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1. Introduction. We have heard a number of reports from epi-
central regions of great earthquakes that the wave-motions of ground
“or some structures such as roofs of buildings were noticed by the naked
eyes?. Of course these ‘reports are not necessarily trustworthy, and
some of them are concerned with the objects on the ground such as
trees, grass and so on?. But even if we exclude these cases, it is rather
hasty to abandon all the other reports, considering them as illusion, for
- we have now few data and it is difficult to intorduce a decisive opinion.
Therefore, while on one hand we should endeavor to collect correct and
sufficient data, it is desirable to try to explain the fact reasonably.
‘Now, as an attempt of this we will investigate the possibility of optical
explanation of the fact; that is to say, if the compressional waves in
the air, caused by the vertiecal movement_of ground surface, may make
the air density change and consequently the optical path of thls region
may have some curvature.

In the following discussion, we will assume the wave front horizon-
tal and the problem to be two dimensional ; and x-axis as ‘horizontal and
y-axis as yertical. .

2. Relation between air-density and refractive index. According to
Pe1nter—Exner3> the relation between refractive index » and air density
8 is expressed as m =1+4¢/6 where ¢ is a small constant, somewhat
dependent to the wave-length of light, for which we may adopt an
average value -000293 for white light.

Next, using the notations p = py+p/, p-po+p, where p, p are
pressure and density respectively and the suffix ‘o’’ means the average
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value, and assuming the frequency (in one second) as », and the wave
legth 1, substitute the expressions V =V, sin 2m(y/A—ot), p' = py sin
2m(y/Ai—ot), in the fundamental equation of sound waves; then we have
po'lpo = vo/(Aw) = v/ V, where, V is the velocity of sound wave. There-
fore the rate of variation of density is equal to the ratio of maximum
particle velocity to the propagation velocity of sound. For the present
purpose we may take & = p/py, therefore we have

8 = 1+¢sin 2n(y/i—ot), € =v/V...... S (A)

On the other hand, v, is determined by the vertical displacement of
ground surface, so that € is a small quantity in the case of real earth-
quakes. Substituting (4) into the expression of n, we have .

7 = (1+c){1+ Ksin 20(y/i—wt)}, K =ce/d+c)...... .. (B
3. Optical path. 'From Fermat’s principle, equétion of optical path is
5T=5ff‘ls_= -++(C), where ¢ is the
c . .

light gr(:a]ocity and Q, O represents the
position of the object and the eye re-
spectively. (See Fig. 1). Using refraction
index, we may write ¢ = ¢/n, where ¢ is
the light velocity in vacuum. Now, we
adopt as the unit of length 2/27, and unit
Fie. 1. of time 1/27w, and use &, 7 and T instead

. of @, y and ¢; then we have the equation

ST = scia—c') f 14 K sin (p—n)}{1 + (dnlde2}ide = 0........ (D)

This is solved rigorously by the aid of elliptic integral. But the
main object of the present paper exists in getting the apparent change
of position of objects, so we will at first treat the case in which the
light velocity varies according to the formula ¢ oo 1—K'y........ (E)

3.1. Relation between two velocity distributions. Now we will
assume the form of integrand in (C) as f(§,n, 7). At first we take
n = ¢o(£) as the equation of optical path, and y = ¢4(£)+ € (§) as another
path that lies near 5 = ¢o(€). Here € is a small constant and y-(§) vanishes
at the points Q and O. Denoting the reciprocal of velocity as o(n),
we have the following expression; f(&, », #) = o(n)(1+72)% ., Introduce
this into (C), and we have ‘
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5T = — [WEO1+$272FE, e, FE, M) = ola)g(6)—o' {1+ /P
@0 ; e (DY

If the velocity is given by the formula o(n) = oo(?) =1+¢sin (n—1),
and the corresponding path is determined by the equation 7 = ¢u(8),
then from (D); :

¢’ = [Kcos (1—7)/{1+Ksin (p—m)}(1—¢F) ........ e (F)

- Next, we will consider another kind of medium in which o{y) is
given by '

aln) = anly) =1/(1—K'n), K <1,

and express the path of this case by the equation n = $i(8). Our present
purpose is to detect what difference may ex'st between two functions
¢o(6) and $1(§). Substituting (F) into (D)

F, ) = Q1—Ky) {1+ Ksin (y—7)}[1—K'5)K cos (y~)
-, —K'{1+ Ksin (p—7)} 11+ ¢
< , o [A+K-2mK —K{1—K}(1+4?) -

Now if we assume K' = K(1-+8K), then [1+K'-27)K—K'{1—K'}] <0,
therefore FI(§, n) is negative without regard to £&. To make 87 as small
as possible we ought to take y(§) always negative. This means that the
optical path in a medium (%) = o1(y) = 1/{1—K(1+8K)3}, lies always in the
lower side of n = ¢y(€) which represents a path in a medium o(n) = ay(y).
On the other hand, when ——gén—-ré—"zi, the curve 7 = ¢(&) lies in the

lower side of a straight line that passes Q and O. Therefore the deflec-
tion angle, in the former case, is larger than in the latter.

-~ By the above theory we may see the possibility of using a medium,
in which o(7) = oy(n) =1/(1—K'5), to get an upper bound of deflection
angle ; we shall see later that this gives also a good approximation of
the largest value of it. :

3.2. Estimation of deflection angle. Brachistchronic line in a medi-
um o(7) = oy(7) is obtained by equating the expression F(€, 7) of (D) to
' Zero. : ' o

(L —Km) ' — K/ (1— K" )21 +9/22 = 0

Integrating the expression we have the fo]lowing solution easily,
where L and M are integration constants. K'(&+p)—2p+2L6—M = 0.
From a boundary condition £ =0, » =0, we have at once M =0, and
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{e+ LK+ {n—1K'Y = {1+ [#}/K"

This is an equation of circle whose radius is (1+L?)%~/K’. Arbitrary
constant L, in this expression is obtained by putting another boundary
* condition £ = —o, 7= B. Thus L = {K'(¢*+8%+28}/2c.. This quantity
is, as compared with unity, very small. Hence the radius of circle is
approximately 1/K/, which depends neither on. « nor on 8.

Deflection angle of optical path, denoted by 46 in Fig. 1, is obtained
by the following process.

tand = o, tan (0+d6) = [~dn/dE];-n.o = {K/(o2+£)+28}

Ceodo= —1—K'oc
: 2

'Thus the deflection angle depends only on distance.
As time goes on, distrbution of air density becomes reversed and

-40 changes its sign to beéome ——é—K'oc. Therefore, the total deflection

angle amounts to K'«. When the object point Q lies on the same horizon
with O, 8 becomes zero and L becomes as L = K'«/2. Maximum value

of #, in this case, is 77,',;,,,{ =v%K7a2, which is fairly small compared with

unity ; therefore we may legitimately adopu the following approximation
when In—'rl is small.

o-o(n) =1+ Ksin (7—7) =1/{1—K(n—7)} = 1/{1;—-K”7} == oy(7)

Thus the above obtained amount K'¢ gives not only an upper bound of
. deflection angle, but also a good approximation.

4. Numerical values in a practical case.  Now, we will examine the
possibility of the explanation by lntloducmg numerical values adequate
in the case of real earthquakes.

At first, we adopt the value ¢’ = -000293. Next, since € is equal to
w/V, taking a greatest value thinkable for vy, we put vy = IOOcm/sec
Then we have € = 100/33, OOO— 003, therefore

K=/ +c’) £:1.0x 1075, K= K'

As the unit length we have used 4/27, which nearly becomes, taking
a frequency a little Jarger than 3 sec™, 15 metres.

On the other hand, the maximum total deflection angle is about
K'o.. Therefore, for a distance 150 metres (o = 10), we have |48}, =
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10-°. But this is too small to be.detected by the naked eyes. Besides,
the apparent displacement of the object point (QQ' in Fig, 1) is only
about 1 mm., which is by far smaller than the real displacement of ground.
So we may conclude that the visible wave motion of ground surface is
no more easily explained by assuming optical effect. Even if we assume
shorter sound waves, the deflection angle by no means increases. We
have hitherto adopted a most favorable case for the optical explanation,
but now we are to give up this intention.

. The above idea is due to Prof. H. Kawasumi who encouraged the
author throughout this work. Also Mr. K. Yosida, of Gepophysieal
Institute of Tokyo University, kindly gave useful suggestions.




