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1. Structural stiffness in vibration and resonance amplitudes.

In Parts I and II of the present series of papers®, we discussed the
effect of brace struts on the vibration of a structure, mainly with re-
spect to its resistance to seismic forces. Thus, if the frequency of
natural vibration of a structure is increased in consequence of brace
struts fitted suitably to that structure, it is thought that the same
structure becomes aseismic. Since, as a matter of fact, in the case of
a stiff structure the vibrational deflection under seismic forces is usually
small and since, besides, structural damping is always very high, it is
likely that the high frequency of natural vibration implies the aseismic
condition of the structure.

On the other hand, there is the well-known dynamical fact that,
under resonance conditions, the vibration amplitude of any structure is
pronounced, from which it is improbable that a structure with high
natural frequency is always aseismic. Although the vibration amplitude
of a structure under resonance is large compared with that under
resonance conditions, it would be still possible for the resonance ampli-
tude under consideration to differ greatly were its damping resistance
changed. '

We shall now investigate the effect of damping resistance on a
structure with brace struts. There are at least two kinds of damping
resistances, one originating from the inner damping force in the struc-
ture and the other resulting from the scattering (dissipation) of the
vibrational energy into the ground. In the present paper the latter
condition, that is, the energy scattering, alone will be studied.

1) K. XKANAIL, “Theory of Aseismic Properties of the Brace Struts (Sudikai) in
a Japanese-style Building. I, II,” Bull. Earthq. Res. Inst., 17 (1939), 234, 559.
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As. will be seen from the problem® of the scattering condition of
a structure without brace struts, since the calculation of the energy
dissipation is extremely complex, we shall now restrict ourselves to the
case of a single-storied structure with brace struts.

2. Equations of vibratory motion.

For simplicity, it is assumed that the masses are concentrated at
the panel points. Let Iy, I, I; be the length of
the columns, beam span, and length of a brace
strut, respectively; let also E,I,, F,e,; E,I,, 0,
0, E;a, be the bending -and longitudinal stiffness-
es of the respective members just mentioned.
The lateral displacements %,, 7,, 0 and the
longitudinal displacements z;, 0, z; of the re-
spective members satisfy differential equations of the types

e 0, m=1, 2] %zz,n =0. [n=1, 3] (1)

@
1

o, x,
The solutions of the above equations are
v.=(A,+B.a,+Cai+Dal)e, [n=1, 2| }
2) -
zn= (an+ﬂuxu)e{"l- [n=1, 3]

The vibration of the structure occurs as the result of incident and
reflected seismic waves including scattered waves. If the primary
waves be transverse and incident normally on the ground surface, then
the expressions of the plane incident and reflected waves are

uo_:eic,nkz) , ,u:):et(;l<lsz) , (3)

where k2=pp?/. Assuming then, for simplicity, that
the scattered waves are radiated from a semi-spherical
surface, r=¢, shown in Fig. 2, the expressions for the
scattered longitudinal and transverse waves become

d=a, coscoe’("‘“"")<i+ - L ) )
7 ihr?

] 4
T=—7 sin(ue“"“"‘)<l T ) ’ J ' @
r  ikr?

2) K. SEzAwA and K. KANAI, Bull. Earthq. Res. Inst., 13 (1935), 682, 687, 690,
918; 14 (1936), 164, 377.
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a o d 1 1
U= ——2 cosw——e'? ""’(—+ ),
! h? dr r  thr?

X (5)
thr?

1)1:30_ Sin(l) 1 elq)t Izr)( 1 4+
h? r

ikr?

Up= —i“}g‘-cosw%e“ “"”(l‘-i- 1 ), }
'Uz— 2},;90 smw ezOt Lr)<1+7177)

(6)

where u;, v, and u,, v, satisfy exactly the equations of motion for
both longitudinal and transverse bodily waves and hz—up2/1+2,u D5 4
/ being the density and elastic constants of the earth.

The boundary conditions are such that

r=0, 5,=0, r=e;;  2,=0, z=ycosd, Wm0, (D), (@), )
21 e

(ul +u2)max.= - (vl +‘/U2)mnx. ’ : ) (10)

Y=y + U+ (Uy + Us) =0 » o a1

0 d3Y dz
— E 3 L4 Faga—-3 cosf
g T g,

g=m fwu=T
— /zIa (1+v) _(v1+vy) 1 a(u1+u2)]'rzsm2a)d¢dw
gm0 or 7 r 0

=0 Jew=0

=0

+ S S {).A + 2/13(’“;;—%2)} r2sinwcoswdpdw, . (12)
. ?” . .
g=0 Jw

xy=ly, Tpy=ly, Tpp=0, Ty=1ly;

Yo=1Ypp= —7y, #3=2,;8In0-+7y,cosb, (13), (14), (15)

dy, _ dy, _ d’!!zz (16), (17)

de, dx, dass’
B EY R, (dgyg—iﬂa@) =0, (18)

doc1 dx;
d3y. d*y dzs .. dz
—E ( 22 _292) _F.a, 3 sinf—E,0,—-1=0, 19
ol Aot da 3lg dz, 1 19 dz, (19)
—E I, d3’{1+ By, B2 cost=mp2y, , (20)
S £ da, . , ,



572 K. KANATL [Vol. XVII,

where j is the radius of gyration of a cross section of each column.
Substituting (2)~ (6) in (7)~ (20), it is possible to determine all the
constants. - For example, the values of 4,, B,, C;, D, thus determinec.
are such that

2QR
1= B1=0,
R—7yrPS
QR—7t @1)
C. = 3rR($+67) (y+z9s1n20) D _—r1R($+120) (g./-l-c?Slnzf))
e QR—y-PS ! QR—7:PS

where
P=3($+127) (¢ +Isin20) + (¢ +3¢) decos?d ,
= {3($+120) (¢ +Isin?0) + (¢ +32) $& cos20} — 5 ($+3¢) (9; +Jsin20),
R=R1+1R2, S=8,+1S,,

Rl_,J(_.—s;/—+2)+3<2 +2)
/l
Ro—1/url3 +2+;/-+2 +J;(‘/~+2 2)!

Sl=5+_2i—;-u,
/l

=1/ﬁ(1+2;/i+2),
/l

. mP°l yzEl,oIlej’ cSEL g By By
E.I, pmli 2rpel;’ Eia, E.I’
ly p— U3 s 0l
= -, =_"°_, = . 292
¢ L 1, 3 1, (22)

" We shall now calculate the horizontal displacements of the floor,
the results of which are

) _ Ri+ER;
ror,=2{Q+7($+3C) (¢ +Isin2f T
.'.7/1 A {Q T(p+30) (¢ )}}/(QRl—TTPSI)2+ (QR,—ytPS,)?
R,—yzPS
t+tan-1 82 _tan-1 Qa7 2]
- eXP. 2[22 an- R1 an- QR,—77PS, (23)

Using these expressions it is possible to get the resonance curves
for the horizontal seismic vibration of the structure for any stiffness
of the structure and the ground. It should be borne in mind that no
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inner damping force of the structure is present, in which condition it
is possible to ascertain the effect of wave scattering on the vibrational
nature of the same structure.

3. Numerical examples and their interpretation.

In the present examples, we shall assume that the ratio of beam
span to column height, that is, ¢=1,/I,, is unity, so that §=45°. Since
it is further assumed that the lower end of the brace strut is exactly
at the bottom of the column, the ratio of brace length to column height,

that is, ¢=1,/1,, is always 7’2, We shall also assume that the Poisson
ratio of the ground is 1/4, so that A=/

(i) As a first example, we shall take E,=5.10° dyne/cm?, p=5.
107 dyne/em?, p=2, [,=400cm, & =25cm, m="7.107 gr. mass, from
which we have §=1004, ©=0-000915, »=0'0000103. For approxima-
tion, we shall write ’

g(zﬂ,rE):moo, =3By _gq01, »=FarilE _g00001 .
I 2mpe 1} pml?

The values of E;, l;, ¢, m here assumed represent the condition that
a 70 ton mass (column mass being included) rests on the top of a wood-
en circular column of 50 cm dia. and 4 meters long. The mass here

assumed is fairly heavy from the point of view of material resistance.
Even should the mass be re-

duced to a certain fraction .
of that given above, the na- . 27000
ture of scattering would not 2 !
change much. The values o-Et
. . Ea A=

of p, 1 here given are likely il N
to correspond to those for Yurt, e
dense soil. ak T =2

We have calculated the s=5
resonance curves of vibration sl -
amplitudes for various ratios /3“’ (
of I(=Euu,/E,a,), say, 0= | ]
0,1, 2,5, o, in two cases of ¥ \ /
¢(=E:L/B\), namely, (= 7 J - E’p J

1, 10, the results of which o= 7 2 6 8 #n 7 % 76 7 20 22 #
are shown in Figs. 8, 4. It Fig. 3. Resonance curves for C( E.IJE.I) =1
should be remembered that I case (1.
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It will be seen that the resonance amplitudes decrease enormously
with increase in the stiffness of the brace struts in both cases of ¢-value,
the resonance frequency increasing at the same time, though gradually.
The curves show that the

increase in the stiffness of %

the brace struts is much # 20140

more effective on the de- T

crease of resonance ampli- - %=-§,’%

tudes than on the increase m- a
of natural frequencies of vi- 4|

bration. - Yt S
_ Decrease of resonance | T

amplitudes with increase in o

¢, is most pronounced for

9=0~1. For ¢>1, on the 60[ b

other hand, the decrease in * ;

resonance amplitudes with % j ‘-’1/%_%1’

increase in ¢ is rather o 2z 4 ¢ & % 7 # & B 4 Z 5 B
gradual. Fig. 4. Resonance curves for (=E.I./E,\1,)=10
Comparing Fig. 8 and in case ().
Fig. 4 it will moreover be seen that notwithstanding that the ¢-values
of both cases differ enormously, the curves in Fig. 4 are virtually the
same as those in Fig. 3. This tells us that the change in beam (floor)
stiffness is not very effective on the aseismic properties of a structure
with braces. ) :
(ii) We shall next consider another example in which the values
of r, v are fairly large compared with those in the preceding example.

Write

(:ﬂﬁ):lOOO, r(= 3E111)=o-1, y(=M)=o-ooos,
I 2oy, 13 ‘ pml

I

which values are scarcely realized in the actual condition. Thus, in this
case the.resonance amplitudes even in the braceless condition of the
structure are not too marked.

The calculation was made for various values of I (=Eas/Ea,),
say, ¥=0, 01, 1, 5, oo, in the two cases of ¢(=FE,l,/E,I,), namely,
¢=1, 10, the results of which are shown in Figs. 5, 6.

It will be seen that in the present case, too, the resonance ampli-
tudes decrease with increase in the stiffness of the brace struts, the
natural frequency of vibration increasing at the same time.

- In the present case, however, the decrease in resonance amplitudes
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with increasing natural frequency, particularly near #=0~1, is not so
marked as in the preceding example. The resonance amplitudes for
a structure without brace strut, on the other hand, are still very small.
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Fig. 5. Resonance curves for Fig. 6. Resonance curves for
¢(=E.I,/E\I,)=1 in case (ii). ¢(=E,I,/JE\I,)=10 in case (ii).

In this case, comparing the result in Fig. 5 with that in Fig. 6,
it will be seen that the effect of the change in the beam (floor) stiff-
ness on the aseismic properties of a structure with brace struts is
practically negligible.

It may be concluded, at all events, that if the wave scattering
nature of the structure and the ground is marked, the effect of the
brace struts on diminution of resonance amplitudes will not be very
pronounced.

4. Comparison of natural frequencies of vibration with resonance am-
plitudes.

Although the change in resonance amplitudes with change in the
natural vibration periods ha$ been investigated in two preceding sections,
yet’ for ascertaining the same condition more clearly, we shall now show
the relation between resonance amplitudes, natural vibration periods, and
the stiffness of the brace struts, as given in Figs. 7, 8 and Tables I, II.

It will be seen that, in case (i), notwithstanding that the vibration
period remains nearly constant beyond =1, the resonance amplitude
diminishes enormously for the range between #=1 and 5. In case (ii),
on the other hand, both the vibration periods and the resonance ampli-
tudes are nearly constant for ¢ even beyond ¢#=0'5. Now, it will be
seen that the aseismic properties of the structure is pronounced in the
case in which the scattering nature is medium (even if rather greater
than the condition of the actual structure and the ground), the stiffness
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of brace struts being, besides, greater than the lengthwise stiffness of

the columns.

does not show a negative effect.
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Fig. 8. Resonance amplitudes (full

lines) and natural vibration periods
(broken lines) in the case {(=FE.l,/
ElIl) =10.

and 4/7 in resonance in Case (i),

r=0001, v=0-00001.

T E3“\3-'E\‘“{ f o | 1 2 | 5 w0
BB ey | 27000 | 258 , 152 | 9708 6462
/WET' 311 149 | 1785 | 2078 2379
s —rol Y | 20140 o7 | 12 | 969 64-6
' Vv mp BB, 341 | 1501 ] 179 ‘ 20-8 238

Table II. ¥,

and /7 in resonance in Case (ii),
=01, v=00005.

T BwBa [, | o1 | 1 | 5 | =
_ yoe. | 939 | s92 | e | 25 | o7
BB, =1
VeBEL | 23 | 315 | ms0 | s | 3
. Ymax. ' 80-2 I 385 286 27'5 l 272
. Bul,/FiI;=10
| VeI | 2 | 3w 351 355 | 356
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5. Summary and concluding remarks.

From mathematlcal 1nvest1gat10n it was ascertained that increase
in the stiffness of brace struts fitted to a structure is invariably ac-
companied by increased natural frequency of the same structure as
well as decreased resonance amplitudes.

In the case in which the wave scattering nature of the structure
and the ground is medium (even if somewhat greater than that under
actual conditions), the resonance amplitude diminishes enormously with
increase in the stiffness of the brace struts, the resonance frequency
also increasing at the -same time, though gradually. In the case in
which the wave scattering nature of the structure and the ground is
marked, the decrease in resonance amplitudes with increasing natural
frequency, particularly near #=0~1, is not pronounced. In the latter
case, the resonance amplitudes for a structure without brace strut are
still very small.

In every case, even should the beam stiffness be changed to any
considerable extent, no appreciable change in resonance amplitudes nor
in natural vibration periods would occur.

At all events, the aseismic properties of brace struts are much
more pronounced in diminishing the resonance amplitudes than in rais-
ing the natural frequencies of the structure. We are now studying the
effect of material inner damping on the aseismic properties of a struc-
ture with brace struts, in which case it is likely that the resonance
amplitudes will also greatly decrease as the result of brace struts hav-
ing been fitted to that structure. Therefore, the addition of brace struts
to any structure is recommendable in the sense of diminishing the re-
sonance amplitudes rather than raising the natural vibration frequencies.

In conclusion, I wish to express my hearty thanks to Mr. Unoki,
with whose aid the numerical calculations were successfully made. It
should be added that the present investigation was made at Professor
Sezawa’s suggestion in connection with his research work as member
of the Investigation Committee for Earthquake-proof Construction, of
the Japan Society for the Promotion of Scientific Research. I wish also
to express my sincerest thanks to Professor Sezawa.
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(A3, IREHGLE O
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BEOM BRI D0-URE~NTZEOHR TR EORBEILE L CTHoT:, 12 Mnic
T HTREI B F oM T L SRIRIR 2T 5 S BUCRUEE 2 3B TIURRRIL S . BB
WG 2 IRIEE 275 LD 2 CAELRY L HITNRER LD TH S,
HRIDRT ARELESAT 2 LD 2 U, HEAH D TEHERIEMET 2 RN RSN
DU AOE T 2 WO L O THFEETH 5. BALEDD I LU T 2B LTIET
3.

S REPHEC L UGEDD 2 LR L OV KEEI P L THAYIS . ﬁm%oﬁﬂﬁﬁw
Hh TORBIR 2 PETEED WL T 205 (LA LCHELMLOTH 5 .

HROER, MREPERIERS L THRRMROE L H2Ta L DX HEITHBIIRT 4R
RIELEEED b 5. EIBMIELXE TARIMRRELDI T3 CAHIMUILLE
Tha. :

PEODH R TILROBBE L ITIT S LTLREROIRMEY R L UL T, HEORRD
AV ZOMEPELA LT, HEDREL L5 ~TL, 21V H#FHONE»H 5, B EHED
TR DR L IFTITLRIT UL RRED RRYE S T,

RN OEME o BT 2 X FHEORIEE L OMIEE € FIFLE 1274 5 SIREIBD ER Y EME L 70 T2
T, FIREIE 2B~ T L IEORIE DR DRI 2 17 U A2 T2 5 2 I5RORMIBED K272 0
102 CREDRIRITL 5 . BN BHROK 2 (1, RO @ SHERIROEME @ 12 pliik
HeH~ND . .

100511 LTS 2 HRORITRIEEH ORI EMNIE L B~ 2 120 T, 20k %ﬁ
Be2lToMEPFH2BTHS . RS LIEHOBERDA P HERITANTEHE LKA 1107,
BIBORBELE~TLRBIIATRAVEMII 2D TH 2., ZEARFIE~NIYIT .

Corrigenda to paper 19, ‘‘The Theory of the Aseismic Properties of the Brace
Strut. Part I”, Bull. Earthq. Res. Inst., 17 (1939), Part 2. Page 242, line 12.
Read
+6:(20,+9; sin® 0,) (372 +16%0 + 164

for 60(32+1676 +166).



