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1. Introduction.

In his previous papers® the writer discussed the physical properties
of sand, soils, and rocks that are most intimately related to the pro-
pagation of elastic waves in the earth’s crast. The results of these
studies showed that the elastic properties of these substances are greatly
affected by the water contained in them, the closeness of packing, por-
osity, and the size of the particles that form the substances, and the
amount ‘of binding material which they contain. A “number of the
substances that compose the earth’s crust have a granular structure,
eithér microstatic or macrostatic. Sand is a typical example of a macro-
scopic granular substance. As already explained in the previous paper,”
a mass of sand may be regarded as an elastic substance, seeing that the
elastic waves are propagated through the aggregate which is composed
of many sand grains. Moreover it was found that elastic waves seem to
pass with greater velocity through fine grained sand than through coarse
grained sand. This study is a continuation of the previous ones.

Although, in order to fully investigate the phenomenon attending
the passage of elastic waves through the substances just mentioned, it
is necessary to conmsider the structure of the substance as well as its
elastic properties, it is not possible to attain this object with substances
(or granular substances) found-in the natural state, because their
structure may not strictly comply with the necessary conditions. We
therefore decided to study the properties of granular masses that we had
prepared artificially, the internal structure and the closeness of packing
of which are macroscoplcally known For this purpose we selected for

1) M. IsgimoTro and K. IpA, Bull. Earthq. Res. Inst., 14 (1936), 632; 15 (1937),

671.
K. Iipa, Bull. Earthqg. Res. Inst., 13 (1937), 838; 16 (1938), 131; 991; 17 (1939),

59; 79.
2) K. Impa, ““The Velocity of Elastic Waves in Sand,” Bull. Earthq. Res. Inst.,
16 (1938), 131~144.



84 K. IIDA. [Vol. XVII,

our study readily accessible material, such as rubber and lead, the
shape of whose individual particles are spherical and of small, uniform
diameter. Since, moreover, we had selected sands with round grains,
we should thus be in a position to know how these granular masses
will behave when elastic waves pass through them and to ascertain how
the foregoing elements, that is, the size of grain, the closeness of pack-
ing, moisture content, and the cementing material that bind the indi-
vidual particles, will be affected.

2. Elastic Wave-Velocity and Grain-Size.

(¢) Granular masses.

In order to observe the effect of the size of grain of a granular
substance on elastic wave-velocity, three kinds of granular substances
of uniformly sized spherical particles, namely, rubber, lead, and sand
were selected. The dimensions of the tiny spherical particles and the
component elements of these three substances are shown in Table I. In
the present investigation, tiny spheres of rubber and lead ranging from

Table I. Dimensions of Grains.

Substance No. | Diameter | Density Component
1 029%™ | 1.999 (| Smoked sheet, FAQ V' Y90.92%
2 041 1-228 Sulphur 2:725
Rubber grain 3 0-64 1230 J: Stearic acid 279
4 0-93 1227 | Accel. D. M. 0-825
5 1-20 1-233 Nocceler D. 0:2%
Solid rubber block 3-90 1-238 Lead white 2:7%
1 0-30 1132
2 0-48 11-33 Pb 99-96%
Lead grain 3 065 1131 As trace
4 0-87 11-32
5 102 1130 Fe trace
Solid lead block 250 11-30
grain-size . grain-size .
/ . 1 0030 | 270 | 0-30mm 985,  0-15mm 2%
Sand grain 2 0:059 2:69 0-59mm 972, 0:30 mm 32
3 0-117 2:71, 117 mm 9825, 9230 mm 2%

about 3 mm to 1'2 cm diameter, for lack of a better word, will hereinafter
be called grains. ‘
We also prepared cylinders of solid rubber and lead of the same
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material as those of the grains. It will be seen from Table I that
these substances are comparatively pure.

.(b) Methods of experiments.

The methods of the present experiments as well as the apparatus
used were the same as those used in studying the velocity of elastic
waves in sand. To make the cylindrical specimens we used at first a
cellophane tube, 0:024 mm thick, as before, to hold the grains.

As already explained, vibrations of various torsional and longitudinal
frequencies are imparted to the foot of the specimen of the granular
substance as well as the solid block where it touches the vibrating
plate, and the fundamental resonance frequency thus ascertained, after
which the velocities of the elastic waves in it are computed.

_ The velocities of the elastic waves were also measured with a thin
elastic rubber-tube, 0:02 mm thick,
and a sort of paper-tube, 003 mm
thick. When, at times, these re-
ceptacles were not used, the ex-
periments were carefully carried bt
out under no boundary conditions,
the ,SChema}tlc arrangem.ents O,f the Fig. 1. Schematic arrangements of
grains being shown in Fig. 1. grains on the vibrating plate.
‘Within the limits of experimental A Vibrating plate.

-accuracy, the results of our ex- a Without boundary wall.
periments are almost the same as b With cellophane wall.

those in the case of our cellophane-tube experiments.

The effect of the cellophane wall on the wave-velocity was also
noted, to observe which effect we used cellophane cylinders of various
diameters. The curves in Fig. 2 show the relation between the re-
sonance frequency and the diameter of the cellophane cylinder. The
values of the resonanace frequencies in the case of no boundary wall
are also plotted as ordinates. In all these cases, great care is exercised
to see that the closeness with which the grains are packed, that is, the
porosity is kept constant. In this case, as will be seen from the figures,
so far as the present experiments are concerned, the values of the fre-
quency are almost constant. Thus, since the resonance frequencies of
vibration are independent of the diameter, the results of our experiments
may practically be extended to the case of no boundary wall, but in
the case of no wall, the grains are apt to be crumbled and unstable.
Therefore, for convenience in dealing with a granular mass, cellophane
tubes, 4 cm diameter, were always used for packing the grains, )

a b
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In order to observe the effect of size of grain on the velocity of
the elastic wave, we experimented with various forms of the grains,

the diameters of which are given
in Table I. First, we repeated
the experiment with cylinders of
various heights of the granular
-substance, the diameter being con-

Resonance frequency
=
o
1

stant. Second, the diameters of the €07 I S A S
individual particles of the granular 60|
‘substance were varied, but with T —

. : . 0 1 2 3 4 5 6 a.coom
their heights constant. Third, we .
) _ — Diameter
repeated the experiment by chang- Fig. 2. Relation between the resonance

ing the closeness of packing for the
various kinds of grains. Fourth,
the effect of water on the velocity
was investigated by using wet
grains packed in the receptacles
mentioned. These last two experi-

frequency of vibration and the dia-
meter of cellophane cylinder.

1

2

e, 0O
A, N
®, ©

shows the case of longitudinal
vibration. :
shows the case of torsional
vibration.

Cellophane cylinder.
Rubber-tube.

No wall.

mental procedures will be described
in the next section. Besides, we
determined the velocity of the wave through a tall solid cylinder of the
same. material as those of the grains by subjecting it to vibration, since
the elastic constants would be concerned with those of the individual
grains. The size of the solid lead cylinder was 2'5 em diameter and 50 cm
long, and of the solid rubber cylinder 3:9cm diameter and 30 cm long.

Material of sample is rubber. h=15cm.

(¢) Results of the experiments.

An example of a diagram showing the fundamental longitudinal and
torsional resonance periods T, T',, and the height of the granu’ar subs-
tance, &, may be seen in Fig. 3, in which the period T, or 7, is taken
as ordinate and the height % as abscissa.

Since, as already found, the successive resonance frequencies of higher
orders are about an odd number of times that of the fundamental re-
sonance frequency, we determined the velocities of the longitudinal and
the torsional waves V,, V, by means of granular substance, using the
simple formula

1
V=712 V=74
z Tz ] T;
A=A4h,
but disregarding internal friction,
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Relation between the fundamental resonance period and

the height of a granular substance.

c‘mb’

Torsional vibration.
Longitudinal vibration.

Lead grain, diameter d=0-48 cm.
Rubber grain

d=0-98 em..

Table II. V,, V., and h of Cylinders of Various Kinds of Grains.

Lead grain, d=0-48 cm.

Rubber grain, d=0-98 cm.

No. h

No. h v | W Vi Ve
1 22,0 cm 123 mn/sec. 86 .m/sec. 1 95.0 cm 52 m/sec. 35 m/sec.
2 17-1 106 78 2 20-0 46 31
3 130 93 68 3 17-0 42 28
4 9:0 76 55 4 130 35 23
5 60 59 41 5 10-0 30 20

6 60 18 12

Lead grain, d=0:87 cm. - =
Rubber grain, d=0-41cm.

No. | h l V: Ve

No. | reo|ow | V.
1 920-0 cm 117 my/sec. 87 m/sec.
2 17-0 107 80 1 24.0 om 5Q m/sec| 34 m/sce.
8 14:0 98 72 2 19-0 44 30
4 110 87 64 3 150 39 26
5 80 72 53 4 11-0 31 2 -

5 9:0 27 17

Lead grain, d=0-30 cm. 6 60 18 12

No. h 1 Vi Ve The values thus obtained for each
1 os.0em| qo5mmsec] gymmee. Kind of granular substance are
2 19:0 109 76 shown in Table II and in Figs.
3 15-0 99 68
4 10-0 80 55 4, 5. v
5 60 56 38 From the curves in Figs. 4, 5
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it will be seen that the velocity of the wave varies with the height of
the specimen, that is, the greater the height the greater the velocity.

Such variation in wave velocity as e
. . . 0
referred to height differs according to "
whether the tall cylinder is a solid o
. . 100
homogeneous block or whether it is 5
. . K=
a cylinder whose material consists of N
more or less loose grains, the curves
for which are shown in Figs. 4, 5, 6, o
. - 0 3 10 5 20 25
the former being more concave to the Height
abscissa than the latter. Fig. 4. Relation between the wave-
In order to observe the relation velocity and the height of granular
between wave-velocity through a substance. ‘
granular substance and grain-size, the T};;e“c?:‘:ro fﬂl’:;; tﬁfﬁf ‘;23:’
wave-velocity was plotted against the The lower three curves show
diameter of grain, as shown in Fig. the case of torsional wave.
7, in which the diameters were taken O Diameter of lead grain, d=
as abscissa and the velocities of waves 0-48 cm.
. A d=0-30 cm. X d=0-87 cm.
in the granular substance, 20 cm
. 60 ;n/s“ 60 vy.'a‘
50 50
.E‘a' 40 :‘:} 40 M y
8 30 / :9: 30 ///
o 2 @ 2 .
.>. 1 /“/ > 10
o 3 [ 13 28 2 4 3 10 15 0 (2’2
Height Height
a b

Fig. 5. Relation between the wave-velocity and the height of granular
- substance.

® Longitudinal wave.
O Torsional wave.
a Diameter of rubber grain, d=0-98cm. b d=0-41cm.

height, as ordinate. As will be seen from these curves in Fig. 7 and
Table III, the two kinds of wave-velocities are almost constant, as
referred to the variation in diameter of the grains under identical con-
ditions of packings—a phenomenon that was not observed in the case
of sand masses under natural conditions, the results of which appeared
in the previous paper.® There is a tendency however for the velocity

"3) K. Ima, loc. cit., 2) . . e
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to increase slightly with increase in the diameter of the grainms.
So far as the present experiments are concerned, our conclusion is

20xi6%sec ‘
15 .m/
SeC
- : 150
() N
g ;
o 107
1 0-1 -
g g
5 =
507
: : (m i
0 10 20 30 0 10 20 30
Height Height
Fig. 6a. Relation between the funda- Fig. 6b. Relation between the velocity
mental resonance period and the of elastic wave and the height of
height of the solid rubber block. the solid rubber block.
@® Torsional vibration. @ Longitudinal wave.
O Longitudinal vibration. O Torsional wave.

Table III. Velocity of Elastic Waves in Mass of
Various Kinds of Grains.

Wave-velocity
Substance No. Diameter -
Longitudinal Torsional

1 0-99 cou 43-5 m/sec 289 m/sec

2 0-41 45-5 30-5
Rubber grain 3 0-64 45-2 30-2

4 0-98 46-0 310

5 1-20 52:0 329
Solid rubber block 3-90 130-0 77+5

1 030 1163 78-2

2 0-48 1165 83-0
Lead grain 3 0-65 116-2 84-5

4 0-87 117-0 86-0

5 1402 119-0 88-1
Solid lead block 250 12240 500-0

1 0-030 1055 684
Sand grain 2 0-059 100+0 650

3 0:117 104-8 67-8
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that the wave-velocities through a granular mass are much smaller
than those through a column that
is a solid homogeneous block. 150\ Mhec

(d) Discussion. ~o—o0—a—0—8-

100+

In the present study it is
necessary to inquire how the elastic
waves are propagated through those
simplest aggregates of uniform

Velocity

507 b

spheres, so arranged that they =

support one another. Since, at any

rate, the first thing to be noted is 0 s I I_Cvsm
that the downward pull of gravity Diameter of grain

is the only force acting on the  pjz 7. Relation between the velocity
system after aggregation of the of elastic waves and the diameter of
particles has been initially attained, grains.

this system may be initially in the ®, O Lead grain.

strained state, so that if the re- A, A Rubber grain.
©®, A Longitudinal wave.

pulsive force between the grains O. A Torsional wave.

is small compared with that of the

force due to gravity, the elastic waves should be propagated through
the granular mass under the foregoing condition within the limits of
the force at work on the system.

For a general idea of the phenomenon, we consider the ideal case
of one-dimensional problem, in which an aggregate of uniform spheres,
R in diameter, is arranged in a row with their centers along a straight
line, the distance between the centers of the spheres being 2R, so that
each sphere along this line is tangent to its neighbours on either side.

When the diameter of the individual sphere is small compared
with the wave length of an elastic wave, it is possible to take the
elements, that is, the elasticity of the contacting parts of the spheres,
the mass of the individual sphere, and the force acting on the spheres
in the problem of the propagatiom of elastic waves, and to consider
this system of aggregation as one in which the mass of every sphere is
concentrated at its center of gravity, and imagine that the elasticity
of the contacting parts of the sphere takes the form of the effective
modulus of elasticity of an elastic spring, the mass of which spring
is negligible. i

The equation of motion for the longitudinal wave referred fo this
system is expressed by
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¢ 9w
2z =g 1)

in which € represents the displacement in the direction of the x-axis,
s the effective modulus of elasticity of a spring of length I, m the mass
of the sphere, and ¢ the time. Therefore the velocity of propagation
of a longitudinal wave V, in the aggregate of spheres is given by

V,-_—l;/%. | @)

With this formula, we can determine the wave-velocity by substituting
the actual quantities of s and I; the last mentioned represents, in
practice, the vertical distance from ‘the horiz-
ontal plane that passes through the centers of
the spheres of one layer to the corresponding
plane of the next layer, in which, by “layer”, is
meant the parallel arrangement of aggregates of
uniform spheres arranged with their centers
along a straight line in the same plane (Fig.
8). As the quantity s depends on the elasticity Fig. 8. Schematic

of the spheres and the external force, it may arrangement of
be written uniform sphere.
oF
= - - ®

From a simple calculation, we obtain
a \2
5_2R{1—1/1—(§>}, (4)
in which a is the radius of the contacting circle in the L-te

contact plane of two spheres (Fig. 9). According to
Hertz’s theory®, a is given by

a=k¥ FR . (5)

where & is the constant depending on the elasticity of
the spheres, and is written

— = Fig. 9. Con-
k=[3/ _3_ M , (6) tact of two
4 E spheres.

in which F is the Young’s modulus and ¢ the Poisson’s ratio of the

4) H. BERTZ, Gesammelte Werke, 1 11885), 155. S. TIMOSHENKO, Theory of
Elasticity, (1933),
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sphere. From eqdutions (3), (4), (5), we obtain

1

_3FRYE [y o PR |
s=202 {1—lc2(R2)} . )

Substituting (7) in (2), V, is expressed by
14 2 1

=om kY p

In the present case, we take the value of I that depends on the height

h of the aggregation of spheres as the mean value of the external
force, such as

11 o i |
FRR 71— 1oFOR s} . ®)

F=ﬂR2pg% . 9

Thus we obtain approximately the formula representing the longitudinal
wave-velocity, neglecting terms higher than the second order, such that

‘V,ooh%(l—oz)‘%<~f~)%. (10)

This would be useful for the simplest ideal case of systematic packing

of the spherical grains, but since, as will be explained later, there are

various degrees of packing, it is necessary to modify it as needed.
Generally, I, which has been already defined, takes values from 2R

— 5
to 2R;/ % , that of F' differing- with the number of spheres that tan-

gentially touch a particular sphere. Since, as is clear, the minimum
number of tangent neighbours in the foregoing simple systematic scheme
of packing is 6, and the possible maximum number is 12, the plane of
deformation of that particular sphere by the external force is divided

cos ¢
b

into 1~3. Thus in each plane of deformation we take F' not-

withstanding the former value of F, in which » is 1~3 and ¢ repre-
sents an angle between the direction of propagation of the wave and
the line passing through the centers of spheres (Fig. 8.). Assuming ¢ to
be 0° at minimum and 35'3° at the maximum value, from equation (10)
the mean longitudinal wave-velocity may be approximately expressed by

RS PR Ve AN
V=0, (109 7¥( P), (11)

2 111 1 1
C,=33%7 3n®g¥sin®¢cos®y. 12)

5) L. C. GRATON and H. J. FRASER, ‘‘Systematic Packing of Spheres—with
Particular Relation to Porosity and Permeability,” Jour. Geol., 43 (1935), 785~909,
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It may thus be concluded that the velocity of the longitudinal wave is
proportional to the sixth root of the height of the granular cylinder,
to the elastic constant as well as to the density of the sphere, and to
constant due to the condition of packing.

G. Hara® has also studied the foregoing simple case in connexion
with the propagation of acoustic waves through the particles of carbon
in the carbon-microphone. He obtained for the mean velocity C, of
the waves propagated through the carbon particles, the expression

1 1B 3 .
Cm=KR2h0(?> , (13)
where R, h, E, p are the same value as before, and K the constant.
There are some differences between equation (11) and (13).

Thus from equations (11), (12), it is possible to determine the ve-
locity of the longitudinal wave. :

Since equation (11) shows that the wave-velocity is proportional
to the sixth root of the height &, in order to ascertain whether or not
the experimental results do show such a relation, the wave-velocity
measured by experiments was plotted as ordinate and the sixth root of
the height h of the granular mass as abscissa. Figs. 10~11 show
these relations. As will be seen
from these diagrams, it was as- 150 e
certained that all the points lie
on a straight line. It is interest-
ing that the results by simple
calculation are in good accord with
the experimental results. However,
upon obtaining the relation between
the diameter of the grain and its s rie Bk
velocity, we get the result shown 2
in Fig. 7, from which it will be Fig. 12. _Relation between the velocity
seen that there is a tendency for and V1.
the velocity to increase with in- A Longitudinal wave.
crease i.n the d.iamete? of the grain, g g‘i’zz‘;’t‘i ;"f'afeez; 4 grain, d=0-48 cm.
thus disagreeing with what we [ ,_ia0cm.  x d=0-87cm.
should expect from simple theory.

 Next, the torsional vibration referred to the foregoing system is
considered.

Velocity

%
S
It

6) G. HARA, ““Theorie der akustischen Schwingungsausbreitung in gekdrnten
Substanzen und experimentelle Untersuchungen an Kohlepulver,” Elektrische Nachri-
chten Technik, 12 (1935), 191~200.
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As will be seen from the curves in Figs. 10, 11, all the points in
‘the case of torsional vibration lie also on a straight line. Consequently
the nature of the curve for the torsional vibration is thought to be
similar to that of the longitudinal vibration.
msec

60 go-{mpsec

/

o T T T T 0 T T T T
3 4 s s 17 3 4 IS I 7

Vi Y
a b
Fig. 11. Relation between the velocity and 3T

a Diameter of rubber grain, d=098cm. b d=0-41cm.
@ Longitudinal wave. O Torsional wave.

Velocity
Velocity

In the case of torsional vibration, the equation of motion can be
used under the assumption that it is similar to that in the case of the
longitudinal vibration, such that

020 020

oz oar’ (12)
in which 0 is the angular displacement, r the moment of a couple of a
spring of length I just mentioned when one end of it is rotated through
one radian, I the moment of inertia around the axis of rotation of an
unit system of aggregation such as that already mentioned, and practi-
cally equal to that of the sphere. The velocity of propagation of the

torsional wave in this system V, is given by

V,=l % (13)
in which
Tuat
r= /2 s (14)
I=%mR2, (15)

where g is the modulus of rigidity of a spring, that is, the constant of
the torsional elasticity of the contacting parts of two spheres, and depends
on the elastic constant of the spheres.

In the present case we can derive the equation of wave-velocity
by treating it similarly to that in the case of longitudinal waves.
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Finally we obtain

1

1 RN

Vt= mh’() - $l— )
C,hé(1—a) ( P). (16)

—/ 3 & 1 Too11 4 7
Cm=1/5(§> (Z) 73gon3sin® gcose .

It is consequently possible not only to determine the proportional
constant between the wave-velocity and the height from the inclination
of the straight line in the diagrams, Figs. 10, 11, but also to determine
the elastic constants F, y, o of a grain by using the calculated formula,
assuming the probable values such as ¢=385° and n=3, the results of
which are summarized in Table IV.

Table IV. The Computed Values of E, p, ¢ of a Grain.

Dia- E 2
Substance. mglt;:r (C. G. S.) (C. G. 8 I
029 3-30 X108 1-20x 108 0-38
. 0-41 3.26 117 0-40
A rubber grain 0-64 397 1 118 0:39
0-98 360 1:33 0-35
1-20 350 1-28 0-37
Solid rubber block 2:18x108 1-30x108 0-40
0-30 660101 2:54%1010 . 0-30
0-48 6:57 " 2-44 0-35
A lead grain 065 6-40 /7 2:44 ! 0-31
0-87 6-32 2:31 /! 037
1-02 7-00 / 2:63 0-33
Solid lead block | zeaxiom [ 562X 1010 | 0-44

In the case of a rubber grain, the elastic constants are comparable
with those of a solid block of material (shown in Table IIT), whereas in
the case of a lead grain the former values are much smaller than the
latter. Therefore, the foregoing simple theory may be useful for the
propagation of elastic waves through a granular mass in the first ap-
proximation, but it cannot yet be regarded as conclusive until further
experiments have been made. Seeing that, although in the foregoing
calculation, the velocity is independent of the diameter of the grains, it
was found that there is a tendency for the velocity to increase slightly
with increase in diameter of the grains, hence difficult to completely
explain the phenomenon of wave propagation in a granular mass.

3. Relation between Elastic Wave-Velocity and
Closeness of Packing.

Since as already mentioned, the closeness with which the grains are
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packed is an important factor affecting its elastic properties, the
granular masses were examined for possible ranges of packing. Since,
in the present case, the shape of an individual grain is spherical, the
manner in which the grains are arranged in the solid masses that
contact with their neighbours is completely obtained by analyzing cases
of systematic packing of uniform spheres.

The present experimental procedure was as follows; the grains
were slowly poured into a cellophane bag in the form of a cylinder,
and allowed to pack naturally until the bag was full. After weighing,
the vibration-experiments were made, and the velocities of elastic waves
determined by the foregoing methods. In this case the degree of pack-
ing is called the loosest. Next the experiments were repeated with the
masses in varying degrees of packing, the desired packing being obtained
by tapping the receptacle. As the total volume of the receptacle was
known, the porosity was readily computed from the ratio of the density
of the granular mass to that of the individual grain.

According to L. C. Graton and H. J. Fraser,” there are several
modes of packing, the porosity values of which are shown in Table V.

Table V. The Porosity Values of Several Modes of Packing.
(after L. C. Graton and H. J. Fraser.)

| Case 1 Case 2 Case 3 Case 4 Case 5 ’ Case 6
Name
¢ . Ortho- Rohmbo- Ortho- |Tetragonal- Rhombo-
a(n%llgglael) Cubic rhombic hedral rhombic | sphenoidal | hedral
Tangent
neighbours 6 8 12 8 10 12
Spacing of — S— - = s —
layers RY 4 Rv' 3 RV 2 RV 4 RV 3 2R 9/3
Volume of 3 3 3 3 3 s 3
unit cell 8-00R 6-93R 5:66R 6-93R 6-00R 566R
Volume of Q13 3 3 3 Q13 47 R5
unit void 38112 2-74R 1-47R 2:74R 1-81R 1-47R
Porosity 476425 395425 25:95% 39-54% 30-1925 25-95%

Although it will be noticed that the porosity values vary from the
maximum number of 47:64 per cent to the minimum number of 2595
per cent, our experiment shows that the porosity values vary from
48T to 362 per cent in the case of tiny rubber spheres, and from 480
to 360 per cent in the case of tiny lead spheres. Both these maximum
and minimum values slightly exceed those obtained by Graton and

7) L. C. GRATON and H. J. FRASER, loc. cit., 4)
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Fraser, which is probably due to the fact that some of the grains
form more or less imperfect spheres, and that the grains are con-
strained by the cellophane walls. Since irregularities in the shape of
‘the grains ought to result in a wider range of porosity, the irregular
forms can be packed either more loosely or more tightly than uniform
spheres. The results of our experiments are summarized in Table VI.

Table VI. Porosity and Wave-Velocity of a Granular Substance.

Lead grain, d=0-48 cm. Rubber grain, d=0-98cm. | Sand grain, d=0-59 mm.

P Vi Vi P V: Ve P V: V:
% m/sec. | m/sec. % m/sec. | m/sec. % m/sec. | m/sec.
360 150 105 362 86 57 400 100 65
36'5 137 95 371 74 50 41-3 93 61
37'5 1925 87 37-9 73 50 426 85 54
384 120 83 395 62 41 44-0 84 54
39-7 111 78 406 56 38 45-5 77 50
41-2 106 74 417 52 35 466 73 46
42:3 98 68 428 44 30 47+6 70 44
430 96 68 439 39 2% 49-0 69 44
43-8 93 65 45-2 33 22
44-9 88 60 46-1 31 19
46+3 85 59 47-4 28 16
475 80 55 48-7 20 13

To obtain the relation be- e

tween wave-velocity and closeness 150

of packing, the velocities V;, V,
were plotted as ordinates and the
corresponding porosities of the
granular masses as abscissae, as
shown in Fig. 12. The diagram,
Fig. 12, shows that the velocities
vary with the arrangement of
the grains, regardless of the A S
manner, and increase with tight- Porosity

i 3 i Fig. 12. Relation between the velocity of
ness of packing as a function of e o ety

100

Velocity

“n
T

porosity—phenomena already as- ©, A, x (upper) Longitudinal wave.

N : : 3 3 . O, A, X (lower) Torsional wave.
crarta.med in the prev101s1s inves ©. O Lead grain. &, A Sand grain.
tigation of sand masses.” From % Rubber grain.

8) K. Iipa, loc. cit., 2) A
K. YONETA, “On Wave Propagatlon on the Surface of a Sand Mass,’”’” Memo.
Fac. Eng. Hokkaido Imp. Univ., 4 (1938), 265~273.
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these results we get for the em- Table VII.
pirical formula The Values of v;, By, v;, Bs.

Vl=’l)16_klp,

. Ve Vt
Material m/sec B, Im/sec B,

V.,=v,e %",

. . o Rubber | 4020 | 0-106 | 4190 | 0117
in which P is the porosity in l ‘

percentage, v,, v, velocities for Lead ’ 596 0'042l 565 | 0-049
P=0, B,, B,, constants depending . Sand | 480 { 0-040 ] 338 | 0-042
on the kind of substance used and ’
the condition, whether dry or wet. The values of these constants that
were determined from our experiments are shown in Table VII. In
the case of grains of lead and sand, this formula accords well with
the experimental results, whereas in the case of a rubber grain the
accordance is not so perfect.

4. Relation between Water Content and Velocity.

To ascertain whether or not the effect of water contained in
granular masses could be observed in the elastic wave-velocity, we ex-
perimented with wet granular masses in varying degrees of water.
For wet packing, the grains were first immersed in a water tank to
soak it thoroughly and remove the airbubbles adhering to the grains.
The receptacle was filled with water and the grains slowly poured in
and allowed to settle, after which the water was expelled through a
small hole in the base of the receptacle. In this way, the water in
the granular substance was reduced to a minimum in order to permit

0 %
e
. 60 ’
s loo_\\\\“ 504
;bg-; M b 40_\\\%‘%\4—‘\'\'
E 50 g JO‘M
; 204 —o—0—0 .
10
0 : 10 15 0 % 4 3 10 5 %0 %
Water content Water content
a b
Fig. 13. Relation between the velocity of elastic waves and the water content.
© Longitudinal wave. a Lead grain, d=0-48 cm.
O Torsional wave. b Rubber grain, d=0-98 cm.

it of being set upi‘ight on the vibrating plate. It was thus possible to
obtain it in various degrees of water by drying it in ordinary room
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temperature, and to determine the velocity of elastic waves through it.
From the results of measurement shown in Fig. 18 and Table VIII,

it was ascertained that the
relations between the elastic
properties of these kinds of

Table VIII.

Wave-velocity and Water Content.

granular masses and the

Lead grain,

’ Rubber grain,

water content are similar to d=0-48 cm. d =0-98 cm.
those that we had previous- ~“Water[ | v, | Water| o V.
ly found. The terms V,, V, °°I;2ent m/sec. | m/sec. ﬁcmge“t\ m/sec. | m/sec.
have a tendency to diminish 0 B2 | 89 0 50 35
somewhat, exponentially, with 1-8 124 86 15 50 34
increase in water content, 3.4 120 89 3.9 48 31
to illustrate which, the loga- 5.9 us | 79 61 44 30
rithms of the wave-velocity 72 110 77 77 42 28
were plotted as ordinate and 87 108 74 8-8 41 28
the water content as abscissa, 96 | 105 72 »3 4 27
as shown in Fig. 14. It 104 | 103 | 71 | 111 | 39 26
will be seen that all the 1?2 1000, 69 | 125 38 %
. . . . 13-8 9% | 66 | 13-9 37 24
points lie on a straight line, i o
) 15-7 95 | 65 | 153 35 24
whence it may be concluded 1649 03 63 | 171 21 29
that these velocities V,, V, 15-4 00 61 188 39 9
may be expressedv by 205 36 58 20-1 30 21
VmAe e, V,e=Age e, 21-8 8 | 57 | 212 29 2
in which 4,, 4, are velocities for w= 200] ™%
0, B;, B, constants depending on the 1001 2000000065000
kind of substance, and w the water con- £ e
tent in percentage. In the case of a = W}z
. > 20 Tt
rubber grain A,=52 m/sec, B,=0027,
A,=35 m/sec, B,=0026, while in the '00 T b %4
case of a lead grain A,=132 m/sec, B, Water content
=0027, A;=89 m/sec, B,=0-020. Ina pis. 14. Relation between the log.

sand mass 4,=62 m/sec, B;=0025, A,
=45 m/sec, B,=0"024.

We must now see how the velocity
diminishes with increase in the water
content. Wet material generally packs

more loosely than dry material.

of velocity and water content.

Longitudinal wave.
Torsional wave.

Lead grain, d=0-48 cm.
Rubber grain, d=0-98 cm.

v =@ 0

According to H. J. Fraser,” wet pack-

9) H. J. FRASER, ‘“Experimental Study of the Porosity and Permeability of
Clastic Sediments,”’ Jour. Geol., 43 (1935), 910~1010.
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ing increases the effect of angularity, flat and needle-like shapes having
the greatest effect on porosity. For example, the porosities of particles
of crushed quartz increase frem 48 per cent in dry packing to 54 per
cent in wet packing. Water thus increases the porosity. As already
found, the greater the porosity the smaller the velocity. It is, therefore,
thought that the velocity diminishes with increase in water content.
Moreover, the water that surrounds the grains seems to be useful in
binding them and acting as a lubricant between the grains when the
water increases, so that the binding forces that act on the grains seem
to diminish compared with those in dry grains. This causes a decrease
in the velocity.

5. Effect on Velocity of the Binding Material
contained in the Granular Mass.

To see how the binding material in granular masses affect the
wave-velocity, aggregates of either parrafin or mizuame, the latter a
very thick viscous jelly made from rice, and the foregoing various
grains were carefully prepared.

These aggregates, examples of which are shown in Fig. 15, were
made as follows: In the case of the aggregate of mizuame and grains,
the grains were thoroughly immersed in mizuame and the adhering air
removed, after which these grains, with the mizuame, were slowly poured
into the cellophane bags and allowed to settle. In the case of the

Fig. 15a. Rubber grain. Fig. 15b. Lead grain.
(Dia. of a grain, d=0-41cm.) (Dia. of a grain, d=0-48 cm.)

aggregate of paraffin and the various grains, the latter were first packed
in a brass tube to the desired density, and molten paraffin was careful-
ly poured into the brass receptacle and allowed to cool at room tem-
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perature. As soon as the paraffin solidified, the aggregate was emptied
out, and in this way an aggregate of paraffin and grains were obtained.

Fig. 15¢. Aggregate of mizuame and Fig. 15d. Aggregate of paraffin and
rubber grain. (dia., d=0-98 cm.) rubber grain. (dia., d=0-98 em.)

Fig. 15. Photographs of aggregate of grains and either paraffin and
grain or mizuame and grain.

To investigate the elastic properties of these aggregates it is im-
portant to study the physical properties of both mizuame and paraffin.
In this case we obtained the viscosity and the elasticity of these
substances. Although mizuame in the liquid state has no elasticity, it
acquires it at low temperature, because it assumes the solid state.

(1) Viscosily coefficient of mizuame.

The viscosity coefficients of mizuame were measured by the falling
tiny sphere method in the mizuame at various temperatures. The

coeflicient of viscosity of mizuame 7 can be obtained by

o

K= (v—1)9,

b

in which # is the radius of sphere, V' the falling velocity of the tiny
metal sphere, 0'3~0'6 em diameter, in the mizuame; o, o' the density of
the sphere (p==835~11-32) and mizuame (¢ =1-44) respectively. The
results are shown in Table IX and in Fig. 16, in which are plotted the
viscosity coeflicient against the temperature. The viscosity coefficient at
20°C is 4x10° in C. G. S. Units — a value smaller than that obtained
by N. Miyabe."" This value just given however, seems reasonable, seeing

10 N. MI1vAsg, Bull. Earthq. Res. Inst., 12 (1934), 199.
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Table IX. Viscosity Coefficient of Mizuame.
| Viscosity [ Viscosity ViscosiAtﬁrﬂ- » 7Visﬂcrorsityr
T%rgp. coefficient. Teorélp. coefficient. T%‘Z}p' coefficient. TSrgp- coefficient.
(C.G.S.) (C.G.8.) (C.G.8S.) | (C.G.S.)
12+4 \ 3-20 X 10* 14:8 | 1-04x10* | 188 4-40x10° | 9251 | 1-06X10°
126 | 260 15-0 9:00x10° | 19-4 3817 | 268 | 857x10°
128 | 248 7 157 | 694 7 | 199 | 423 7 280 | 6-20 7
130 210 7 | 160 | 623 / 22:0 242 7 28-8 | 491 ’
13-4 {18 7 ] 162 . 621 7 224 | 2:00 29-8 | 500 ”
13-5 160 7 165 553 7 | 236 164 7 3000 | 419 7
142 | 110 7 180 | 480 7 ‘ 24-5 | 160 303 | 4:00 ¥
that we used a rather softer 1000102 .
material than the ordinary com- 5001
mercial article. As will be seen
. . 200
from the figure, the viscosity 2
3 3 3 3 53 - u b |
coefficient diminishes with in- S 100
crease in temperature. 0
&y
(=]
(2) The wave-velocity +«
through mizuame. é 10
. o 57
The compressional wave- S
velocity through mizuame packed 24
i ' cyli ; ‘
in a f:ellophane ylinder was T T " e o
determined as before. The re- Temperature
sults obtained at various temper- Fig. 16. Relation between the coefficient of
atures are shown in Fig. 17, in viscosity of mizuame and temperature.
which the temperature is taken sodmy
. . 'SeC
as abscissa and the velocity as g :

ordinate. The longitudinal wave-
velocity increases with decrease
in temperature. The torsional
wave could not be observed at
temperatures exceeding 14°C.
It was however, ascertained that
at temperature below 13°C, tor-
sional waves are propagated
through mizuame. It is interest-
ing that at a temperature lower
than 13°C, this substance be-
haves like a solid body, whence
this substance, in such a state,

Velocity

R I 20 25 30°C
Temperature
Fig. 17. Showing that the velocity varies

with increasing temperature.

@ Longitudinal vibration.
(O Torsional vibration.
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behaves like an elastic body when subjected to that condition for a
short period of time, whereas it usually behaves like a liquid of high
viscosity when the forces act for a long period of time.

(3) The wave-velocity in the aggregate of grains and mizuame.

When the grains consist of tiny rubber spheres, the density of the
rubber grains being smaller than that of mizuame, are suspended in the
mizuame. Care was taken to keep the surface of the grains submerged
in the mizuame, and the two kinds of elastic wave-velocities, longitudi-
nal and torsional, were determined, with results as shown in Figs. 18 a,
b, in which the results of the aggregates of either sand or lead grains
and the mizuame are also shown. The ratio of the total volume of the
grains in the mizuame to that of the mizuame was plotted as abscissa
and the wave-velocity as ordinate. The velocities of the waves in all
these aggregates decrease with decrease in the ratio, and rapidly
decrease when the ratio is below a value of 0°7. The torsional waves
under such conditions below the ratio of 0'5 could scarcely be observed,

150 e 1s0-| /e

4

00 100
% 1 3 »
Q ot
> 5 > ]
0 50
5 I3 \\O\\o\
0 0.‘5 ].‘0 ].15 0 i b Zb 3I0°C
Ratio Temperature
Fig. 18a. Relation between the velocity Fig. 18b. The velocities of elastic waves
of elastic waves and the ratio of the total in the various aggregates decrease
volume of grains to that of mizuame. with increase in temperature.
1, 2, 5 Longitudinal wave. A, A Lead grain.
3, 4, 6 Torsional wave. ®, X Sand grain.
®, O Lead grain. ®, O Rubber grain.
4 Sand grain. X Rubber grain. A, ©, @ Longitudinal wave.
Temperature=19:0°C. N, X, O Torsional wave.

while the longitudinal waves could usually be observed. This fact is
very important in studying the propagation of elastic waves in a sub-
stance that is composed of viscous liquid and elastic particles. Fig. 18 b
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shows that the velocities of elastic waves in these aggregates decrease
with increase in temperature. ‘
It will be noticed from the figure that the velocities through the
foregoing aggregate are greater than those obtained by the granular
mass (mass of the grains) alone, and that the velocities exceed the
mean values calculated from each part of the two, from which fact
it was ascertained that the binding material in the granular mass un-
doubtedly greatly affects its elastic properties. As to the main reason

Table X. Velocity in Paraffin Cylinder.
(Density, p=089.)

Longitudinal Torsional Young’s Modulus of
Temp. vel. vel. modulus rigidity
°C Vi Ve E 2
m/sec. m/sec. (C.G. S.) (C.G. S.)
14-0 760 450 5:15x10° 1-81X106°
156 690 420 4.24 1 157 7
18-0 690 380 4-24 1-29
191 555 340 2:75 109 »
20-4 380 230 1-29 7 4-71 X108
220 200 115 3:56 X 108 1-18
240 111 62 107 7 3-42%X 107
280 44 26 1-73 X107 6-01X10°
30-0 ] 30 195 8-00%10° 339
31-0 ‘ 26-0 16+5 6-01 243 7

for this increase in velocity, it is
believed that the grains are held 10001 Msec
together by the adherent subst- 500
ance, and that the binding force

thus apparently increases. B o
Q =
(4) The aggregate of ;3 100 °
paraffin and the grains. 507
Both the elastic and viscous 20 N
properties of paraffin have alre- 10 . . :
ady been discussed in our pre- 10 20 30°C
vious papers.”> In the present Temperature
case, the elaSt.ic constant was ob- Fig. 19. The velocity of elastic waves in
tained by subjecting the paraffin paraffin cylinder varies with increase in
cylinder to vibration. The re- temperature.

sults are comparable with the @ Longitudinal wave. O Torsional wave.
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dynamical values obtained previously,™ as shown in Table X and in
Fig. 19, in which we plotted the wave-velocities obtained by the present
experiment against the temperature. It will be seen that the elastic con- ‘
stant decreases at first slowly and then rapidly with increase in temper-
ature. An aggregate of tiny lead or rubber spheres as well as sand
grains and paraffin, the elastic properties of which are well known, was
prepared as before.

(5) The wave-velocity in the aggregate of paraffin and the
grains.

The velocities of the longitudinal and the torsional elastic waves
through the aggregates of paraffin and the various grains of lead, rub-
ber, and sand were studied by the ordinary procedure, the results of
which are shown in Fig. 20, from which it will be seen that the vel-
ocities of these aggregates are expected to exceed those obtained by the
granular mass alone. This is chiefly due to the properties of the

paraffin binding the grains.
To observe the relation belween the quantity of paraffin and of the

m ~
6001 /5 “ 300 1%6“
P 2001
3 2
5] '3
L
~ Gl
>
100
0 0 10 S
. 0 T 1 T,
Ratio 10 20 30°C
Fig. 20 2. Relation between the velocity Temperature
of elastic waves and the ratio of the vol- Fig. 20 b. ' The velocities of elastic waves
ume of the grain to that of paraffin. in the various aggregates vary with
@, O Lead grain. increase in temperature.
A Rubber grain. ®, O Lead grain.
x Sand grain. 4, A Sand grain.
1 Longitudinal wave. % Rubber grain.
2 Torsional wave. 1 Longitudinal wave.
Temperature=19-0°C. ’ 2 Torsional wave.

rubber, lead, and sand grains with respect to elastic wave-velocities,

11), 12) K. Iipa, Bull. Earthq. Res. Inst., 13 (1935), 433~456,
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experiments were made also with aggregates of varying degrees of
mixture of paraffin and the grains. The ratio of the volume of the
grains to that of paraffin was plotted as abseissa and the wave-velocity
as ordinate, the relations between the two thus obtained being shown in
Fig. 20a. All the measured velocities through the aggregates of par-
affin and the grains are greater than the mean values calculated from
the wave path of each part of the two. In the case of lead and sand
grains, it will be seen that the observed wave-velocity rapidly increases
and tends to that of paraffin when the ratio in question is below a
value of 07 (exactly 10 parts paraffin and 7 parts grains), while the
more this ratio exceeds 0+7(about) the smaller the velocity. In the case
of rubber grains, the wave velocity increases when this critical ratio is
0:6. The wave-velocities for the ratio below a value of 0-5 are com-
arable with that of paraffin. This phenomenon is explained by con-
sidering the wave path that is propagated through these aggregates.
Probably the waves act as if passing through a medium consisting of
paraffin alone, without anything else imbedded in it. Therefore, with
respect to the wave motion, the aggregates behave like a cylinder of
paraffin.

Fig. 20b shows that the velocities of elastic waves in these
aggregates decrease somewhat exponentially with increase in temper-
ature.

6. Summatry and Conclusion.

In the present experiments, the elastic properties of certain kinds
of granular masses are studied. The relations between the wave-
velocity and the elements, such as grain-size, closeness of packing,
water content, and the binding material held by the grains, were also
studied.

It was ascertained that the wave-velocity through a granular mass
is proportional to the sixth root of its height, to the cube root of the
ratio of the elastic constant to the density of the grains, and to the
constant due to the condition of packing. It was obtained by simple
theory that the wave-velocity is independent of the diameter of the
individual grains. There is a tendency, however for the measured ve-
lIocity to increase slightly with increase in the diameter of the grains,
but its value may be considered almost constant. The elastic constants
of a grain are comparable with those of a solid block of material as
deduced by simple theory and experiments.

The wave-velocities through a granular mass are much smaller
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than those through a column that is a solid block.

It was found that the velocities decrease either with increase in the
water content or with increase in porosity. Empirical formulae show-
ing the relation between these two elements were derived.

Model aggregates were prepared of the grains and paraffin and
mizuame to represent the conditions under which substances are deposited
* by nature on the earth’s surface. The wave-velocity in these model
aggregates exceed not only those obtained by the mass of the grains
alone, but also the mean value of that in each component substance.
It was proved, however, that the velocity greatly depends on the ratio
of the volume of one substance to another.

In conclusion, the writer wishes to express his sincerest thanks to
Professor Mishio Ishimoto for his kind advices and criticisms.

He also wishes to express his cordial thanks to the Foundation for
the Promotion of Scientific and Industrial Research of Japan, with the
aid of whose grants certain parts of the present study in connection
with elastic constants of rocks by means of the vibration methods were
made.
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