e e, A R
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1. Introduction.

Many years ago Stoneley” found that it is possible for Rayleigh-
type waves to be transmitted along the surface of separation of two
solids. Although Stoneley concluded that the waves under considera-
tion only exist in that case wherein the densities and elasticities of the
media are likely to satisfy Wiechert’s condition, namely, Pllp =24 =
#/#, no accurate condition for the range of possible existence of the
same waves has yet been determined. On the other hand, some of
our problems™® already discussed were more or less related to Stoneley-
waves, from which we are now in a position to ascertain the condition
for the waves to exist.

2. Velocity equation.

Let p, 4, p2; ¢/, ¥, ¢/ be the densities and the elastic constants in
both media respectively, and 2z/f, 27/p the length and the period of
Stoneley-waves. Our previous investigation® showed that the velocity
equation of the waves assumes the form
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The velocity equation originally obtained by Stoneley™ is of the type

e (py—p2) 2 — (0142 +p2A4) (01 B2+ peB1) )
+2Kc2{pyAyBy—0:4,B1—py +p2) + K2 (A;B1—1) (A:B,—1) =0. (2)

If the symbols used by Stoneley are replaced by the corresponding
ones in the present case, such that
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the form of the expression in (2) reduces to that in (1).
Using the symbols from another one® of our papers, the velocity
equation becomes
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e fP—h?, s?=fi—k? r?=f—N? §?%=f2—Fk2
B2 = ot (A 2p), B = il WE= oY (X +20), I = ,),pz/,/,} (

If we multiply (4) by —z2f% the form of the expression in (4) reduces
to that in (1). The expression in (4), as a matter of fact, represents

the velocity equation of particular Rayleigh-waves transmitted along a.

stratified surface layer.
3. The determination of the range of possible existence of the waves.

Since the decreases in amplitudes in the respective media with
distance from the boundary surface are given by

5) loc. cit. 1).
6) loc. cit. 3). In the previous paper, for obtaining the expression in (4), we
changed the expressions of types coss’H, sins’H into those of types coshs’H, sinhs’H.

. G N S



Part 1.} The Range of Possible Existence of Stoneley-waves. 3

e, eY, e’Y, evy,
where
12 =[PP $%=fi—k% 2= f2_Q2 2= fr_J2

if any one among f2—h? f2—Fk? f2—h'?, f2—k'2 be negative, the condi-
tion of the boundary waves fails, whence, the critical condition of the
possible existence of Stoneley-waves is determined by the condition that
either one among f2—h?, f2—k2, f2—h'2, f2—'2 changes its sign from
positive to negative. Since, from the nature of things, h2<<k2, h'2<F'2,
the condition under consideration is given by f2 = k2 in the case k2>k'2,
and by f2 = k'2 in the case K2>FK2

We also calculated the velocity of transmission of the waves in the
critical conditions just mentioned. The limiting cases for Poisson’s
ratio are ¢ = 1/4 and o = 1/2, that is to say, 4/pu =¥/ =1, and A/p =
Ay = oo, both of them having been calculated.

The calculation of the critical conditions in two limiting cases of
Poisson’s ratio are shown in Tables I, II, and plotted in Figs. 1, 2.

From Figs. 1, 2 it will be seen that it is possible for Stoneley-
waves to exist within a relatively narrow range of ///u for every ratio

Table I. A=p, ¥ =/.

olo | 0 | 0-02 | 01 | 0-3
win | 03a35| 0 | 03492 0-017091 0:3771 | o-osssl 0-458 \ 0-2855
WHVolE | 1 } 0-9196 ‘ 1| 09244 ] 1 ‘ 09420 | 1 [ 0-9753
o 05 | 0-8 |10 | 1 2

g ‘0-553\ 0-4927' 08013 | 0-7996! 1 ‘ 1| 1248 |1:251| 1777 | 2:030

@Hvola | 1 09| 1 | 098] 1 | 1 |oows| 1 |osss| 1

o'lp | 10/3 ) 10 50 o
4 2184 ] 3503 | 2:653 [ 11-265] 2-864 ‘ 5853 | 2912 ‘ o
(lf)v oln 0-809 , 1 } 0515 | 1 ‘ 0-2394[ T ) l 1

Table II. /p = oo, ¥/ = co.

olo | 0 ’ 01 l 0-2 ; 05

g , 0-3090’ 0 [ 0-3493 0-09362‘ 0-3924] 0-1911’ 05523 | 0-4957

@HverE | 1 [0~9553| 1 o~9673{ 1 | o9m3| 1 | o098
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ol 07| 1 T
Wi | 07064 | 0699 | 1 t 1| 1415 | 1430 | 1811 | 2017
(p/f)v olnt l 1 |o99es| 1 |1 | 0:9956 I‘ 1| 09518 | 1
. #lp l 5 10 ‘ w
wie | wsw | s 2863 | 1068 5o | e
@HVele | 07140 1| o030 1 o | 1

of p'/p. . This feature is remarkabls, particularly, when the ratio of
¢'/p is nearly unity, at which condition Stoneley-waves could not exist
unless Wiechert’s condition, p'/p = ¢//¢, be almost satisfied. On the
other hand, when the ratio of p'/p is relatively small, say, less than

05, or relatively large, say, greater than 2, the range of /¢ in which
Stoneley-waves exist is relatively wide, Wiechert’s condition being then
rather unimportant. As a matter of fact, the greater the ratio of v'/p,
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Fig. 1. Range of existence of Stoneley- Fig. 2. Range of existence of Stoneley--
waves (1 = u, A —=p/), as shown by waves (/. = o, A/ = o), as shown by
the narrow parts between two curves. the narrow parts between two curves.

the greater the ratio of ///¢ for the real existence of Stoneley-waves, in:
consequence of which the condition of reality for Stoneley-waves would
be alike, even were the parameter p'/p replaced by ///p, as will be seen
in Figs. 1, 2. It should be borne in mind that the two respective:
curves in Figs. 1, 2, corresponding to the criticals just mentioned, inter-
sect at the point with abscissa p’/p = 1 and ordinate ¢//p = 1.
Stoneley-waves are not dispersive, that is to say, the velocity of
transmission of these waves is independent of the length of the waves:
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-and is constant for given p', #, ¢/, p, 4 p.  As has been shown,
for certain conditions of p'/p, ¢//p, Stoneley-waves can not exist. In
-such a critical condition, the velocity of transmission of Stoneley-waves
is the same as that of distortional waves in a layer in which the
velocity of the bodily waves is less than that in the other. It is like-
ly that in the condition intermediate between the criticals, the velocity
-of transmission of Stoneley-waves is less than either one of the velocities
.of distortional waves in both media. This will be shown in the next
-section.

4. On Stoneley-waves transmitted along the lower boundary of the
surface layer of the earth.

In our previous papers, we remarked on Stoneley-waves transmit-
ted along the lowér boundary of the surface layer, in evaluating the
velocity of such waves for a particular case. The calculation will be
now extended to more widely different conditions of p'/p, ¢//p, and the
‘thickness of the surface layer.

Let us assume that p'/p = 05, and take the cases (I) ¢/ = 0-563,
(II) ¢//p = 0-530, (I11) /e = 05, (IV) p'/pe = 0495, (V) ¢//p = 0-4927,
(VI) p/p = 0470; the relations 2 = p, ¥ =/ being retained. The
-velocity equation for any case is generally

4;;3’ <2“£§;) /_%{4g+ (2_15_) Cj cosh'H coshs’H
f spI 7 ( l;;z )2—4;':‘?,2} cosh?'H sinhs'"H
+ = 59{ ;( %) 4;7 }smhr’Hcoshs’H @
{(2__7.;.23 I+ 47;23’2 C}smhr’H sinhs’H =0,
“where
’70:%’ 473(/1 1) 2"3( 1)@ ar, |
Sy
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Using equation (6), we calculated the velocities of transmission for
cases (I)~(VI), the result being il 0L Ge 05 08 10 10 w1
shown in Fig. 8. Althogh it is e
possible to get the velocity of trans-
mission of Rayleigh-waves also from ]
(6), since the dispersion curves for
such waves are, as a matter of fact, ‘f""_i,»"(%zmﬂl,"'

=053

-908 %:0.55] %:0{

outside the area in Fig. 8, and wgf™ Yh=ows
since discussion of Rayleigh-waves o
is not our present object, calcula- ,"I\/%F"‘”

- ‘

tion of these Rayleigh-waves has 4
been omitted. :
When fH—0, that is, L/H—c,
the equation (6) reduces to a pair %7 ;
of factors, one of which represents .
the velocity equation of Rayleigh-
waves that are transmitted through
a semi-infinite body, the same as .nf :
that in the surface layer, and the i ;
other one the velocity equation of ;

1
]

9261 :
R '

the waves that are transmitted 9% ﬂ/ o
through the boundary between the | ! A”
surface and the subjacent media, , l
namely, Stoneley-waves.” L.

Since the waves in the layer, .-
of which H/L is not infinity, are ey

9661~

more or less of surface-wave type,

even should the wave energy be W4—r——Fr—F—7d—FF—F%
accumulated near the lower bounda- Fig. 3. Dispersion curves of Stoneley-
ry of the layer, the ordinates in waves transmitted along the lower
Fig.3, excepting those at the abs- boundary of a surface layer. p’/p =
cissa L/H =0, do not represent ac- 12, A=p N=p

tual Stoneley-waves. The ordinates at zero abscissa only correspond to
Stoneley-waves. :

For the case in which L/H is not zero, the amplitudes of the waves
in the surface layer either decrease exponentially or are distributed
sinusoidally with distance from the boundary under consideration. In
the present case, if ///¢>0'5, the amplitudes in the surface layer de-

7) The decomposition of the equation (6) in such a special case was performed
by Love, Stoneley (M. N. R. A. S. G. S., 3 (1934), 232), Lece, and the authors im:

different manners, respectively.
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crease exponentially for any wave-length in the dispersion curves. If,
on the other hand, p//p<<0'5, the amplitude distribution is exponential
for shorter waves and sinusoidal for longer waves. For example, in
the case, p//p=0495, the distribution is periodic for L/H=>0540, name-
Iy (0/f)v/p[pr > 09950, and exponential for L/H<0540. When //p =
0-4927, the distribution is sinuisoidal for any wave length, excepting
the condition L'H =0. If the ratio is p//z<<0-4927, the waves in the
layer are distributed sinusoidally for any wave length, including the
case L/H=0. 1In Fig.3, the parts of dispersion curves, showing the
condition that the amplitudes of the waves in the surface layer, vary.
exponentially and the parts, showing the condition that the same ampli-
tudes are distributed sinusoidally, are indicated by full lines and broken
lines, respectively. :

From the above consideration it is possible to conclude that Stoneley-
waves do exist for the range 0563 >///p>04927 under the condition
that L/H =0, the corresponding velocities of transmission ranging between
v pjp and 0°9926,/,/p. This agrees with the result shown in Table I.

The value of ¢//¢ for which the ordinate of the dispersion curve
is exactly (po/f)1/p/r=1 at abscissa L/H =0 is p//u=0563. Since in
this case, however, no point in the dispersion curve, excepting this
ordinate, really exists, Stoneley-waves are the only waves that can be
transmitted through the lower boundary of the surface layer.

5. Concluding remarks.

In the present paper, we determined the range of p'/p and /[y,
within which Stoneley-waves could possibly exist, and furthermore in-
vestigated the nature of such waves as resemble Stoneley-waves that
are propagated through the lower boundary of the surface layer of the
earth. It has been ascertained that, whereas for such a ratio as p'/p
~1, the range of ¢//¢ within which Stoneley-waves exist is quite narrow,
for a very small ratio or a very large ratio of p’/p, the range under con-
sideration is relatively wide. The nature of the waves transmitted
through the lower boundary of the surface layer would resemble that
of Stoneley-waves, provided the ratio of p'/p is not far from that of
//p. If, on the other hand, the ratio of p'/p greatly differs from that
of p'/p, the amplitudes of the waves in the surface layer are distribut-
ed sinusoidally, so that the waves cannot be of the Stoneley type. Al-
though waves that are similar to Stoneley-waves in the surface layer
show a certain dispersive nature (normal), the real Stoneley-waves are
not dispersive, their velocity being constant if p’, ¥, ¢/, p, 4, p were:
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given.
In conclusion, we wish to express our thanks to Mr. Unoki, through
whose kind aid the calculations were greatly facilitated.
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10 4ELL BRI Stoneley b3 2 BOEFITBIET 5 Rayleigh ZUEOHFET s it L, BE
REKPZ2WN L~ PRI, LH L Stoneley XV EAET 5121 2 FOBMEK
FBEIEH LR D50TH2C, 2OMBROHEY L ORALTHEHTOTHS., I0HXT
ELHXDORITRO T O 5 BT 5 Stoneley RIFIDWOMEE 2 LIHE L CRVTO
Tha.

WHEILE 22, 2 TROEREDEE ¢ 2 X (1L 2 JFOMIE L X138 U d Stoneloy 3k
DL, BEOEFE LS XL 2 BFOBMOEOM T CHEL b1 o7 Stoneley
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ToWT 5 Aib Stoneley 3¢ 2 (TRART 2 L 2 d5by o7,
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ley W CHME»—ETHS I LEEHLNT.




