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1. Introduction.

In the previous paper” we showed how bodily waves generated from
a point source in a solid excite boundary waves: of Stoneley type” at
any discontinuous surface in the same. solid. The method of calculation
was somewhat similar to that which Sommerfeld® used in his paper on
the transmlssmn of electromagnetic waves. The case discussed in the
previous paper was, however, merely two-dimensional ; the case of the
three dimensional condition will now be shown. Since the method of
treatments does not essentially differ from that in the prevmus case,
the present paper will be as brief as possible.

2. General equations for the om’ginal dilatational disturbance.

Let us use the axes of 7, z in the same way as for x, ¥ in the
previous paper, the definitions of py, 4y, 11, 02, s, p; being also the same.
In the case of spherical primary waves

$o=Ue>=="J o (fr), (1)

the reflected and refraéted dilatational and distortional waves assume
the forms

¢1=A6'“‘Z'W‘Jo(ﬁ'): ‘:”1=Ae-51z—m']1(f7')’

(2)
b =CeoJo(fr),  Po=De=m T, (fr),
where '
ai=f2—hi, Fi=f—k, ai=f—hi, B=r-k,
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The displacements in both media are then expressed by

3 3o ) 3¢
= +_¥*1’ V= + —_— lﬁ’
Uy oy (o+91) %2 Y. ($o+ 1) o
29y , Oy 3, _ 3y . @
=02 g v,=F2 92
or e oz 2T 02 or
Using the boundary conditions at z=0
u1=u2 3 ’l)1=’l)2 ’
ou ov ou, , ov v
u(%4 1+*)+2 (e 2) 2, SV2
or 82/ Mg, ar "oz )Ty, (5)
(2v; 3u1> ( 0, Buz)
+ +
1 \or 9z \or

we get the values of the constants A, B, C, D, the expressions of which

are almost the same as those in the previous paper, with the exceptions
that in the present case

B Do _ o f
T_ —Zfal[ ...... , T—_zﬂlkaall ...... ,

in lieu of (6)
B @ . o
_.61_.= 21,fa,1[ ...... , %*=2W1fkf¢1{ ......

in the previous paper.
Let us next consider the condition in which the primary dilatational
waves are radiated from a point source at r=0, 2=£. Then

—9fg-irt €M 2 g2 —£)2
fo=Ae™' —— [Re=72+ (z—£)2]
=_qj~2[ —ipe wd . = e@(z= ) +ifrehj d
T 6 go ! - a, faf, 1z <¢] M
— = -,z -“.)‘-l—‘ifrvhj
===, g dyg T —fdf. [2>¢)
T 0 -0 al

- From (1), (2), (7) the reflected and refracted waves assume the forms

oo oo
) ) . e-cl(z +¥)+ifrchj
951:_7’6"”‘ dj\ A=—  _ fdf,
T a
-

7 0 1

o )
S itrali £ s -1
— e-ipl d Ble=hz-ottifreti £4 , [B’:—B] .
¢1= T 61”50 yS _ di - fey ,

o~



Part 3.] Boundary Waves at the Surface of a Discontinuity. 541

¢2 =_—Tie-‘lplg djg C/e~2z-u1=.+ifrcnifdf, [C,=§].
" O oo 1

9)

¢2=___/Le—ipli dj\ Dlen-usrindifif ’|‘D’=_D]
T or ), - fay

The displacements at any point are obtained by using (7), (8), (9), (4).

3. Ewvaluation of the. integrals.

To evaluate the integral expressions of the displacements, we shall
first consider such integrals in which the f-value in (7), (8), (9) is
replaced by a complex quantity Z=X+1Y, the type of integral being

'oe °° e_mz.(. iZrehj
JO <o -‘/Zz - ’,/2 '

The paths of the second integral in (10) are (i) the real axis in the
Z plane from — o to o, (ii) a circular arc of infinite radius in the
first and second quadrants, (iii) an arc around the pole Z=r, Which
satisfies the condition @(x)=0 in the previous paper, (iv) four branch
lines connecting the respective branch points with Z=to. The sum of

Fig. 1. ' Fig. 2.

the four kinds of contour integrals vanishes, from which it is possible
to determine the integrals performed along the real axis from — oo to
. The integrals along the large radius vanish. The integral around
the pole Z =« is merely written in the form —2miy ()| (k).

The pole Z=r exists only when there is a solution of the Stoneley
waves, which condition has been discussed in a previous paper.?

The branch lines as shown in Fig. 1 are so chosen that the values

4) K. SEzawA and K. KaANAL, Bull. Earthq. Res. Inst., 17 (1939), 1~8.



542 K. SEzAwWA and K. KANAL [Vol. XVII,

of VZ2—h:, VZ2—k:, VZ2—hi, V' Z2—k: along the respective branch
lines are purely imaginary for any Z on the same branch lines; the
inclinations of the branch lines thus being adjusted as shown in Fig. 2.

4. FEvaluation of the integrals along the branch lines.

As in the previous paper there are four cases to be discussed for
every branch line.

A4 (11

oo

() g" Ule‘/z_'ztﬁzuzfchj ZdZ-i—Sm Uze-"mzuzmhj
—VZ2 52 . V72— 72
along the branch line through Z=7». We change the variable such that

sV =i, Z=iVi—p, dZ2=—C0 0 ag)

1/72_7/2
The integrals in (11) then assume the forms
0 oo ) .
S Uei™ LETIPCp] (—7)dr +S Ule=#+- VaraE reni il | (11"
CJoo 0
Writing t=~1/,
0 oo
S Ullle—it’z— Var2-n2pchj id + g U;e—i12~ V32153 pony idr , (11//)
-—co 0

Ui being equal to U, for ==0. If U is important merely in the vi-
cinity of the branch point =0, (11”) reduces to

x
2UI;S et = ‘/':2-7;2 rchi dr ,
-0

that is,

747, (117

= —i"/Zﬂ—'n2 z+iZrchi

U € :

1
- V72 72

so that the contribution from the branch point Z=% to the integral
(10) is '

(7 Ue-"72-1% = azreti . ek
Jo ). VZE—2 E

where R2=72+422, rx0, 20.

* —mz-(- rchi i =V Z2-422 Zrohj
(ii) Upe = g\ e 2 g (14)
i -—-‘/ZZ_ '92 * 1/Z2_ 772
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along the branch line through Z=+r (as an example). In this case, we
write

:i:'l/Zz—ICz::i:’l:T, Z =iV 22 ’ dzZ= il (15)

—1/T2_,c2 ’

so that (14) becomes

(—7)ds

0 —_—
S U;e—f‘/ﬂz?—uu'rﬁz—‘ %2-22 pchf
- Vi _g2q e

(=7)de, (14)

= U;e_i‘/12~u=+n2‘—v 2-%2 rchj
+ 2
0 1/ _E2+v

which vanishes if U;=U, for r=0.
% i } »
(ii) S U16 2292 ¢ 4 iZrchf 747 + S L"Ze-‘/z"’—_y.zz'l»inchj Y AVA (16)

o0

along the branch line through Z=«, for example. Write

+V 22— 2= ir,
then

20

S Uiei:z-v’-cT.z_zrchj (_T)dz._*.g Uie- 1=V 52 yohj (—7)dr. (16')

o0 0

Consider the condition that U{=_U; for r=0; and put r=—7/, then
(16") reduces to : '

U;S i3z =V F% renj (—7)dr, (16")

that is,

Uig e_v’ﬁ——ﬂz+’tZrchj ZdZ R . (16///)

so that the confribution from the branch point Z=r to the integrals
concerning ¢,, ¢, in (8), (9) is

* . " Ny 2 e™F
dj\ Ue " #-~ ””””ZdZ——'L‘rU' 7 an

e

5. General expressions of the waves.

From the results shown in the previous sections it is now possible
to get the general expressions of waves at relatively large values of 7, z.
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The parts of ¢u $, &1, ¢, corresponding to the surface waves are

such that '
bim (;383 g A e B s t(iV%WS:enmhjdj
;;%89; /ﬂ-—'ﬁz-./WE—tptT___Hm(w)’ (18)
o= (g((',?) VA e e ; /,; " H(kr) (19)
fyr= (pBE’;; G R E-W—_ﬁn/;—‘ﬁ? gwewrcnfchjdj
. vo I Jo
= 5&;; oA A T = ax el (20)
¢2[—7§% R L H) s 1

where A(r), B(k), C(r), D(x), @' (x), hy, k;, hy, k, are the same as
A4,%, B,?,, C,9,, Dld)l,'(ﬁl, h, k, K, K in (85) of the previous paper™,
@(x) being the same as @, in (36) of the same paper.

It should be borne in mind that no surface wave exists when there
is no root of

O(r) =0, @)

that is to say, when no Stoneley wave exists, the condition of which
has been shown in a previous paper.”

The parts ¢, &1, $a, &2 correspondmg to the bodily waves are
such that

¢1H=A'<h1>e-fff’92—" [Re=12+ (z+8)Y  (23)

T oz 0% ehE _ ooy
Pu=B (ke "~ ———e VT

TR aﬁ'—’" 7 » [RP=1%+27] (24)

[RE=12422]  (25)

9 e® e
¢211=C,(h2)e-i"; aR 7 '/”: " " ’

5) K. SEzawA and K. KaNa1, loc. cit. 1). @, in (35) of the same paper was
misprinted and should be replaced by 0,/.
6 . K. SEzawa and K. KANAL loc. cit. 4).
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Gou=D'(k, )6“";% Iz) 822 " o=V -1 5 [R2=12 .4 2] (26)
R

where A’(R,), B'(k;), C'(h,), D'(k,) are the same as A,, B,, C,, D,
in (37)~(41) of the previous paper.”

The expressions of displacements for the reflection wave side, for
example, are determined by relations of types

0 2
Uy=——($y1+ $1u), V1=——($u+$1u),
ox oy

; ) (27)
U=——(¢u+ ¢, "’1:_—(‘1011'!"‘!6111)'
oy o

It will be seen that, whereas the amplitudes of the boundary sur-
face waves decrease very slowly with changes in the epicentral distance,
those of bodily waves decrease very rapidly with increase in horizontal
distance, the detailed feature of which will be discussed in Section 6.

6. The case of primary distortional waves with amplitudes orientated
horizontally.

In this case the prdbiem is very simple. The expressions for the
incident, reflected, and refracted waves assume the forms

Dy=Be'~ 4], (f1), | (28)
vy=Be "L o (fr),  vy=Bye™ it (fr), (29)
where
B.— /1131—/‘252 B.—_ 2By 9. ' (30)
t By +/‘2‘Bo ’ B+ s

When the primary waves are radiated from a point source r=0, z= &
the displacements of the three kinds of waves assume the forms

vo=Be- € [R2=12+ (2—£)7  (31)
Joint el P2__ .2 £y2

v, =—e - [R2=724 (2+§)2, 2=>0)] (32)

_og VR 2 2 gy [>0] (33

K% Vk“ = R 3B 2 ] (33)

In this case the amplitudes‘of the waves vary as z/R*2

7) loc. cit. 1).
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7. Comparison of all the cases.

Although the case of distortional waves with amplitudes without
being orientated in a plane parallel to the discontinuous surface, is
omitted, the problem of that case is somewhat similar to that discussed
in Sections 2, 3, 4. The generated waves are then boundary waves and
bodily waves. The condition of possible existence of boundary waves
is the same as that for Stoneley waves.

At all events, the amplitudes of boundary waves, if the waves were
generated, vary as in the law R-L The variations in the amplitudes
of the bodily waves are somewhat complex. If the primary waves were
distortional, with amplitudes orientated horizontally, the variation of the
generated waves obeys the law

— 2

Ve (34)
If the primary waves were dilatational, the horizontal and vertical dis-
placements of the generated dilatational waves would vary as

O . S N — (35), (36)
2+ (22472
respectively, and the horizontal and vertical displacements of the gener-
ated distortional waves would vary as

rz? rez
e U e U @1, G5

respectively.

From (34)~(38), it Wlll be seen that, whereas g, U decrease very
rapidly with increase in epicentral distance, u,;, v;, v decrease relatively
slowly with the same increase in that epicentral distance. It is now
possible to conclude that although the law of decrease in the ampli-
tudes for u,, v, v is the same, the region in which 7 assumes a rela-
tively large value, is somewhat greater than that in which %; or v,
assumes a relatively large value.
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33, HURRORUHE ISR 2 B4R (5528H)

T B % B {% W i
& I Vi
HEAITEE DRSO REHET D 5 2, T OWIZH 5 TIEHED Stoneley DIL~T:205 T3l
WEHHIET 5. WEOHEIMINTI 00 REFWIILES N5 » & 2 RTTOHMHREZ LT
BUL, Ho, WEBIIH 525 HIRTDLOETFEH S VIEIZ LTHCTZ LAY, HND
DHHEADD IR IDIRADOF P —EIET 525 1LR~NTE 20T, HAMNOAINLD X
YEoNUIRST L, L0 L 3RTOMEPRC TR LTRECERETHS . SO LH
[8) 2 k%12 Sommerfeld OTHWOMREIHEDL 2 LOLMOTOThHANL . HL1HIANSL
© 5 RIS . B S HEOHEDERE RS T CIDILBEI RO TH 5.




