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1. Introduction.

Since no transverse wave is transmitted through the earth’s core
and since the earth tide with a period of half a lunar day is unduly
large, it is fairly probable that the core in question has no rigidity,
it being thus fluid”. There, however, remains the .question whether
or not this fluid core is in a liquid state of relatively low temperature
or in a gaseous state of rather high temperature. Although Lorenz,”
using the idea of gas energy, recently showed that the state may be
gaseous, owing to the numerous assumptions made, it is impossible to
conclude straightway from his result that the earth’s core must be
gaseous.

Furthermore, even if the core be liquid, if originally it had con-
densed from the gas within the core, condensation would have occurred
at a period when the atomic numbers of the mixture of gases were very
low, as will presently be shown—an almost improbable condition in the
light of the recently developed theory of the nuclear transmutation of
elements. For the condition that the core shall still be liquid, conden-
sation should occur in a perfectly gaseous spherc of very low density
and of relatively high atomic numbers®.

At all events, the question whether the earth’s core is gascous or
liquid, and also whether in the case of a liquid core, condensation oc-
cured straightway from a large gaseous sphere separated from the sun,
or from a special condition of gas, is very difficult to answer. Thus,
in the present paper, we shall discuss only the gaseous state of the
core and compare it with other physically possible states of the same
core, with consequently a less conclusive answer to the question under
consideration.

2. Mathematical conditions for a polytropic gas in the core.
It has already been shown that the equation of a spherically dis-

1) H. Jerrrevs, The Earth, 2nd ed. (1929), 239.
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360 K. Sezawa and K. KaNarL [ Vol. XVIII,

tributed polytropic gas that is sub]ected to gravitational forces, is that
of Poisson?, namely

d2¢1 2 d¢l 24 n )
—rlp 2Ty =0, : 1
dv* o dr i (1)
with
=47 q/{(n+ 1)e}™, (2)

where ¢, is the gravitational potential, @ the gravitational constant,
namely 6:66.107° in C.G.S. units, and «, » are constants showing the
relation between pressure P, and density p, in the form

P ICPI-H/n . (O)

‘When ¢, is obtained from (1) the dlStl‘lbllthDS of density, temperature,
and pressure can be determined, using the relations
p= i/ (n+ 1)}, T=Budi/(n+ DR, Pi=pdp/(n+1),  (4),(5),(6)
respectively, where 3 is the universal gas constant 8-26.10°, u the
atomic weight in terms of the hydrogen atom, and 8 the ratio of the
gas. pressure to the whole pressure. :
The relation between the increment of pressure and vrawtatlonal
attraction at any radius r, including the part of the rock shell is
r_jdb__polt, o
Vhel‘b p is the density at that radius, and 3, the spherical mass within
the same radius.  Integrating. (7), it is poss1bh, to get the expression
for the pressure with such arbitrary constants as have been determined,
using the condition of continuity in pressure at every boundary and
the additional condition that the total mass of the core is known.
The solutions of (1), which are generally very complex, can be
obtained by a graphical method. The special cases, n=1 and n=5,
may however be represented by simple mathematical expressions. Since
the value of n in almost any actual case.lies in the range between n=1
and 7=5, calculation of the two cases should indicate, qualitatively,
the nature of the polytropic condition of the gas. It is known that
the gravitational potential satisfying (1) is expressed by

$r=Asinorfr, d=ANIT (r)[3 [o/=ad’] (9),9)

for n=1 and n=5, respectlve]y
8. Numerical data and calculation.
For determining the masses in the rocky Shell and the core, the

.. .4) A, S. EppixgroN, The Intcrnal Constitution of the Stars (19"6), 79; E..A. MILxE,
Handbuch der Astrophysil, 3 (1930), 183. :
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results due to Bullen” and Jeffreys® will be used. Bullen considered
an outer shell of about 350 km thick and an inner shell lying between
the outer shell in question and the core. Whereas
in the outer shell the density distribution is almost
linear with radius, in the inner shell the same
distribution is nearly parabolic. Jeffreys, assum-
ing that the outer shell is about 474 km thick,
modified Bullen’s result to a certain extent. If
we take Jeffreys values, the empirical cxpressions
for density distribution may be of the forms
ps=8-67 —8-44. 107", (6371 —474<10°r cm<6371)
(10)
p2=6-13—5-45. 107"%*, (6371 —2900<10’rcm <6371 —474) (11)
from which the total mass in the whole crust is JM’=4-070. 10" gms.
Since the total mass of the earth is M=5-985.10" gms, the total mass
of the core is M,=1-915.10” gms.
Tor convenience, we shall furthermore write,
@=6371 km, b=6371—-2900=-3471 km, ¢=6371—-474=5897 km, (12)
so that the part, b<r<a, is the rock shelland that, »<b, is the core. -
For ascertaining the density distribution in the core as affected by
the density distribution in the rocky shell, we shall discuss four cases,
namely, I. n=1, p,=p;=constant (=4-485); II. n=5, p,=p;=constant
(=4-485); III. n=1, ps, ps as in (10), (11); IV. n=>5, p, ps; as in (10),
(11).
Case I. n=1, p,=ps=constant (=4-485). In this case, ¢;=
Asin arfr, pp=¢:1/2¢. In the rocky shell, since

b N
MM, :4LP2 (,rs — b3) -+ { 47Tp1'rfd'r1
3 Jo

___47:'392 =% + 2:A<slr;:cb _ Qgcjub >’ (13)
ﬂ)g: pzd;,sz: __—pZGj][r , P2: . p)‘aﬂ[" d,'.’ (14)
dr dr 7’ R A
we geb S : :
2 3 :
PzZ—47?:Gp§<—7é—+%->+27TGPZA<ST;LI)- bcosod >'—1’+B, (15)
K o T« 7
where 4, B are arbitrary constants. -In the core, on the other hand,
p =P _ A sin’or (16)
TTn+l 4e.

5) K. E. BuLiey, M. N. R. A. 8. Geophys. Suppl.; 3 (1936) 395-401.
6) H. JerrrEYS, ibid., 4 (1937), 50-61.
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The boundary. conditions are : ,
' P,=0, P=P - (7), (18)
at r=qa, and r=0b, respectiveiy. Substituting (15), (16) in (17), (18), and
. remembering that the value of M, in (18) at r=> is

Mo=1, 274 (smocb bcoqocb) 1. 915 107 gms, (19)

K o o

it is possible to determine A and oo (namely «). Calculatlon by the
method of trial and error gives :
A=1-025. 10° C.G. S., }
o =4-95.10""C. G. 8. (¢=1-708.10" C. G.8).
Case 1I. n=5, ps=ps=constant (=4-485). In this case, $,=
ANVL+ (07)%3, pr=(¢:/6k)". In the rocky shell,

(20)

i 1
M =2TP2 45 g3y 1 pr,=4TPr (s )+ [ 4mpuidr,
o 3 0
dmpy s s 4 AW '
=22 (5 %)+ -, 21
o ') 3(6x)°(1+ a'zbzlg)% =D

* the pressure in the same shell being obtained in the same way as in
Case I. The pressure in the core is

—pib A 22
a1l 66r) 1+ Y3 (22)

Usmg the boundary condltlons P,=0, P,=P, at r=a, r=0>, respectively,
and the condition

4ar A%®

M= 1015107 gms,  (29)
86N+ B 3)s = @8
it is possible to find the constants
4=1.80.10"C.G. S, |
| (24)

=2-16.107*C.G. 8. (k= 11810“0GS),

in the same way as in Case T.

Case III. n=1 and density dlstrlbutmns ps, Pz as in (10), (11).
Gravitational potential ¢, and pressuré P; in the core in this case are
the same as in.Case I. For the inner rocky shell, b<r<e¢,

M= f dmpuidr+ M., (25)
b
and for the outer rocky shell, c<r<a,
M= [ anpaidr,+ f “dmparidr+ I, (26)
Je b .
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Substituting (10), (11) in the respective terms of these expressions, we
get ‘ '

f drrpyridi = 4m {2-043(1° — b)) —1-09. 10*(° — 1)} ,
| .
o f dmwpaidr=8-983.107, (©@7)

- “ampyrid = —4-235. 10+ 3-632. 10r° — 2652, 10",

Using (7), it is possible to find the expressions for the pressures P,
Ps in the layers b<r<e¢, c¢<r<aq, respectively. The solution for the
core is the same as in Case I. The boundary conditions are P;=0,
P,=P,, P,=P at r=a, r=c, r=0b, respectively. The constancy of the
mass M, in the core is the same as in the preceding sections. Using
these conditions, we finally get

A=1-09.10" C.G. S, }
a=4-84.107"C. G. 8. («k=1-79.10"C.G. 8.).
Case IV. n=>5 and density distribution ps, p, as in (10), (11).” The
gravitational potential ¢, and pressure P, in the core in this case are
the same as in Case II. The values of M, for the two rock shells are
shown in (25)-(27). Using the conditions given in Case III, we get
A=1-86.10"C.G. 8., }
«=191.107"C.G. 8. (k=1-2410"C.G.8.).

- Since the values of A and & have been determined, it is possible,
in every case, to get the distri-
bution of ¢, in the core, using
equations (8), (9). When ¢, is
thus dctermined, the distri- -
butions of density p; and tem-
perature 7' within the core are
ascertained with the aid of = |  Caselln=ip,puvorying
expressions (4), (5). -p
4. Distributions of density and T . ' N
pressure within the core. Ry '

The numerical calculation
in the previous section gives T rinkm
the density distribution within ¢ 5000 3000 3000
the core; the results of calcu- Fig. 2 Density distribution within the core.
lation for Cases I, II, III, IV are shown in Fig. 2.

It will be seen that if n=1; the density distribution for the case
of n=1, ps=p,=4-485 differs somewhat from that for the case in which

(28)

(29)

20 Casell.n=s5,p=p=4-185

CaseN.n=s5,p,pvarying

15

Casel.n=1,p=p=4-485
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ps, p2 varies if n=>5; the distributions under consideration also differs
slightly for the two cases. Since, furthermore, the density distribu-
tion with radius of the.polytropic state n=5, is more varying, it is
possible to say that the state n=>5 represents a condition in which
the moment of inertia of the earth is diminished. It is likely that
the density distribution in almost any case of polytropy lies between
the two systems of curves in Fig. 2, namely, the curves correspond-
ing to Cases I, IIT (n=1) and those corresponding to Cases II, 1V
(n=>5). ,

From Jeffrey’s investigation, the density distribution within the
earth’s core is somewhat similar to durves between Cases I, IIT and II,
IV. Besides, since the most probable polytropic condition of the gas
is near n=2 or 3, this assumption of the gaseous condition of the carth’s
core seems justifiable.

Since the distributions of
density and the gravitational 417
potential have already been found,
it is now possible to get the dis-
tribution of pressure within the
core by means of (6) ; the results
of caleulation for-Cases I, IT, I11, 2107
IV are shown in Fig. 3. Thus,
when n=1, the pressure at the
centre of the ecarth is 3-82.10°
atm. and that at the outer boun- -
dary of the core is 1-85.10° at- R R

0 %000 2000 3000
mospheres.

If it were assumed that the
formula for the velocity of compressional waves through a fluid,
namely, ¢=YyP:/p,, applies to the waves through the core, the velocity
in question would become 7-27 km/sec at the earth’s centre and 5-6 km/
sec at the outer boundary of the core. From Gutenberg’s estimation,
the velocity of longitudinal waves through the core is 10-9 km/sec at
the carth’s centre and 8-5km/sec at the outer boundary of the core,
whence it follows that the velocity of the waves in our case is only two-
thirds that actually observed. The difference under consideration may
arise cither from the fact that in the core with a fluid under enormous
pressure, the formula ¢=YyPip, would be greatly modified, as in the
case of clasticity under initial pressure, or from the fact that the value
of n of the core gas is rather less than 1. From our present know-
ledges, it is impossible to ascertain this qualitatively. All we can say
is that, even should the core be gascous, the velocity of the bodily waves

CaseN.n=s,p,,pvarying

Case ll.n=5,p=p=4485

3.107)

1104

T

— T(in km)

Fig. 8. Pressure distribution within the core,
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through the core is of the
came order as that actually
observed.

5. Distribution of tempera-
{ure within the core.

The numerical calcula-
tion shown in Section 3 algo
gives the distribution of tem-
perature within the core; the
results of calculation for
Cases I, II, III, TV under the
assumption that p=8-5 for
a working hypothesis”, are
shown in Fig. 4.

As shown in Fig. 4, the
condition n=5 is mnearly
isothermal, the temperaturc
distribution in that condition
being approximately uni-
form. The same distribution
for m=1 is, on thc other
hand, of that type in which
the temperature tends to
diminish largely with radius.
The change in temperature
distribution in the core with
change in the density dis-
tribution in the rock shell is
not very marked, provided
index n be given. At all
cevents, the temperature with-
in the core is as much as
10* K.

The temperature distri-
bution shown in Fig. 4 was
determined on the assump-
tion that p=8-5 for a work-
ing hypothesis. If the value
of p in question were

7) The assumption of p=85
f rom certain reasoning is due to
H. ILorewz, loc. cit. 2).

30 .
Case ll.n=1,p,p,varying

Casel.n=t,p=p;4-485

2104

CaseN.n=5,p,p,varying
Casell.n=5,p=p,=4-485

R A
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> T im)

1t L | ! |
0 %000 3000 3000
Fig. 4. Temperature distribution within the core,
it being assumed that p==85. ‘ '

210 1=85 0N

—> T(inkm)

s

| | 1 |
0 1000 2,000 3,000
Fig. 5. Temperature distribution within the core
for different values of p in Case III; n=1, p3, p2
varying.
T
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| I 1
0 —por T Z000 3000
Fig. 6. Temperature distribution within the core

for different values of p in Case IV; n=5, ps, p:
varying." : :
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changed, the temperature distribution would also change; the résults of
calculation for Cases III, IV arc shown in Figs. 5, 6.

It will be seen from these figures that the value of the temperature
at any point in the core is proportional to the value of , whence it
follows that if the gas in the core is of a high atomic number, say,
that of iron or nickel, the temperature in it will be as high as 10° K,
whereas if the gas is of a low atomic number, say, that of proton or
helium, the temperature in question may be of the order 6f 10° K. This
condition is of some interest in the light of the recently developed physics
concerning the nuclear transmutation of clements, some remarks on
which will be made in the next section. .

It should be remembered that since the pressure is very high, the
effect of ionisation on the present problem for the earth is negligible.
Since, furthermore, Elsasser® gave recently a special explanation of the
origin of the carth’s magnetic field, no restriction to temperature in
the core is needed.

6. Atomic weights of elements composing the core gas and the nuclear
transformation of these elements.

From the results of the preceding section, it was found that if tho

t ) g, t
ear' h’s core were gaseous, the.atomlc Table I.
weight of cach element composing the
gas would assume any value in the Reaction Erg./gr. cec.
restricted sense that the temperature - o H 79
. . +H-*H+e+ =y
in the core shoul‘d vary in agx:eement L H ol - 11017
with the change in atomic weight in g4 IH S Het i 810"
question. *Li+'H-»*He+°He 110"
On the other hand, judging from 'Li+'H-2'He ’ it
th . L. 9 °Be +1H—"Li+*He 310"
¢ recent investigations of Gamow 0B L UG By 3.10°
and Bethe'”, it is possible for thermo-  np_ 1 ,3He 310"
nuclear transformation  of relatively "'C+H-"*N-+/w 11
light elements, say, atomic number 9 JCHH>PN+/w 180
or 10, to exist at ht ¢ BO+HMUN+ I - 36.10%
i o exist at such temperature as NLTH-T0 1 30
10°’K. The higher the atomic number, BN +TH-12C+He 45, 10°
the more the temperature for the ™0+ 'H-"F+iw 710-5
nuclear reaction increases. With a F+I-*O+4He . %
view t cortaining  th, diati 2Ne+'H—>*Na+ kv 7'10-5
lew to ascer aining ¢ radiation sy, T ECIN 8.10-9
energy liberated in the nuelear tran-  sogjy i »up.y iy 310-22

formation of light elements, we shall

.8) 'W. M. Ersasser, Phys. Rev., 55 (1939), 489,
9 G. Gavow, Phys. Rev., 53 (1938), 59, 55 (1939), 718; Nature, 144 (1939), 575, 620. -
"10) H. Berar, Phys. Rev., 55 (1939), 434,
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here reproduce some of the numerical results shown in Gamow’s paper,
as in Table I. The reactions occurring in the present sun (considered
by Gamow) are shown underlined. These reactions are thus of carbon-
nitrogen cycles. Since from this table, the temperature in the interior
of the sun is of the order of 10°K, the temperature for the nuclear
reactions of the heavier elements, say, #>20, would be much higher
than 10°K. )

From our present investigation, the temperature of the core, even
should that core remain gascous, would not greatly exceed 10°K, from
which condition it holds that no nuclear reaction exists in the present
core. The elements in the core gas had formed at a certain stage of
the primitive earth. And since the temperature of the core gas now
under consideration is too low, even if the core were gas, the atomic
nuinbers of the elements composing it would not greatly -exceed those
of the elements in the sun'. - '

7. The condition of the corc of it were liquid.

In the previous section, it was shown that it is scarcely possible

for the core to be a mixture of gases of high atomic numbers. Werc
the atomic numbers fairly high, then since the temperature is also so
high as to excecd the critical of condensation that can be indicated by
VAN DER WaaL's cquation in thermodynamics, it would scarcely be
possible for the hcavy metals like nickel or steel to condense. Since,
in the light of nuclear transformation, it is inconceivable that such
heavy metals could condense immediately from a gas of low atomic
number, condengsation, if that were possible, would have occurred in the
very carly stage of the earth, that is, when it was a large gascous
sphere. :
For the metallic corc of the carth to condense from a large gaseous
sphere, there is still the drawback that the gas is a mixture of clements
to be condensed, the theory of nuclear transformation being disregarded
in this case. Condensation in this sense will be developed in the con-
dition shown in our previous papers'”, that is, iu that of the tempera-
ture in the outer part of the gascous sphere relative to the condensing
point in that part.

1t follows now that for the metallic core of the earth to be con-
densed in accord with the theory of nuclear transformation, the pri-
mitive gaseous carth should have once paésed a .stage of very high
temperature and then greatly cooled with its body gascous as a whole,
which. condition, however, would be' rather difficult of realization.

~11) 8. Oxo had long ago an idea that the earth’s core may be gaseous ; Geophy. Mag.,
1 (1927), 97—10_1. S ) o ' )
12) K. Sezawi and K. Kanay, loc. cit. 3).
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From the foregoing considerations, we arrive at the conclusion that,
with the theory of nuclear transformation of elements in mind it is
likely that the carth’s core is gaseous, with a temperature of the order
of from 10°K to 10°K, whereas if this theory be disregarded, liquid
metallic core may be possible.

8. General Summary and concluding remarks.

The question whether the earth’s core is gascous or liquid, and
whether, in the case of a liquid core, condensation occurred straightway
from a large primitive gascous sphere that separated from the sun or
from some special gaseous conditions is very difficult to answer. As an
attempt to do so, we solved a problem of polytropic gas within the core.
The density distribution in the rocky shell was assumed to be uniform
in one case and to be that of Jeffreys in another. The polytropic condi-
tions used in this paper are n=1 and 5, the latter being somewhat
similar to the isothermal condition. The velocity of the longitudinal
waves s of the order of that of the actual core waves. Since the pres-
sure is very high, the effect of ionisation is neglected in the present
problem. The temperature in the core becomes of the order of 10K,
but varies proportionally with the atomic weights of the gases in the
core. According to Elsasser, such high temperature of the core is not
inconsistent with the existence of the carth’s magnetic ficld.

With the theory of nuelear transformation of ‘clements in mind, if
the carth’s core be gaseous, the elements composing that gas would be
of relatively low atomic numbers for the reason shown in Section 6. Tt
is impossible for any metallic core to condense immediately from the gas
within the core. If the earth’s core be metallic liquid, the metals must
have condensed from a large gaseous sphere, in which case, disregarding
the theory of nuclear transformation, the elements corresponding to the
metals must have existed in a mixture in the gascous sphere. For the
metallic core of the carth to be condensed in accord with the theory of
nuclear transformation, the primitive gaseous carth should have once
passed a stage of very high temperature and then greatly cooled with
its body gaseous as a whole—a condition rather difficult of realization.
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