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1. 1In the eruption of Miyake-sima, 1940, the deformation of the earth’s
surface that accompanied it was found by measuring the horizontal
and vertical displacements of triangulation points scattered over this
island. The results of an analytical study of these crustal deforma-
tions follow.” . .

2. In this study, the writer first tried to calculate the theoretical
valites of the displacements, based on the theory of elastic equilibrium
with given boundary conditions. In this calculation, the problem was
treated as two-dimensional, the elastic strain assumed present only in a

horizontal plane. ;
The problem may be reduced to that of solving the equation of

equilibrium
' . a0
- =29p —
(/1+,u)aw+‘uv u=0 1
LI +/‘)ay+/’_V v=0,
where » and v are the z-and y-components of the displacement at
point (x, v), and 4, ;2 are Lame’s elastic constants, whence

tw v

0= av + 3y . (2)
The bounadry conditions to be satisfied are
> . :
u=0, ”‘_‘@S sin a,Ecosxé?dE (3)
’ “ b .

at y=0 in each quadrant.
On solving the equation, we put

1) The analytical study of the crustal deformation was made by S. Omote. See
Zisin, 13 (1941), 315~326. This is a supplementary note to Omote’s study.
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v=¢s+y o

Substituting this relation in equations (1) and (2), and in view of one
of the boundary conditions, namely, =0 at y=0, we get the relation
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H_ence, Wf)ile we have on the one hand
| o i3l
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or &_*_3/1
g . $o= -ms" ’ . - (7)
on the other, we have from (2) '
V20=0 E (8)
Then ¢, and ¢ should satisfy the condition
Vig=0, y2$=0. v (9)
The solution of (9) may be written in the form
¢2=S e~ (P coS £ + ¢y 8in £x) dE (10)
0
which should satisfy the boundary condition, i.e., at y=0,
20| sin aé cos x&
’U=¢2=—7E—OS _f—dé.
) . .
The constants in (10) will then become
2vysinaé o '
P = p £ $=0. (11)

Thus we. have
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20, N -y, sinaé cosx¢ .,
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that is to say, \
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we have for the components of displacements in each quadrant

_% l+/z 1 __A 1 ] . (16)

x A+3u” (a—ac)2+y2 (a+x)2+7° :
v= [tan“ +t n_‘a+x]

™ Yy Y
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7 Z-}-,un[. a—x ' a+x ] 7
7 /1+3,u” (a—2)2 492 +(a+x)2+y2 an

~ 3. In studying the crustal deformation in Miyake-sima by using the
results of the foregoing calculation, the cracks that accompanied the
eruption is expressed schematically. :

It was reported® that, at the time of eruption, several new craters
were formed on the north-eastern slope of the Miyake-sima volcano,
distributed on a line the trend of which is N 72°E, radially from
the Oyama crater, lying in the centre of Miyake-sima. This direction
was chosen for the z-axes in the present analytical study, and the
perpendicular to it for the y-axis. The origin of the coordinates was
taken at the point where the ax-axis intersects the shore-line of the

(Numerals against points designate the number of triangulation points.)
Fig. 1 Distribution of triangulation points.

island, where. the Hyotan-yama crater was formed at the time of erup-
tion. Along this z-axis, i.e., on a part of the surface from this origin
to the westernmost crater, a straight crack was formed, pushing out

2) H. Tsuva, Bull. Earthq. Res. Inst., 19 (1941), 263~994.
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towards both sides of the crack, its width being 2v,. The distance
between Hyotanyama, the origin of the coordinates, and the western-
most erater is taken as @. On the eastern side of the y-axis, a similer
crack also formed. The coordinate axes and the crack are shown in
Fig. 1, in which the distribution of triangulation points is also shown.

Since the coordinate axes are rotated 18,° counterclockwise, com-
pared with the coordinate axes in which the eastward and northward
directions are taken as xz- and y- axes, respectively, and to which the
components of displacements” are referred, the components of horizontal
" ‘displacements should be reduced to some such form as

w =u cos 18° +v sin 18° } (18)
9= —usin 18° + v cos 18°

where u, v are values as referred to the ordinary coordinate axes and

w, v the revised values of components of displacements as referred to-

the rotated coordinate axes.

Table I. Revised Horizontal Table II. Revised Coordinates
Displacements. of Triangulation Points.
Trlalr)lgiunlétlon u (em) v (cm) Trialx\lr;tixl%ftion x Y

p > km km

11 —34 -2 11 —3-84 -075

1 0 0 1 ~8:50 -2.45

2 —22 2 2 —6-15 T —195

3 ~13 -11 3 ~7.71 —0+73

4 —26 0 4 —3.92 0-°8

5 —23 -14 5 —7-02 145

6 -5 —-19 6 —4.50 —3.78

7 -3¢ | —54 7 —2:33 —2:25

8 -31 —84 8 —0-55 -1-07

9 3 108 9 ~0-70 055

10 —62 10 10 -4.70 2:82
11 —68 20 11 -3-70 3-34

12 —61 61 12 —2:20 1-66

13 —44 -4 13 —~2:90 —-0-50
14 —16 -9 .14 —3.49 0-35
15 —22 0 15 —646 311

The reduced values of the components of the horizontal displace-
ments are given in Table 1. '

3) Bull. Earthq. Res. Inst., 19 (1941), 544~547.
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The coordinates of the triangulation points with reference to the
new coordinate axes as measured on the map and given in Table II.

Theoretical values of components of horizontal displacements were
calculated by using (16) and (17), given in the preceding paragraph

2 . . .
for cases of A=y and /_1=°° respectively, i.e., for the case in which

the crust is perfectly elastic and for that in which it is incompressible,
taking the value of 2v, as 240 cm. The results are given in Table
III, in which values of éu and dv, i.e., the difference between the
observed and calculated components of horizontal displacements are also

shown.

Table III. Calculated Horizontal Displacements.

Triangulation Case 2=¢ Case %'—‘”
Points. u(em) ’ v(cm) ‘ ou ( v | uCem) [ v(em) | Ju ov
I -2 | —12 | -32 10| —5 | —15 | —29 | —13
1 T R 0 0 0 ol o 0
2 -1 -5 -2 7| -3 —6.| -19 8
3 P T 3 7 | —16 | —18
4 Lo 17 | —27 | —17 3 2 | —29 | -2t
5 1| —-12 | —19 | —32 1 24 | -24 | —38
6 -9 | —-32 | —16 13| -17 | -3 ] -8 | —56
7 -14 | —29 | -20 | —25 | —97 | —-17 | —7 | -37
8 0| —64 | =31 | —20 | —1 | —4a7 | —30 | -37
9 1| 104 D) 4 2 98 1 10
10 -7 32 | —55 | —22 | —15 38 | —a7 | —28
1 -1 35 | —42 | —15 | —22 3 | —46 | —16
12 . =10 53 | —51 8 | —20 47 | —a1 14
13 -10 | -30 | —34 2% | —-19 | —31 | -9 27
14 | 0 26 —16 —-35 -1 34 —15 —43
" 15 ] -3 -7 | -19 7 -7 | -7 | -15 7

It will be seen from this result that the calculated displacements
for the case in which the crust was assumed incompressible are closer
to the actual values of components of horizontal displacements than
those calculated for the case in which the crust is assumed perfectly
elastic. The theoretical values of components of the horizontal dis-
‘placements were then calculated for various values of 2v, for the case
of an incompressible crust and the results compared with the actual
values of the components of horizontal displacements.

The residuals 6u and dv were worked out and the sum of the
squares of these residuals, i.e., the value of S7{(du)2+ (6v)2} obtained
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for each different valué of v, and plotted against v,, as shown in Fig. 2.
It was thus found that the calculated

values of components of horizontal displace- - /
: L ' . ™

ments approach nearest the actual when v, is &8 /

assumed to be 120—140 cm. . 26 /
It is a matter for further discussion 24

whether the value of v, that gives the least  Szlc //

value of S1{(0u)2+ (6v)?} is the most pro- 20 ]

bable one or not. However, the value of 120 /2

. 10 12 14 16 18 20
cm is taken as the most probable value of v, Vo in m

and referring to. this value, the residuals, i.e., Fig. 2.
the difference of the observed horizontal dis- :

placements from those calculated, were worked vut and their distribu-
tions discussed. In Fig. 3, the observed and calcuiated horizontal displace-

Sealt for Displace’t

100 em
- -

(full arrows=actual, dotted arrows=-calculated.)
Fig. 3. Distribution of horizontal displacements.

ments of triangulétion ‘points are shown by the full and dotted
arrows. N .
The residuals of the horizontal displacements thus worked out
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consist of errors accidental and systematlc One of these systematlc '
errors is such that its amount is usually believed to increase with
increasing distance from the point of reference. As the point of refer-
ence in this case, triangulation point 1 was selected. We have for the
components of these errors the expressions

.; u.=Ax—By } «

v.=Ay+Bx (19)

in which « and y are coordinates of the triangulation point referred
to triangulation point 1 in this case, and 4 and B are constants deter-
mined by means of the data of residuals by the method of least squares,
namely A=—0.881x10-* B=1.085 x 10-? )

’ Several other sources of deviations, or residuals, could also be
pointed out, one being the systematic errors that arise from improper
assumptions made in computing the theoretical values of dlSplacement
co mponents, for example, in treating the problem two-dimensionally and
in assuming the earth’s crust to be incompressible. The effect of local
deformations and the accidental errors are also sources of deviation.

Since a number of sources of residuals can thus be pointed out,
it might be said that the determination of conﬂtants A and B in the
above expression by the method of least squares is- questionable. This
is also one reason that the assumed value of v, deserves further dis-
cussion, as already mentioned. In the meanwhile, however, seeing that
the above calculations do not seriously differ from the actual manner
of deformatlon, the second residuals, i.e., the values of du— U, OV—v,,
are regarded as consisting of accidental errors and the components of
local deformations, the cause of which was not allowed for 'in the
foregoing calculations.

The distribution of the displacements as obtained by comblmng
the values of du—u, and dv—wv, is shown in Fig. 4.

From all this, it will be seen that the displacements of triangula-
tion points 4, 15, 14, II are fairly large, the three being directed toward
the crater of Oyama, the central crater of the Miyake-sima volcano.
Such manner of crustal deformation might have been caused by the
voleanic activity of Oyama, whose activity had been reported several
days after the eruption-on the northeastern side of Miyake-sima.

A similar mode of deformation may also be seen from the analysis
of the vertical displacements of the triangulation points. .

4. A glance at the dlstrlbutlon of the vertical dlsplacements of trlan-v
gulation points shows that Mlyake-sma 1sland as a whole tilted west-
wards. This general tilt may consist of* acute ‘deformation that accom-
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panied the volcanic eruption and a secular deformation that has been .
accumu]atmg for scores of years. In a study of the crustal deforma-
tion that followed the volcanic eruption, the chromc general tilt ought

Scate for Displace.
oocm

, Fxg 4. Residuals of horizontal displacements."
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réthéx'.t'o" be excl'u\dedi. ‘ In order to ekclude thls general fi]t; the ,f&iibwing
procedure was taken. ‘ : o ey I
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The apparent tilt in the azimuth connecting the two triangulation
points was calculated, and this apparent tilt plotted against the azimuth,
as shown in Fig. 5. '

In this diagram, the general tilt, i.e,, the azimuth and the mag-
nitude of the tilt, is denoted by a sine-curve. In this case, however,
such a sine-curve cannot be determined uniquely. At least two sine-
curves can be drawn, designated by I and II. Sine-curve I represents
the tilt as determined by the vertical displacements of triangulation -
points 2, 1, 3, 6, 10, which were not seriously disturbed by the erup-
tion, while curve II represents the tilt as determined by vertical displace-
ments of triangulation points 2, 5, 9, 11, 12, 15, which were disturbed
more or less by the eruption. The general tilts represented by these
sine-curves are

I: 0, (azimuth)=108°, = ¢, (magnitude)=2.4x%x10"°
II: 0, (azimuth)=260°, ¢,, (magnitude) =4.8 x 10-°

Fig. 6. Reduced vertical displacements.

Thus curve I shows the south-eastward tilt and curve II the west-
ward tilt. * If we assume’ the tilt represented by curve II to be the
general tilt and subtract the effect of this general tilt from the actual
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vertical displacements of the triangulation points, the distribution of
the vertical displacements thus corrected is as that shown in the an-
nexed figure in which, in the central part of Miyake-sima around the
Oyama crater, the earth’s surface was found to have subsided, both
the east and west sides of the island .being elevated relatively.

From this distribution of corrected vertical displacements, the
crustal deformation is believed to have occurred in association with
the activity of the Oyama crater of the Miyake-sima volcano, as
already found from an anaytical study of the horizontal displacements. .

The assumed general tilt represented by curve II, Fig. 5, may
contain the components of vertical displacements due to the volcanic
eruption on the north-eastern slope of the mountain.

In Column III of Table IV, the corrected vertical displacements,
assuming the curve II of Fig. 5 to represent the general tilt, are
shown.

In Column II of this Table,

are shown the vertical displace- Table 1V. Reduced vertical

ments, corrected on the assump- Displacements.
tion that the tilt represented by ; ;
curve I, Fig. 5, represents the Trla‘fr’fiﬁl"?m Wiem) Wa(em)
general tilt, I . —15 —39
As will be seen from this Table, . 1 -3 14
the corrected vertical displacements 2. -2 -2
in Column III, the corrections for 3 1 9
which are based on the general 4 —14 —30
tilt represented by curve II, Fig. 5 -6 =1
5, are so related to the calculated 6 -3 —16
horizontal displacements that the ; ig —2?)
larger vertical displacements point 0 a 9
to smaller horizontal displacements. 10 0 -1
On the other hand, however, in the 11 16 -3
vertical displacements given in 19 25 -4
Column II of the Table, the larger 13 —12 -35
values of the vartical displacements 14 —29 —49
point to larger values of the cal- 15 -5 -1

culated horizontal _displacements. :

The relatlons between the calculated horizontal dlsplacements and
the corrected vertical displacements, for which the corrections are
calculated by assuming the tilt represented by curve I as being the
general tilt, is shown in the annexed figure.

Omitting the points that show the relation between the calculated
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vertical and horizontal displacements of trlangulatmn pomts 14, 4,
18, II, and 8, the relation is expressible by a curve, as shown in Fig.
7. The dlsp]acements of triangulation points 14, 4, 13, and II are
o seen to have been greatly affected
T by the volcanic activity of Oyama
60 < ~ crater, as already referred to,
‘the value of the corrected vertlcal
- L~ dlsplacements of the trlangulatlon
L1 point 8 being éxceptionally large.

¢ L7
il —15 4 These are the reasons for the

omission in Fig. 7, of the points

D g0 gy | Moriontal Diplacement(em) corresponding to these triangula-
oy B, | ol : »

fo fanl I | . tion points. )
;,f,% |- |- ‘ This fact may suggest that
o the crustal deformation that ac-
Fig. 7. comapanied the volcanic eruption
R - was caused by an abrupt upward
movement of the subterranean lava. Hence, in ca]culatmg the theore-
tical values of displacements, the boundary condition should be taken
so that they shall express the process of eruption mentioned above
which however could not- be easily expressed in mathematical form.
S. The results of the present study may be summarized as follows:

(i) The dispribution of the horizontal displacements in Miyake-
sima caused by the 1940 eruption is expressible approximately by the
deformation that would be expected from such mode of crustal move-
ment that the crust was pushed outward as the result of a crack, 240
cm wide, opening on the northeastern SIOpe of Miyake-sima volcano.
A number of explosion craters are distributed on this line of crack.

(if) Comparisons of the deviations in horizontal displacements
worked out with the aid of the observed and calculated values suggests
that, accompanying the volcanic activity of 'the Oyama crater at the
~ center of the volcano, a local converging deformation occurred.

(iii) From analytical studies of the vertical displacements of
triangulation points, it was also noticed that, associated with the vol-
canic activity of Oyama crater, the region around this crater subsided.

It is hoped that the results of analytical study of the crustal de-
formation in Miyake-sima given in this paper will stimulate further
mvestléatlons and also theoretical treatment of more general cases having
more complicated boundary conditions.

A ‘f
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