36. On the Plastic Properties of the Earth’s Core.

i3y Katsutada SEzZAWA,

Earthquake Research Institute.

(Read June 15, 1937.—Received June 21, 1937.)

1. Introduction,

It seems that the Earth’s core transmits only longitudinal waves,
not transverse waves. It is however uncertain whether this results
from the extremely small torsion modulus of the material within the
core or from particularly high viscous resistance of the same material
against distortional movement. Since, as a matter of fact, the Earth’s
core is subjected to enormously high pressure, the material in that core
is probably in a certain plastic state. The special features of a general
plastic body are its increased viscous resistance against distortional force
(for any quickness) and its almost incompressible condition in any
(statical) deformation, whence it follows from either one of these fea-
tures of the plastic body that, were the Earth’s core a plastic body,
transmission of transverse waves (relatively long waves) through the
same core would be improbable.

Now it is well known that the velocity of the core waves is about

1/1/3— of that of the longitudinal waves transmitted through the rocky -
shell immediately next to the core. If the material within the
core were in a plastic state, and that in the rocky shell is in an elastic
state, both being of the same density, the relation cited above would
then be a most likely one, regardless of the denser character of the
Earth’s core. Whether or not the material forming the core is as
dense as iron or nickel is another problem calling for different treatment.

As already mentioned, we shall assume that, although the Earth’s
central core is in a plastic condition, the outer shell is in a purely
elastic state, the density of the material being assumed uniform through-
out the Earth. Gravity is taken as a body force, but the effect of the
Earth’s rotation is neglected. Although.there are a number of theories
defining the plastic state of materials, yet in accordance with the pre-
sent vogue among investigators of plastic bodies, we shall take the
maximum shear stress theory, which was originated by Saint Venant®

1) St. VENANT, C. R., 70 (1870), 73 (1871).
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and developed by certain mathematicians eminent in applied mechanics®.
Although the criterea of the plastic state differ with authors, as the
quantitative difference between them is not very marked, we shall use
the maximum shear stress theory throughout this paper.

2. FEquilibrium of the elastic shell.

Assuming that the material displacement is invariably symmetrical
with respect to the Earth’s centre, that is, that displacement » is pef-
fectly radial, the strain and stress components are then expressed by
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where 2, ¢ are Lamé’s elastic constants. The gravitational potential V
and the resulting radial pressure p are connected by the formulae

2 ) 4
V=2%; 2_¢2), - =0,
377’/’(3a %) o o 0
2p 4 ~ 5 (2)
P 2‘, —_ 2 a/2_/'»2 ,
o= "3 p =P (ai—r?)

where a is the Earth’s radius, p the Earth’s mean density (assmed almost

uniform), and 7 the gravitational constant. The equation of equilibrium
of the elastic shell is

oV L o B dgy—0, )
a,r 81. r

the effect of pressure on the change of density being neglected. Sub-
stituting from (1), (2) in (38), we obtain
*u, 2 du 2u
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The solution for the present statical problem is then
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2) A. Napa1, Der bildsame Zustand der Werkstoffe (Berlin, 1927), Handbuch
d. Physik, 6, Plastizitit u. Erddruck. Nadai’s problem and various plastic theories
dealt by other people are involved in these books.
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where B, C are determined by boundary conditions. The stress com-
ponents are

~
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The boundary conditions are such that the normal stress is zero
at the free surface, while the maximum shear stress at the boundary
between the shell and the core assumes a definite value k. Mathema-

tically these conditions are expressed by

r=a; 1r=0, ,
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where b is the radius of the Earth’s core. An additional condition is
r=c(@a>c¢>b); |rmr—00%2k, |rr—~¢p|}2k. (8)

After reading this paper, these conditions were found to be rather needless.
Substituting (6) in (7) we obtain
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The stress components are therefore
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It is to be borne in mind that the stresses in (10) should satisfy the
condition (8).
In the special case ¢/2— 0, equations in (10) reduce to
o —21 TP 22 kb?’(—-——];)
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3. The equilibrium . of the plastic core..

The equation of the equilibrium of the plastic core is the same as
(3), namely,

—aypr +%+ﬁ(21r — 00— ¢¢) = (3"
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where @=?")§5 , and the equation of the plastic condition is

7 —00=F2k (12)
for any 7(r << b). From (8'), (12) we obtain
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Integrating this we get
T Ak loger — »»23_777,029'2 +1==0, (14)

where I is the integration constant. From (10) the boundary condi-
tion is
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Determining I in (14) by means of (15), we obtain
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When /2 — 0, these equations reduce to
~~ i3 3
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b 3 3 \a? (17)
0=9p=2k+7r .
In the case of the Earth’s core the upper signs in these solutlons should
always be used.

By comparing (11) and (17), we find that when p/4—0, the ad-
ditional stresses in the core are
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for 77 and 08 (=¢¢) respectively.
4. Possible slip planes in the plastic core.

The angle 8 which the slip surfaces in the plastic core make with
any radius of the Earth is obtained by the formula

tan 28— rr— 06 17:9575 (19)
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where 70 is the shear stress between 7 and 0, and 3?6 that between 7
and ¢.

Since 79 =O(17§=0) in the present case, we get 23==/2, so that

B=nr/4, (20)
namely tanf=1. The equation of the slip surfaces is such that
rdf rdqﬁ)
2 =15V = , 21
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from which we have
0=A log.r, ¢=DBloger. (22)

The surfaces are therefore of the type of logarithmic spiral. It is im-
material whether the sections of the surfaces are directed in the sense
of 8 or ¢ or in that of a certain azimuth between # and ¢.

5. The numerical solution and its interpretation.

The approximate values of the radii of the Earth and its core are
given by ¢=6370 km, a—b=2900 km, so that b/a=0-545. It is possible to
assume yp2a?=38.10'! in C. G. S. units. The value of the plastic constant &
of the Earth’s core is not known. According to Griggs’s tests® of solen-
hofen limestone and marble under high hydrostatic pressure, the yield
points due to a longitudinal force do not differ markedly, though in-
creasing somewhat, in the hydrostatic pressure applied.

(i) If we assume that the materials in the core and in the shell
immediately next to it have plastic constants of the same value
as their respective plastic constants under atmospheric pressure (the
actual temperature and melting point bemg both raised), we may then
approximately put

3) D. T. Grices, Journ. Geol., 44 (1936), 541~577.
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2k=5.10° (C.G.S.) . (23)
Thus, from (9)

igg=5.1o9+4.1011.§i,

(24)
(32—1—2/1)]3:0'436.10“%——L6-8 .10,

from which #C and (32+2#) B are determined as functions of g/2. 1In
both equations of (24), p/4 is assumed to be relatively small. Compar-
ing these results with the condition (8), we get

p/A < 186,102, (25)
The result in (24) is therefore
6;)‘30 < 104.10°, (C=>0)
(26)

(82+2¢) B > —16:8.101., (B < 0)
The condition for the Poisson’s ratio is

;T > 0> 0493. @)
The last condition has resulted from the assumption (23). Although
in the present calculation the value of 2k has been given, no assump-
tion regarding the absolute values of 2 and p has been made. Al-
though the result well conforms with the properties of a general plastic
body and also with the nature of seismic core waves, since the radius
of the Earth and that of its core are of comparable order and not so
much different as in the case of Mars™®, there still remains some question
as to whether the Earth’s state shall change from elastic to plastic
. just on its core’s bounhdary.
(i) The analysis of seismic waves shows that ¢=1/4 even at such
a deep part of the Earth’s shell as immediately next to the core. Thus,
if we assume that Poisson’s ratio ¢ is 1/4, namely 2=g, in the rocky
shell as well as in the core, we then have
6¢C _1.83.101 12k,
b (28)
B+ 2u)f=—12-3.1011 + 0-213 K,

from which pC and (31+24¢)B are determined as functions of & Re-

4) H. JEFFREYS, ‘‘The Density Distributions in the Inner Planets,” M. N. R. A.
S. Geophys. Suppl., 4 (1937), 62—71.
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ferring to the condition (8), we get

2k >1-22.101, (29)
The result in (28) is therefore
52C — 9.55.101,
b (30)
(BA+2¢)B > —12:1.10"1,

From the first hypothesis it follows that the material in the rocky
shell, owing to some transformation of that material, changes its state
from compressible to incompressible in the immediate vicinity of the
boundary of the core, that is, & changes from 1/4 to 1/2, the other
properties of the same material changing from elastic to plastic also in
the same vicinity. An alternative explanation resulting from the second
hypothesis, though impossible to confirm it even with the data of high
pressure experiments that have been made, would be such that while
the plastic constant % in a fairly deep part in the Earth is as large as
2k=10"(C. G. S.), the Poisson’s ratio remains nearly ¢=1/4 even within
the same core. It is now possible to assume that the actual condition
of the Earth’s core (and the shell next to it) is probably intermediat-
ing between that in (i) and that in (ii).

Added July. 7, 1937.—From our continued study (the paper read
July 6, 1937), it was found that the condition (8) is rather needless. The
plastic state of the core is naturally accompanied by the plastic state
of the Earth’s surface staratum of thickness of a few hundred kilometers,
the layer intermediating between the surface stratum in question and
the core being possibly elastic. The full explanation will be shown in
next Bulletin.
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