 1
alized bay-type disturbance. The cur- p 094 090 086

rent-density decreases very rapidly with

increase of the depth. Indeed, it be-  Fig 24 The distribution of the induced
= . current in the earth.
comes less than one percent of its .

50) T(@/2)=y'z/2, T(5/2)=3y"502.
51) H. JEFFREYS, Operational Method in Mathematical Physics., p. 112,

1 —at"F =% (.:t.)l/ze_a‘-’x‘—'/zu_x(]_(,f—z‘:/if> .
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amount at the surface of the core at the depth of a few hundred Fkilometers
beneath the surface of the core. As already mentioned in the study on the
current-distribution in the case of Sy, the effective values of the magnetic fields
observed at the surface caused by the currents flowing in a thin shell whose

radius is pa are proportional to p»+2 I-?I for the harmonic whose degree is n,
the contribution of the currents flowing at any depth is shown by almost the
same curve in Fig. 24 because p does not differ materially in ‘the effective
range of the depth. Then we know from this curve that 90% of the magnetic
field are caused by the induced currents flowing in the regions from p=0.94
to p=0.88, namely from the surface of the core to the depth of 1200 % beneath
the surface of the earth. : \ .

Then the conductivity determined in this Chapter seems to correspond to
that of the upper part of the core because the contribution of the currents
more than 1200 %m below is almost negligible.

Summing up the investigations in this Chapter, we may say that the
electrical state of the earth’s interior which is inferred from the electromagnetic
induction by .S, is confirmed also by the induction by bay-type disturbances
in which the distribution of the disturbing forces over the earth differ very
much from that of S,. Since bay-type disturbances generally end within
several howrs, the induced currents penetrate into the earth ‘more shallowly
than in the casz of S,. Accordingly, the electrical state which is determined
by studying bay-type disturbances seems to correspond to the shallower region
compared with that obtained from the study of 24- or 12-hourly component
of Sy.

Although bay-type disturbances are only analyzed with respect to the low
and middle latitudes in this study, it is hoped, however, that an analysis will be
made including the polar regions with the aid of abundant data which will be
accumulated in the future.

(To be continued)
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