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1. The writers recently studied the forced oscillation of the sur-
face-layer of an elastic earth when an infinite train of harmonic dilata-
tional waves is obliquely incident on the bottom surface of it, and
obtained a number of theoretical facts helpful in studying the seismic
oscillation of a surface-layer of the earth’s crust, especially its resonance
conditions®. To study, seismometrically, the seismic vibrations of the
surface-layer of the earth’s crust, a theoretical knowledge is necessary
of the properties of the stationary oscillation of the surface-layer, ex-
cited by a distortional wave.that is obliquely incident on the bottom
surface of that layer. The present paper is one of the results of the
writers’ attempts to study this problem.

We shall begin with the general expressions of the vibration of
the surface-layer when an infinite train of harmonic distortional waves
is obliquely incident on the bottom surface of the surface-layer. Next,
the special case is discussed, in which the incidence angle of this wave is
45°, and the ratio of the rigidity of the surface-layer to.that of the
subjacent infinite medium is 1/10, and the densities of the materials are
exactly the same for both media®. These ceonditions, assumed in the
present paper, are exactly the same as in the previous paper®, in which
the primary incident wave is a dilatational wave of infinite harmonic
train.

2. The horizontal boundary of a surface-layer of thickness H and
a subjacent infinite medium is ¥=0, and the axes of x and v are drawn
on and perpendicular to this common boundary respectively, the axis of

1) G. N1sHIMURA and T. TAKAYAMA, B. E. R. 1., 15 (1937), 394~440; 17 (1939),
30~45. - ' :

2) Both media, the surface layer and the subjacent medium, are also assumed to
satisfy Cauchy’s elasticity condition.

3) G. NisHIMURA and T. TAKAYAMA, loc. cit.
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2 being downward positive, as shown .in Fig. 1. The density and
Lamé’s elastic constants of the subjacent medium y=0 are p, and 4 1,

and those of the surface-layer —H<y<<0
TR v*.,
.
N \L\ )
\

tional wave of propagational velocity
Vo(=v'p/p) in the subjacent medium
y=>0 be of the type

are o/, and A, // respectively.
e

Let the primary incident distor-
77 :
\\ \
AN

go=expli(fo—sy—pt)}, (1) J
where te 1
' p=2mT, s*=(p/Vs)*~f? f=(27/L) cos0, (2)

and T, L, 0 are respectively the period, the wave-length, and the in-
cidence angle of this wave. Then, when this wave is incident on the
bottom surface of the surface-layer, the following six kinds of waves
are necessary for satisfying the boundary-conditions on the top and the
bottom surfaces of the surface-layer: '

¢ =Aexp{i(fx+ry—0pt)}, (3)
¢ =Bexp{i(fr+sy—pt)), (4)
¢, =Cexp{i(fx—r'y—nt)), (5)
¢, =Dexp{i(fx + 'y —pt)}, (6)
¢1=FEexp{i(fx—s'y—pl)}, ()
o= Fexp{i(fx+s'y—nt)), (8)

where

r=pp (G420 =% S = ()~ 9

PR (4240 ) 1, 8= () — 1, ®
and A, B, C, D, E, F' are any constants to be determined from the
boundary-conditions at ¥=0 and y=—H. In expression (3)~ (8), ¢ and
¢ are the dilatational and distortional waves in the subjacent medium
reflected at the bottom surface of the surface-layer, ¢; and ¢; are the
refracted dilatational and distortional waves in the surface-layer due to
the incidence of the primary wave (1), and ¢; and ¢; are the reflected
dilatational and distortional waves in the same layer. These wave-
expressions (1)~ (8) satisfy their respective wave-equations>.

4) The dilatational waves satisfy the equation %‘g———v”Vﬁ(ﬁ, where v is the pro-

pagation velocity of that wave; and the distortional waves with propagation velocity
R

atg —V‘_’V 5’-

V. satisfy, generally, the equation
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The displacement of particles in the surface-layer may easily be
obtained from expressions (5)~ (8), as in the following forms:

U’ =if[Cexp {i(fo—1"y—pt)} + Dexp{i(fe +r'y—pt)}]
+1s'[—Eexp{i(fx—s'y—pt) } + Fexp {i(fa +s'y—pt)}], (10)

V' =ir'[—Cexp{i(fe—r"y—pt)} + Dexp{i(fx +r'y—pt) }]
+if[—Eexp{i(fx—s'y—pt)} —Fexp{i(fz +s'y—pt)}], ~ (11)

where U’ is the horizontal component of displacement of the particle,
and V'’ is the vertical component.

‘The displacement of the particles in the subjacent semi-infinite
medium is usually derived from expressions (1), (3), (4), as follows:

U=is[—%expi(fx —sy—pt)} + Bexp{i(fx+sy—pit)}]
+ifAexp{i(fr+ry—pt)),  (12)

V=—if[exp (i(fx—sy—pt)} +Bexp{i(fe+sy—nt)}]
+irdAexp{i(fe+ry—pt))}, (13)
where U and V are the horizontal and vertical components of the move-

ment of the particle respectively.

Now, the displacements (vertical and horizontal components), and
the stresses (normal and shear components) of both media should be
continuous at the common boundary, and the top surface of the surface-

layer must be a free surface. The conditions at y=0 are analytically
expressed as follows:

v=U0, V=V,
ﬂ( oV, 8U )“ (2V 6U’>
2w oy )"\ o oy )’
¢ ooy Ty (14)
3U oV oV /3U | AV )4
o oz T oy >+2" 2y —)‘( 2w Ty )+2/‘ 3y
and at y=—H,
U BV 2V
I3 ) —
Z( o + oy ) 2 oy =0,
2oV U | (1
N —_ =
"\ox T oy >—0’

so that, from (10), (11), (12), (13), (14), (15), we get
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d, 4, dy
— —19 — 29 — L9
A= A A, B y A, C— y A,

(16)

4, dy 4, ‘
— 19 4§y —_— )
D= A A, E= y A, I'= y A,

oG o=l e
semfiorsa- (=o' )
o=y e
L e CE At
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[/1//(2—-*-1 fzz)+/12( fE/ 1+— 72 )]
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As in that case” in which a longitudinal wave of harmonic type is
_ brimarily incident on the bottom surface of the surface-layer, all the
constants A, B, C, D, E, F, thus determined, are transcendental func-
tions, the variables of which consist of the incidence angle of the
primary distortional wave, the wave-length of that wave, and also the
densities, the elastic constants of both media, and, naturally, the thickness
of the surface-layer.

Obviously, each orbital motion of a particle in both media, due to
the respective seven waves, expressed by (1), (8)~(8), is simple
harmonic, and each orbit becomes a straight line. We can see, however,
from expressions (16)~ (23), that all the constants, 4, B, C, D, E, F
become complex values, so that each wave has an amplitude and phase-
difference that are transcendental functions, having the same variables
as the six constants, while the direction of the straight line orbit of
the seven waves generally do not coincide with one another. For these

reasons, every particle in both media generally pursues an elliptic orbital -

motion, which will be studied in the next section, as the result of the
interference effect of all the waves. The major and minor axes of this
elliptic orbit and the inclination angle which the major axis of the orbit
makes with the horizontal surface of the solids are also transcendental
functions, the variables of - which cons1st of the same elements as the
six constants. :

5) G. NISHIMURA and T. TAKAYAMA, loc. cit.
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3. In the next section, we shall study the orbital motions of a
particle in the surface-layer for the case when both media, the surface-
layer and the subjacent medium, are assumed to satisfy Cauchy’s
elasticity condition, and the ratio of the rigidity of the surface-layer to
that of the subjacent medium is 1/10, and the densities of the materials
are exactly the same for both media, and also when the incidence angle
of the primary distortional wave is 45°. For convenience, we shall
show all the quantities 4, 4,, 4, 4,, 4,, 4z, 4,, for determining the
values of A, B, C, D, E, F for the case when A=y, )/—,/ p=p tlp=
1/10, and. #=45°, as in the following forms:

f‘fo = {—1075'81 +7358'67sina’ —5687-44sin b’
+2671-88cosa’—1596:07 cos b’}
+%{11801-27— 696061 sina’ —5379-78 sin b’
+202833cosa’ +6256:16cosd’y, - (24)

d, '
f—l}', = _(7411'14 + 4538'91 cosa’ —11950'05cosd’}, (25)

» ;’T]g = {1075'81 —7358'67sina’ + 568744 sin b’
—2671-83cosa’ +1596°07cosb’)
+{11801-27—6960-61sina’ —5379-78sin b’
+20283-3 cosa’ + 625616 cosd’}, (26)

}}w = {—597672+6622:81 sina/ 5118 70sin b’
+2631°64cosa’—2033-96cosd’}
+1{2754:18 —2631-64sina’ —2033-96sinb’
+6622-81cosa’ + 511870 cosbd’}, 27

‘fdfo‘ ={—597-672 +‘ 6622-81sina’ —5118-70sind’
+2631-64 cosa’ —2033'96cos b’}
+¢{—2754'18 4263164 sina’ +2033:96sinb’
—6622:805cosa’ —5118:70cosd’), (28)

%ﬁ— = {—1234'04+3207-57sina’ —2479:10sind’
+ 696061 cosa’ + 537978 cos b’}
+¢{310560—696-061sina’ —537:978sin b’
+3207-57 cosa’—2479-10cosd’}, (29)
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where o'=299423H/L, b’ =
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4, .
fo,= {1234-04—3207'57sina’ +2479-098sin b’

—696-061 cosa’ —
+1{8105:60 —696:061 sina’ —

537-978co

sb'}

537-978sinb’

+3207-57 cosa’ —2479'10cos b},

329

(30)

878990H/L. Using these formulae, we num-

erically calculated the values A4, B, C, D, E, and F for various values
of H/L, as shown in Table I.

Table I. (A=p, ¥=p/, p/[p=1/10, p=yp', 1=45°.)
A A B C D E F
L
0-01 —0-000197 0-9960 0-3801 —0-3765 0-09958 0-09781
+10-0044 +20-0890 —10-0230 —10:05676 | —10-01548 | -+10-02428
0-02 —0-00183 09836 " 0-3869 —0-3724 0-09775 0-09023
+140-0201 +10:1802 . —70:0456 | -—70-1145 —10-03281 | +170-04991
0-03 —0-00757 0-9612 0-4003 —0-3661 [ 0-09335 b“()7489
+40-0539 +10-2754 —10-0675 —40:1752 | —10-05383 | +%0-07747
0-04 —0-0244 0-9254 0-4249 —0-3602 | 0-08296 0-04544
+10-1239 +10-3788 ~10-0870 —10:2415 —10-08278 | +10-1080
0-05 —0-0786 0-8669 0-4765 —0-3648 0-05398 —0-0202
+70:2944 +40-4986 —10-0972 —10-3219 —10-1344 +40-1434
0-055 | —0-1583 0-8195 0-5330 —0-3865 0-01620 —0-09516
+10-5025 +140-5730 —10-08778 | —30-3774 1 —10-1892 +40-1644
0-06 —0-4240 0-7276 06737 —0-4710 . —0-08754 —0-2939
+141:067 +140-6858 —10-0280 —10-4824 ~10-3355 +10:1842
0:065 | —8-119 —0-4067 1-553 —1-099 —0-1962 —2-484
+45:275 +10-9132 +141-894 —12-188 —12:807 —11:323
0:066 | —6-114 0-4940
. —i10-51 —10-8695 .
0-067 01049 0:9992
—15:933 +40-0401
0:0675 0-4150 0-9784
~13-978 +10-2064
0-0677 0-4661 0-9673
—i3-619 +140-2533
00678 0-4786 0-9624
—13-462 +10-2713
0-06784 | 0-48921 0-95957 —0-3709 0-4565 0-9411 1-025
—13:40577 | +10-28148 | —3i0-3573 —10-2384 +10-4322 —i0 1497
0-0679 0-4968 0-9562 '
—13-322 +10-2925
0-0680 0-5050 0-9514
—13-198 +10-3082
0-0685 0-5219 0-9265
—42:673 +10:3761

(to be continued.)
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Table 1. (continued.)
A A B c D E F
L
0-069 0-5169 0-9039
—492:3013 | +10-4276
0-07 0-4803 ~0-8682 0-0200 0-1468 05419 0-5836
—11-807 +40-4960 | —40-3311 | —40-2973 | +40-2280 | -+0-0707
0-075 0-3432 0-7541 0-2482 0-00752 03439 0-3076
—409171 | +i0-6562 | —40-2965 | —10-3866 | -+10:07355 | -+i0-1703
0-077 0-3162 0-7172
—10:7790 | +140-6969
00775 | 0-3107 0-7082
—30-7516 | +70-7060
0-078 0-3045 0-7001
—10-7255 +10-7138
0-0781 | 0-3045 0-6973
—10-7215 | +i0-7166
0-07817 |  0-30391 069612 0-3073 —0-0034 0-3062 0-2366
—40-71800 | +70-71792 | —i0-2931 | —i0-4247 | +i0-0327 | +10-1971
0-0782 | ~0-3034 0-6955
—30-7162 | +10-7182
0-0783 | 0-3025 0-6941
—407119 | +10-7199
0-0785 | 0-3011 0-6899
—40-7029 | +10-7239
0-079 0-2965 0-6813
—40-6811 | +40-7319 | .
0-08 0-2889 0-6625 . 0-3328 —0-0001 0-2935 0-2061
—10-6418 | +i0-7485 | —40'2944 | —i0-4443 | +i0-0155 | -+10-2094
0-085 0-2649 0-5659 0-3886 . 0-02839 02763 0-1418
—40-5032 | +40-8244 | —i0-3012 | —40-4909 | —%0-01760 | -+1i0-2377
0-09 0-2535 0-4537 0-4381 0-0793 0-2732 0-08732
—10-4142 +140:8914 —10-3118 —10-5319 —30:04095 | +20:2621
0-10 0-2460 0-1594 05727 0-2084 0-2907 —0-0248
—40-2888 | +140-9869 | —i0-3036 | —%0°6137 | —10:07207 | +i0-2985
0-11 0-2315 —0-2504 06744 0-4736 0-3326 . | —0-1645
—40-1793 | +409679 | —i0-3149 | —i0-5742 | .—i0-08388 | +10-3010
0-12 01778 —0-7211 0-8198 0-7473 0-3893 —0-3243
—40-07150 | +10-6926 | —i0-2253 | —i0-4052 | —i0-06274 | +170-2244
0-1928 0-08961 | —0-9745
—10-01017 | +10-2242
0-129 0-07616 | —0-9880
—10-00591 | +i0-1545 ,
0-13 0-0623¢ | —0-9967 0-9020 0-9019- 0-4297 —0-4280
—40-00258 | +10-08268 | —10-03612 | —1i0-03856 | -+10-002522 -+10-03803
0-1305 | 005526 | —0:9990 “0-9023 09023 | 04303 | —0-4296
—40-00128 | +40-04631 | —10-0249 | —170-01691 | +10-00663 |- +10-02658
0-131 0-04836 —1'900 )
—i0:0003 | +i0-01072

(to be continued.)
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81-’ 32 812
4, _87;(1+ & )(1—?,‘—)
rs’ sz |
|-y 1)

+explz(7 +s’)H} 2]‘ \1+]T>K1_§,i>2_‘,_4l"ﬂl .

[ty 6=yt

+exp{z( T +s’)H1 (1+-—~ ){( j‘/:) 4%,?} .

Jmlr- )2 e {Lf“’(l_;;-)_z;‘}]. e

As in that case” in which a longitudinal wave of harmonic type is
primarily incident on the bottom surface of the surface-layer, all the
constants 4, B, C, D, E, F, thus determined, are transcendental func-
tions, the variables of which consist of the incidence angle of the
primary distortional wave, the wave-length of that wave, and also the
densities, the elastic constants of both media, and, naturally, the thickness
of the surface-layer.

Obviously, each orbital motion of a particle in both media, due to
the respective seven waves, expressed by (1), (3)~(8), is simple
harmonic, and each orbit becomes a straight line. We can see, however,
from expressions (16)~ (23), that all the constants, A, B, C, D, E, F
become complex values, so that each wave has an amplitude and phase-
difference that are transcendental functions, having the same variables
as the six constants, while the direction of the straight line orbit of
the seven waves generally do not coincide with one another. For these
reasons, every particle in both media generally pursues an elliptic orbital
motion, which will be studied in the next section, as the result of the
interference effect of all the waves. The major and minor axes of this
elliptic ‘orbit and the inclination angle which the major axis of the orbit
makes with the horizontal surface of the solids are also transcendental
functions, the variables of which consist of the same elements as the
six constants.

5) G. NisHIMURA and T. TAKAYAMA, loc. cit.
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Table I. (continued.)
IZ A B c D E F
0:069 0-5169 0-9039
—12:3013 | +10-4276 ,
0-07 0-4803 0-8682 0-0200 0-1468 0-5419 0-5836
—11-807 +10-4960 | —40-3311 | —40-2973 | +i0-2280 | +10-0707
0:075 0-3432 0-7541 0-2482 000752 0-3439 0-3076
—10-9171 | 406562 | —40:2965 | —i0-3866 | -+i0-07355 | -+i0:1703
0:077 . | 03162 07172
—10-7790 | +10:6969
0:0775 | 0-3107 0-7082
—10-7516 +140-7060
0078 0-3045 0-7001 ‘
—10-7255 | -+10-7138
00781 | 0-3045 0-6973
=107215 | +%0-7166
0-07817 |  0-30391 0:69612 0:3073 —0-0034 0:3062 0-2366
—10-71800 | -+10-71792 | —40-2931 | -—i0-4247 | +i0-0327 | +40-1971
0:0782 | 0-3034 0:6955 ‘
~10:7162 | +i0-7182
0-0783 | 0-3025 06941 \
—40:7119 | +10:7199
0-0785 | 0-3011 0-6899
—-i0-7029 | +i0-7239
0-079 0-2965 0-6813
—10-6811 | +%0-7319
0-08 0-2889 0-6625 0-3328 —0-0001 0-2935 0-2061
—40-6418 | +i0-7485 | —10-2944 | —i0-4443 | +i0-0155 | +i0-2094
0-085 0-2649 0-5659 03886 | 002839 02763 0-1418
—10:5032 | +40-8244 | —i0-3012° | —%0-4909 | —i0-01760 | +30-2377
009 0-2535 0-4537 0-4381 0:0793 0-2732 0-08732
—-10-4142 | +408914 | —¢0-3118 | —i0-5319 | —40-04095 | +i0-2621
0-10 0-2460 , 01594 0:5727 0-2084 0-2907 - | —0-0248
—10:2888 | +i0-9869 | —i0-3036 | —i0-6137 | —%0-07207 | +10-2985
0-11 0-2315 —0-2504 06744 0-4736 0-3326 —0-1645
—10:1793 | +40-9679 | —i0-3149 | —40-5742 | —40-08388 | +i0-3010
012 0-1778 —0-7211 0-8198 0-7473 0-3893 —0-3243
: —10:07150 | +40-6926 | —i0-2253 | —i0-4052 | —10-06274 | +10-2244
0128 0-08961 | —0-9745 A
—10-01017 | +120-2242
0-129 0-07616 | —0-9880
—20-00591 | +10-1545
013 0:06234 | —0-9967 0-9020 0-9019 0-4297 —0-4280
—i0-00258 | +10-08268 | —i0-03612 | —10-03856 | +i0-002522 +40-03803
0-1305 | 0-05526 | —0:9990 0-9023 0-9023 0-4303 —0-4296
~30:00128 | +10:04631 | —10-0249 | —i0-01691 | +40-00663 | +1i0-02658
0-131 0-04836 | —1-000
—10:0003 | +0-01072

(to be continued.)
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d,

7# = {1234-04—3207-57sina’ +2479-098sin v’
—696°061 cosa’ —537'978cosb’}

+1{3105'60 —696:061 sina’ —537-978sind’
+ 320757 cosa’ —247910cos b'}, (30)

where o' =29-94238H/L, b =878990H/L. Using these formulé.e, we num-
erically calculated the values A4, B, C, D, E, and F for various values
of H/L, as shown in Table I.

Table 1. (A=p, =4, p//n=1/10, .u='u’, 0=45°.)

2z A B | ¢ D E F
L. |
001 | —0-000197 | 09960 ] 0-3801 —0-3765 0-09958 009781
+10-0044 | +40-0890 | —i0-0230 | —i0-05676 4 —i0-01548 | +i0-02428
002 | —0-00183 09836 i 03869 —0-3724 . 009775 0-09023
+40-0201 | +i01802 | —i0:0456 | —i01145 = —0:03281 | -+i0-04991
0-03 | —0-00757 09612 | 04003 —0-3661 0-09335 0-07489
+i00539 | +i0:2754 | —i0:0675 | —20-1752 = —i0-05383 | +i0-07747
0-04 | —0-0244 09254 | 04249 —0:3602 | 0-0829% 0-04544
+10-1239 | +i0:3788 | —i0-0870 | —70-2415 | —0-08278 | +70-1080
0:05 | —0-0786 0-8669 | 0-4765 —0-3648  0-05398 | —0-0202
+40-2944 | +i0-4986 | —i0-0972 | —i0-3219 | —i0:1344 | +i0-1434
0055 | —0-1583 08195 | 05330 —0-3865 | 0:01620 | —0-09516
+10:5025 | -+i0-5730 | —i0-08778 | —i0-3774 = —i0-1892 | +i0-1644
006 | —0:4240 07276 | 06737 —0-4710 | —0-08754 | —0-2939
+11:067 +i0:6858 | —i0-0280 | —i04824 = —i03355 | +10-1842
0:065 | —8-119 —0-4067 1553 —-1:099 | —0-1962 —2:484
+15-275 +i0:9132 | +i1:8%4 -12:188 | —i2:807 -11323
0:066 | —6-114 0-4940
—110-51 —10-8695 _
0:067 . | 0-1049 0-9992 1
—15:233 +10:0401 |
00675 | 0-4150 0-9784 ]
-1i3-978 | +10-2064 |
0-0677 | 0-4661 09673
—1i3:619 +i0-2533 ‘
00678 | 0-4786 09624 | S
—i3-462 | +i0:2713 3
0-06784 | 0-48921 095957 | —0-3709 0-4565 09411 1:025
—13-40577 | +10-28148 | —10-3573 | —i0-2384 = +40-4322 | —iy 1497
0:0679 | 0-4968 09562 1 ‘
—13-322 +10-2925 ‘ |
0-0680 | 0-5050 0:9514 f
—13:198 +10:3082 1
0:0685 | 05219 0-9265 1
—12:673 +10-3761 !

(to be continued.)
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3. In the next section, we shall study the orbital motions of a
particle in the surface-layer for the case when both media, the surface-
layer and the subjacent medium, are assumed to satisfy Cauchy’s
elasticity condition, and the ratio of the rigidity of the surface-layer to
that of the subjacent medium is 1/10, and the densities of the materials
are exactly the same for both media, and also when the incidence angle
of the primary distortional wave is 45°. For convenience, we shall
show all the quantities 4, 4., J,, 4,, 4,, 4y, d,, for determining the
values of A, B, C, D, E, F for the case when A=y, ¥=//, p=p' p'|p=
1/10, and 6=45°, as in the following forms:

-f—dﬁ = (—107581+7358'67sina’ — 5687-44sin?’
+2671-88cosa’ —1596-07 cos b’}
+1{11801-27 — 696061 sina’ — 537978 sin b’
. +20283-3cosd’ + 6256:16cosd’), ' (24)

4
o ={T411'14 + 4538'91 cosa/ — 11950-05 cos b’} (25)

!:% = (1075:81 —735867sina’ + 5687-44 sin b/
—2671-88cosa’ + 159607 cos b’}
+i{11801-27—6960-61sina’ —5379-78sin b’
+20283:3 cosa’ -+ 625616 cosb’}, (26).

?‘!ﬁ = {—597672+6622:81sina’ —5118-70sind’
-~ +263164cosa’ —203396cosd’ }
+1{2754-18 —2631-64sina’ — 203396 sin b’
+6622:81 cosa’ +5118'70cosb’), (27)

%%: { —59T-672+ 6622:81sina’ —5118-70sin b’
+2631-64 cosa’ —2033-96 cos b’)
+1{—2754:18 +2631'64sina’ + 203396 sin v’
6622805 cosa — 511870 cosb'), - (28)

filf; — {—1234:04 + 320757 sina’ —2479-10sin b’
+696:061cosa’ + 537978 cos b’}
+4{310560 — 696-061 sina’ — 537-978sin b’
4 320757 cosa/ — 247910 cos '), (29)
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Table I. (continued.)
H
T A B c D E r
0-132 0-03422 - | —0:9981
+40:00107 | —170-06220
014 | —0-07187 | —0-8094 0-8413 0-7800 0-4173 —0-3861
—10-02334 | —i05873 | +40-1687 | +i0:3577 | +4i0-08233 | —:0-1786
015 | —0-1545 —0-3272 06916 0-4878 0-3675 —0-2431
- —40-1100 | —40-9451 | +40-2768 | -+i0-5629 | +i0-1300 | —i0-3048
017 | —0-1741 04581 0-4450 0-02535 0-2833 0-01102
. —10:2855 | —i0-8890 | +i0-2578 | +40-5137 | +i0-1336 | —i0-3129
018 | —0-1567 06740 0-3735 —0-09574 0-2632 0-08873
—10-3552" | —i0-7387 | +40-2112 | +40-4182 | +4¢0-1200 | —40-2753
019 | —0-1352 0-8144 0-3223 —0-1688 0-2551 01463
—10-4229 | —i0:5802 | +i0-1614 | +i0:3185 | +i0-1060 | —i0-2343
0-20 | —0-1104 0-9061 0-2825 —0-2090 0-2564 0-1927
—i0-4974 | —i0-4232 | +40-1110 | +40-2201 | +40-09377 | —i0-1935
0-21 | —0-08027 0-9540 0-2459 —0-22925 0-2684 0-2361
—10:5928 | —10-2660 | +i0-05832 | +10-1219 | +0-08502 | —i0-1533
0-22 | —0-03593 09952 0-2092 —0-2084 0-2944 0-2849
—10-7307 | —i0-09809 | —40-002539, +30-01799 | +40-08263 | —i0-1111
0:225 | —0-001695 | 1-000 0-1869 —0-1871 0-3156 0-3153
—10-8291 | —i0-00409 | —170-03999 | —10-03923 | +0:08584 | —i0-08712
0-23 004967 09947 0:1606 —0-1508 0 3454 0-3534
—10-9608 | +40-1031 | —i0-08640 | —i0-1025 | +i0-09477 | —i0-05866
0-235 01258 0:9745 01234 —0-08793 03759 0-3908
—i11077 | +40-2243 | —{0-1442 | —i0-2682 | +40-1089 | —70-02185
0-24 0:2937 09175 008779 0-01572 0-4516 04763
—i1:4165 | +i0:3975 | —i0-2421 | —i0-2571 | +i0:1558 | +4i0-03654
0-245 0-6469 07792 004485 0-2185 | 05476 0-5849
—i1:8365 | +106266 | —i0-4043 | —i0-3431 | +i0:2525 | +i0-1465
0-248 11011 0:5936 ‘
—12:181 +10-8047
02485 | 12074 05192
—12:239 +10-8354
0-249 1-3285. 04992
—i2:2988 | +10-8664
02495 | 1-4612 0-4440
—12:3549 | +i0-8963
02497 | 15264 0-4169
—192:3797 | +i0-9089
0-2498 | 1-5575 0-4042
—12:3910 | +i0-9147
02499 | 1-5878 0-3915
—12:4008 | +70-9202 ‘
0-24992 |  1-5948 0-38878 0:0635 0-6462 0-6627 07252
—$2:4040 | +40-92133 | —{0-7282 | —i0-3416 | +i05077 | +i0-4131
025 1-6218 0-3774 0-06574 0-6571 0-6643 07273
—12:4124 | +40-9260 | —i0-7361 | —40-3387 | 405148 | -+i0-4210

(to be continued.)
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Table I. (continued.)
il A B c D E F
0-2502 | 1-6879 0-3500
—492-433 +10-9367
0-2505 | 17936 03055
—-12:4592 | +i0-4761
0-251 1-9845 0-2260
~12-498 +40:9742 - v ,
0-255 4217 —0-7188 0-6441 1-324 0-3970 05180
~i1:7066 | +i0-6956 | —i1-2380 | +i0-4419 | +i1155 +11-106
026 3-5854 —0-4741 1-4347 0-2506 —0-5658 —0-4685
+12:1384 | —i0-8800 | —40-4898 | -+i1-4952 | -+40:8384 | -+i0-8960
0-265 1-357 0-4643 1-103 —0-4849 —0-5330 —0-4861
. +12-243 —30-8855 | +40:03050 | +i09905 | +40-2695 | +0-3469
0-27 05828 0-7918 0-8555 —0-6100 —0-3591 ~0:3295
+11-7097 —10-6107 4101103 +10-6099 +10-07395 +10-1608
0-28 0-1397 0-9692 0:6505 — 06089 —0-1925 ~0-1770
+41-1170 | —40-2462 | +10-08787 | +30-2453 | —40-03854 | +70-08474
0-29 0-003961 1-0000 0-5790 ~0-5786 -0-1210 —0-1202
+40-8708 | —40-009099 +i0-04491 | +70-05017 | —i0-08730 | -+40-08840
0:30 | —0-07472 0:9817 0-5580 —0-5487 —0-09074 | —0-1142
+40-7758 | +40-1909 | +40-00619 | —i0-1004 | —40-1316 | +i0-1113
031 | —0-1587 0-9195 0-5695 —0-5129 —0-07123 | —0-1391
+407742 | +40-3936 | —i0-02734 | —i0-2492 | —40-1872 | -+40-1441

4. For an example, we put i=p, V=4, p=y/, and (///p) = (1/10),

and also € =45° in expressions (10), (11) in the previous section.

Then,

taking the réali parts only, we get the following horizontal and vertical
" oscillations U’ and V' of the particles in the surface-layer when x=0:

2
2r

z=0

Lv
27

z=0

’
+%'l(E,+F’) sinb + (E//_FN) COSb}

=cosfcosz| (D'—C")sina— (C" +D") cosa

+ cosfsinz| (—C" + D"y sina+ (C'+D’) cosa

+,%{(E”+F")Siﬂb+(_EI+FI)COSb} ’ (31)

=cosfcosz| (B'—I") sinb'+ (E"+F")cosb
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%{ (C'+D')sina + (C” D) cosa,}]

+ cosﬂs‘inz[(E”—F”i sinb— (E’'+ F') cosb
+ l‘.(c"+ D"y sina— (C'—D') cosa}] . (32)

T
connected with C, D, E, F' as in the following forms:

C=C/+iCll’ 'D=DI+,I:D//, ‘

where z=2—ﬁt, and C', D/, C", D", E', E", F', F" are real quantities

33
E=E'+iE", F=F+iF", | 3%
and
,r/ Sl
—f- =2'3804765, _f =4-3588994,
_29.9493 Y. v
a=29-9423 7 b=8 78990L ,
c0s=07071067.
Expressions (31), (32) are rewritten
LU P | A
— g 2 2 1
ol ]M cosfy/a%+ Bsin 1z+tan <) (34)
Ly’ — P P | —1.[’,),]
oSl ];—O—cos(h/a + [%sin {z+tan o)’ (35)
where v
a= {(C"—D”) sina -+ (C'+D") cosa}
—;—{—(E”+F”)sinb+(-—E’+F’)‘cosb1, (36)
= {(C’—D’) sina— (C”"+D") cosa}
; {_ (B'+F'ysinb+ (B"—F") cosb} , (37)
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=7{ C”+D”)sma-r( C’+D’)c0sa}
+{ (B"—F") sinb— (' + F')cosb}, (38)
=7{ C’+D’)s1§a+(C” D”)cosa}
+{ E'—F")sinb+ (B" + F") cosb) (39)

and tan=!(3/a), tan~1(;¥/e’) should satisfy the conditions that

Vi fFeosr=a, Vai+@siny=p, r=tan-i(3e), (40
Vet preosy' =a!, Vai+fising=7, y=tan"1(@/a’). (41)

From expressions (34), (85), it will be seen that forced stationary
harmonic vibrations (horizontal and vertical) are caused in the surface-
layer by the incident distortional wave, as in the case® when the dilata-
tional wave of harmonic type is obliquely incident on the bottom surface
of that layer. The orbital motions of the particles in the surface-layer
may be studied by ' ' '

U Ve geose oo 4=
I =
@) @ e arEagl o e @)

where o
e=tan-1(#/a') —tan-1(B/a), (43)

which are obtained by eliminating the quantity z from the two expres-
sions (34), (35). v

Expression (42) shows that the orbit of the particles in the surface-
layer generally pursues an ellipse, whose major and minor axes &, 7 are
respectively given by 4

E—sm°/1/ 7, 7n=sine/v/ 0o, _ (44)
where 7, 0 are the roots of the equation

Cz_‘(a2+ﬁ‘—’ +a'2+ 72 £ sinZe
@+ B (@57 T (@24 ) (@745

=0,  (45)

the inclinatibn angle © which the major'ax'bis makes with the horizontal
plane surface being obtained from the expression

6) G. NIsHIMURA and T. TAKAYAMA, loc. cit.
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o 2e0se o/ (@B @
tan2c = (a/2+ﬂ/2)_(a2+ﬁ2)

| (46)

All the quantities such that the major and minor axes of the elliptic
orbit of the particles in the surface-layer, and the inclination angle of
the same elliptic orbit, are transcendental functions, only H/L being
variable for the present example. The next section, in which the
resonance properties of the surface-layer are discussed, deals with ex-
pressions (42), (46) for several cases of H/L that are related to the
resonance phenomenon of the surface-layer.

5. Since in the previous section, we studied, generally, the stationary
forced vibrations of the surface-layer when the distortional wave is
obliquely incident on the bottom surface of it, it should now be easy
to obtain the stationary vibrations of the particles on both the top and
the bottom surfaces of the surface-layer from expressions (34), (35).
Instead of expressions (34), (35), we may use the following expressions
which show the stationary vibrations of the bottom surface of that
layer, and which are easily reduced from expressions (12), (13):

2%[ ]‘: B COS”‘/(I rA %B’)Z +(ars ;B//.)z sinz+.0),
o (1)
2%] = cos 0}/ ("77 * :‘;A,_B')z +\ B _.%Auysm (z+eD,
! (48)
where |
a=tanf~ (4" + 2B )1 B (49)
a’=tan»‘1{(B”—%A”>/(—;—'+;7’A'~B')} ) - (50)

and cos0=0"7071067, =/f=105773502, s/f=1. 'Obviously -2 and '
should satisfy

;/(1 +A/+;‘B’)2+(A"JF%B”)zsina:—(A/%%B”),
(51)

}/<1+A'+‘?’B')2+({1”+%B”)2cosa=1+A'+%B,"




336 G. NISHIMURA and T. TAKAYAMA. * [Vol. xv1I,
. ro,r 2 P 2, r
— _7AI_BI BII__’AII a,-‘—‘(B”— A//) R
;/ ( Pt ) +( : ) sin ;

/ (- T %A’ B + (5 —_;”_A"‘)2 cos o/ =( - T »?A'—B') :

In these expressions (47)~ (52), A’, B/, A", B" are real quantities con-
nected with A and B-as in the following forms:

A=A'+iA", B=B'+iB", (53)

(52)

the values A and B being given in Table I with their respective values
of H/L.

Calculating the amplitudes (horizontal and vertical) both on the
top and the bottom surfaces of the surface-layer with the respective
values of the quantity H/L, we get Tables II, III, the results being
shown in Figs. 2, 3.

Table II. (Amplitudes on the Top Surface.)

H . Horizontal Vertical ‘ H Horizontal Vertical

L amplitude amplitude l L amplitude amplitude
0-01 0-0035 1:425 ' 017 1:945 1-891
0-02 0-0194 1.456 0-18 1-837 1-530
0°03 0-0601 1-517 0-19 1-790 1-964
0-04 0-1620 1-620 10:20 1-801 1-030
0-05 0-4567 1812 0-21 1-885 . 0806
0-055 0-903 2:010 0-22 2075 0-557
0-06 2-050 2-465 0-225 2-930 0-404
0-065 0-23 2:450 0-212
0-06784 673 0-498 0-235 2:68 " 00428
007 | 4010 0-489 0-24 3-267 0410
0-075 2:32 1-309 0-245 411 1-021
0-07817 1-980 1-506 0:24992 5-61 2:290
0-08 1-860 1-587 025 5670 2-290
0-085 1-685 - 1781 0-255 7-81 4775
0-09 } 1-634 1964 0-26 6-46 5-39
0190 1-670 2-393 0-265 3595 4020
0-11 1-938 2740 0-27- 2:018 3.998
012 2-236 3-129 0-28 0-694 2-438
013 2-466 3310 0-29 0-0142 2168
01305 2-470 3-322 0-30 0-425 2:082
0-14 2:452 3-130 031 0-912 2117
015 2-330 2717
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Table 111 (Amplitudes on the Bottom-surface.)

_H Horizontal Vertical H Horizontal Vertical
L i amplitude amplitude L amplitude amplitude
0-01 0-0661 1-414 013 1-369 0-0325
0-02 0-1420 1-417° 0-1305 1-373 0-0102
0-03 0-2348 1-492 0-132 1:390 0 0580
0-04 0-3629 1-440 0-14 1-399 04057
0-05 0581 1:475 015 1-286 0-741
0055 * 0797 1-565 016 1 200 0-880
006 1-333 1-783 017 0:974 1-071
0-065 8-04 4721 018 0-846 1-135
0-066 9:31 3-740 019 0745 1-167
0-067 3-675 0724 0-20 0667 1-167
0-0675 , 0-227 0-21 0613 1-157
0-0677 0-0878 0-22 0593 1114
0-06780 0-026 0-225 0589 1-075
0-06784 2:230 0-00483 0-230 0-615 1-019
0-0679 0-0271 0235 . 0628 0-951
0-0680 0-0743 0-24 0737 0794
0-0685 T 02156 0-245 0907 0+539
0-069 1-359 0-4165 0-248 1:090 0-264
0-070 0-960 0-595 ‘ 0-2485 0-2056
0-075 0197 0925 | 02495 . 0-070
0-077 00627 0-967 02497 . , 0-0363
0-0775 0-0349 0-2499 0-0048
0-078 0-0088 0-983 0-24992 1-258 0-00073
0-0781 0-0037 0-250 1:267 0-0146
0-07817 0-0000 - 0-984 0-2502 0-047
0-0782 00016 0-251 1-377 0-1947
0-0783 0-0062 0-255 1-902 1-325
0-0785 0-01615 0-260 1739 2-430
0-079 00392 . 0-265 1-122 2:290
0-080 00828 | 1-005 0-270 0-821 2:075
0-085 02565  1-020 0-28 0-663 1-861
0-09 0-396 1-008 0-29 0-609 1-770
0-10 0-648 0-923 030 0687 © 1726
0-11 09101 - 0-749 031 0-843 1.708
012 1175 ! 0500 0-2490 0-1402
0-128 1-342 0-1226 0-2498 0-0173
0120 : 0-0785 l 0-0474

It will be seen from Figs. 2, 8 that the horizontal and the vertical
amplitudes of forced vibrations on the top surface are usually larger
than the respective amplitudes of the particles on the bottom surface .
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of the surface-layer. When H/L becomes relatively small, the horizontal
amplitude on the top surface, however, is a little smaller than that on
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Fig. 2. Horizontal displacements of particles on the top and bottom surfaces.

the bottom surface. When H/L becomes zero, or when the period of the
primary incident distortional wave is very long, the horizontal and the
vertical amplitudes on the top surface become respectively equal to those
. on the bottom surface. It will be seen, therefore, that when the wave-
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length of the primary incident wave becomes very large compared with
the thickness of the surface-layer, the layer has little effect on the
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Fig. 3. Vertical displacements of particles on the top and bottom surfaces.

amplitude of vibration of the particles.” In this actual example, more-
over, the horizontal amplitudes become zero when H/L=0, so that the

7) This fact has also been shown for the case when the primary incident wave
is dilatational and of harmonic type.

G. NIsHIMURA and T. TAKAYAMA, loc. cit,
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’particles in. the surface-layer pursue only a vertical movement, notwith-
standing that the incidence angle of the primary wave is 45°.

We now have the fact® that, when the primary incident wave is
dilatational, the respective positions of the maxima and minima of the
horizontal or vertical vibration amplitudes with respect to the same
values of H/L in their resonance curves are completely changed in both
amplitudes on the top surface and those on the bottom surface of the
surface-layer. Generally speaking, the amplitude on the bottom surface
of the surface-layer becomes minimum, and very small for the values
of H/L, for which the amplitude on the top surface becomes maximum
and very large. This fact, however, may not necessarily be obtained in
the present example when the primary wave is distortional as will be
seen from Figs. 2, 3. From Fig. 2, it will be seen that the respective
positions of the maxima and minima of the horizontal vibration ampli-
tudes with respect to the same values of H/L are approximately the
same in both amplitudes on the top surface and those on the bottom
surface of the surface-layer, and we find nearly a parallelism in the vari-
ation between the two curves with variation in H/L. From' Fig. 3,
we shall also see, usually, the same properties as in the horizontal am-
plitude curves shown in Fig. 2, with, however, the exception that the
vertical amplitude on the bottom surface of the surface-layer becomes
minimum and very small, but not zero for H/L=0-1305, for which the
vertical amplitude on the top surface becomes maximum and compara-
tively large. _

From the foregoing fact it will be seen that the resonance periods of
the surface-layer cannot easily be obtained from the resonance curves
on the top surface of the surface-layer alone; for example, although
H/L=0065 gives the first maximum to both the horizontal and vertical
amplitudes of vibration on the top surface of the surface-layer, it will
not be correct to take H/L=0'065 as the value giving the gravest
resonance period of both the horizontal and vertical vibrations of the
surface-layer. Theoretically the resonance periods of the horizontal and

vertical vibrations of the gravest mode of this layer must respectively
be obtained from the relations

H/L=0-078 and H/L=0-131.

When H/L=0'078, the horizontal vibration amplitude on the top surface
is somewhat smaller than that for H/L=0-065, as will be seen from
Fig. 2, but it gives the resonance period of the horizontal vibration of
the gravest mode, while the latter value H/L=0131 gives the secondary

8) G. NISHIMURA and T. TAKAYAMA, loc. cit.
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maximum value to the vertical amplitude of vibration. Although this
value is smaller than the first maximum value when H/L=0065, as
will be seen from Fig. 8, it corresponds to the resonance period of the
vertical oscillation of the gravest mode of the surface-layer. Although
the value H/L=026, gives the third maximum to the horizontal and *
vertical amplitudes on the top surface of the surface-layer, as will be seen
from Figs. 2, 8, it also does not correspond to the respective resonance
periods of the second modes of the horizontal and vertical vibrations
of that layer. Obviously, the value H/L=0135 also does not give the
proper period of the higher mode of the horizontal vibration of the
surface-layer, although it gives the second maximum to the horizontal
amplitude on the top surface. (See Fig. 2.)

To ascertain why we should take 0078 and 0131 as the values of the
quantity H/L, whjch corresponds respectively to the resonance periods of
the horizontal and vertical vibrations of the gravest mode of the surface-
" layer, we calculate the vibrational movements of particles in the surface-
layer numerically from expressions (34), (35), and obtain Table VI and
Figs. 4a, 4b, 4c, 5, 6. Phase-differences tan-1(53/a) and tan-(f'/a’)
are also shown in Table IV. Figs. 4a, 4b, 4c show the elliptic orbits
of particles on the surfaces y=0, —(1/8)H, —(2/8)H, —(3/8)H,

Table IV.
Ty | e | Vel | el | otnd
0-065 -H 188 767 0573 2:15
-7/8H 189 740 4 v
—6/8 H 18'5 7-10 Con Yoo
~5/8 H 177 - 671 ” ”
—4/8 H - 163 6-35 ” 4
—3/8H 14-8 592 . " o
—98H 12:8’ 5-54 ” ”
~-1/8H 10-4 5-12 ” ”
0 8:04 4-72 ” ”
0-06784 -H 7-10 0-438 1-428 2-995
. —7/8H 7:02 0-349 o "
—6/8 H 678 . 0-263 " ”
—5/8H 636 0-176 ” ‘”
—4/8 H 5:78 0-104 ” ”
—-92/8H 4-22 0-0092 4 ”
0 223 0-0048 ” 4

(to be continued.)
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A Table IV. (continued.)'

T e | o | el e
0-07817 -H 198 1-51 1-170 274
—3/4H 172 1-52 " "
—9/4aH 1-26 144 ” 1
—1/4H 0-649 1-26 " "
0 0 0-984 ” ”
0-11 -H 1-94 f 2-74 0-658 2:230
—7/8 H 171 . 274 " ”
—6/8H 133 2:67 " ”
—5/I8H 0-976 2-51 ” ”
—4/8 H 0-532 ! 229 " ’”
—3/8H | = 0-087 C199 ” n
—-9/8 H 0-321 1-62 ” ”
—-1/8H (-663 1-20 ” ”
0 0-911 0-747 ” o
01305 -H 2-47 3:32 0-0231 1594
—7/8H 213 3-31 ” ”
—6/8 H 160 3-18 ” 4
—5/8H 0-960 2-90 ” "
—4/8H 0-285 2:51 " "
—3/8H 0-353 2:00 1 "
—9/8 H 0-876 1-39 " ”
—-1/8H | 1-23 | 0-719 ” ”
o | 1w 00102 " %
0-20 " —=H 1-80 1-03 1-789 0-218
—7/8 H 1:50 1-05 1 ”
—6/8H 0-902 0-949 " "
—5/8H 10-149 0726 - ” o
—4f8 H 10-571 0-392 " "
—3/8H 1-09 0-0186 " "
—9o/8 H 130 . 0-456 o "
—-1/8 H 1-14 0-859 ” ”
0 0-658 117 7 #
0235 ~H 2:68 , 0-0428 1-458 3-03
—7/8H 2:29 0-0623 ” "
—6/8sH 124 0-0976 " ”
—5/8 H 0-161 0-0137 - " "
—4/8 H 1-48 0-192 ” ”

(to be conti‘nued.)
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Tab&e IV. (continued.)
3 v | Do | e, | ol s

0-235 ~3/8H 231 0-4792 1-458 3-03
‘ -2/)8H 242 0-742 ” ”
-1/8H 1-79 0-912 ” ”
0 0.628 0-904 1 7

024992 | -H 561 2:29 0-985 2-555
 —15/16 H 552 G ”
_7’/8 H 4.96 ) 192 ” 14
—6/8 H 263 1-45 " ’”
—5/8 H 0-662 1:07 7 "
—4/8 H 3-84 0-867 % ”
—-3/8 H 5:76 0-800 ” "

0-24992 —5/16 H 6-12 0-985 2:555
—9/8H 594 0-739 " "
-3/16 H 0-680 ” ”
—-1/8H 4-23 0-5105 " ”
—1/16 H 0-295 " ”
0 ] 1:26 0:0007 ” i ”

0-255 -H 8-04 478 0-385 1-956
—15/16 H 800 ” 54
—7/16 H 7-26 4-12 " "
—6/8H 3-85 314 " "
—5/8H | 111 2:18 ” "

—4/8H | 593 1-40 " 1:954
—3/8H 9-11 0-841 7 ”
— 5/16 H 9.47 1 14
—2/8H 9.2 0-328 ” 4
~1/8H 651 0-343 ” ”
0 1-90 1-33 ” "
0-260 -H 6-46 5:39 2-604 103
-7/8 H 5-96 475 " "
—G/SH 2-79 3-64 ” 144
—5/8 H 1-03 2-41 ” "
—4/8 H 593 1-28 ” 1
—3/8H 7-87 0-314 ” 1"

—5/16 H 836

—2/8 H 8-13 0-549 ” ”
—1/8H 5-92 144 ” "
0 -73 2:43 ” ’”
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—(4/8)H, — (5/8)H, —(6/8)H, — (7/8)H, —H when H/L=0065, 0-06784,
0-07817, 0-110, 01305, 0200, 0-235, 0-24992, 0255, and 0-260 respectively ;

0 10203060 50 :
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g & D RS —=
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H - oomai7 Hevino Hopi305 H—gom H g3 Hag24992
Fig. 4b.

and Figs. 5, 6 show the distributions of the horizontal and vertical
amplitudes of vibration in the surface-layer when H/L has respectively
the same values as in the case of Fig. 4. '

Figs. 4a, 4b, 4c show that all the particles in the surface-layer
pursue an elliptic orbit, of which the inclination angle that the major



346 ‘G, NISHIMURA and T. TAKAYAMA. [Vol. xvii,

axis of the orbit makes with the horizontal plane surface becomes zero
or 90°. Table IV shows that there are no phase-differences in the
horizontal vibrations of the particles for their positions in the surface-

al 2
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e
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8 ____'_/

|

N M
t \
H 0255 Hopz60

Fig. 4c.

layer,and also the same in the vertical vibration, so that Figs. 5 and 6
correspond respectively to the horizontal and the vertical vibration
modes in the surface-layer for the respective cases of H/L.
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From Figs. 4a, 4b, 4c, 5, 6, it will be seen that it is only when
H/L becomes 0:07817 that the horizontal mode of vibration in the surface-
layer becomes most nearly equal to the gravest free vibration mode that
may be excited in the surface-layer, when it may be assumed to be an

Tip Surface

=

S ™IN

=

Colto ool oy
z =

ao:i:r\'

N

Bottom Surface

Fig. 6. Vertical vibration modes in the surface-layer.

@, @, 6, d G, ©® @ ®, @, @ show them for the respective
cases When H/L=0-065, 006784, 0-07817, 0-110, 0-1305, 0-200,
0-235, 0-24992, 0-255, 0-260. -

isolated elastic pendulum, while when H/L becomes smaller or greater
than this value, i.e. when H/L<0-07817, or H/L>>0'07817, the horizontal
vibration mode differs greatly from this gravest free vibration mode.
Next, when H/L becomes 01305, the vertical vibration mode becomes
also nearly the gravest free vertical vibration modes that may be ex-
cited in the surface-layer, moreover, when H/L<<0-1305 or H/L=>01305,
the vertical vibration mode. differs considerably from this free vibration
mode. It is a remarkable fact, moreover, that the periods calculated
from these values, H/L=0-07817 and 0'1305, become respectively equal
to the resonance periods of the gravest modes® of the horizontal and

9) The writers studied the forced vibration in the surface-layer, due to a dilata-
tional wave of harmonic type, obliquely incidéntron its bottom surface when A=y, A/
=p/, p=¢/, W//1n=1/10, §=45°, and obtained the values H/L’=0-048, 0-080, which cor-
respond to the resonance periods of the gravest mode of the horizontal and the vertical

~vibrations of the surface-layer, where L’ is the wave-length of the primary incident
dilatational wave. Let these resonance periods be Ty, T.. Then T,=H/(0-048 v)=
v 3 H[(0-048 V); and To=+"3 H/(0-080 V.), where v and V., respectively show the wave-
- velocities of the dilatational and distortional waves.
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the vertical vibrations that are obtained when the dilatational wave of
harmonic type is obliquely incident on the bottom surface of the
surface-layer. For these reasons, therefore, the proper periods of the
gravest mode of the horizontal and vertical vibrations of the surface-
layer should respectively be obtained from H/L=007817 and H/L=
0:1305. The proper periods of higher modes of vibration of the surface-
layer may also be determined by the same method as that used to
obtain those of the gravest mode in the present example. Discussions
on the proper periods of higher modes are deferred to another occasion.

We may conclude from these discussions that there exist proper
periods of vibration in. the surface-layer that closely adheres to the
subjacent semi-infinte medium, but when the primary incident wave is
distortional, the amplitudes of the forced vibration (horizontal and ver-

“tical) on the top surface of the surface-layer do not necessarily become
relatively large at such periods as are synchronous with the proper
periods of that layer. These proper periods of vibration of the surface-
layer usually differ in their horizontal and vertical vibrations; the pro-
per period of the gravest mode of the horizontal vibration is usually
longer than that of the vertical vibration. '

When any dilatational or distortional wave, of which the periods
are equal to the proper periods of horizontal or vertical vibrations of
the surface-layer, is obliquely incident on the bottom surface of it, the
respective vibration modes become nearly equal to the free vibration
modes that may be excited in the surface-layer, when it may be
regarded as an elastic solid that is isolated from the subjacent medium.
It will be seen, however, that even if the period of the primary incident
wave becomes synchronous with the proper periods of the vertical and
horizontal vibrations of the surface-layer, the amplitudes of vibration
on the top surface do not become infinite, as in the case of an isolated
elastic body. '
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