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1. In one” of our papers published last year, we determined the
distribution of bending moments in the columns of a multi-storied
structure under periodic earthquake movements of the ground. Since
however the nature of dissipation of vibrational energy was not per-
fectly understood by us at the time, we discussed the problem in that
paper under the assumption that the movement of the lower end or
foundation of the structure is the same as that of a free ground sur-
face, that is, one on which no structure is standing. From the results
of our foregoing paper®, it is evident that such an assumption is not
permissible unless the effective stiffness or density of the structure
differs widely from the rigidity or the density of the ground on which
the structure rests. Our present calculation shows that, owing to the
dissipation of vibrational energy into the ground, the amplitudes of
vibrations of a structure do not exceed a certain limit even under res-
onance conditions. We also come to a similar conclusion with respect
to the bending moments in any member of the structure. This fact
appears to answer the question what strength is necessary in the earth-
quake-proof construction of a structure, that is liable to be subjected
to resonating seismic vibrations.

In this paper we investigate three kinds of structures, namely,
(i) structures with rigid floors and clamped base, (ii) structures with
flexible floors and clamped base, (iii) structures with rigid floors and
hinged base. Rigid and flexible floors correspond to the “clamped and
supported floors” of the previous paper”. By “rigid floor” is meant
a floor so rigid as never to bend through horizontal oscillations, as

1) K. SEzawa and K. KaNAIL, “Some New Problems of Forced Vibrations of
a Structure”, Bull. Earthq. Res. Inst., 12 (1934), 823~853. This paper will herein-
after be referred to as paper (B).

2) K. SEzAwA and K. KaNa1, “Decay in the Seismic Vibrations of a (Simple
or Tall) Structure by Dissipation of their Energy into the Ground”, Proc. Imp.
Acad., 11 (1935), 174; Bull. Earthq. Res. Inst., 13 (1935), 681~697.

3) K. SEzawa and K. KANAI, ibid..
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practically obtained in actual buildings; while by “flexible floor” is
meant a floor so flexible as to yield to horizontal oscillations, a con-
dition however that hardly obtains in actual construction, excepting
in a structure with very long and weakly spanned floors.

As to the number of stories we have treated three cases, namely
one-, two-, and three-storied for each of the three types of structure.
The waves are assumed to be of the same nature as in the case of
a simple structure subjected to horizontal oscillations.

2. A structure with rigid floors and clamped base. )

Both incident and dissipated waves are assumed to have the same
forms as those stated in the preceding paper®. The equation of mo-
tion of the columns for each floor is the same as that used in last
year’s paper”, namely,

oy, .
‘aix:‘_ 2 ( 1 )
its solution being
¥v,=(4,+Bx,+ C2%+ D g% e , (2)

where s signifies the case for columns between the (s—1)th and the
sth floors, «, is the coordinate of a current point on the same columns
measured negatively from their respective lower ends, and ¥, is the
horizontal deflection of the point z,. If I, be the length of the columns
under consideration, the boundary conditions for an =z-storied struc-
ture are
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(s=1,2,-+-., n—1.)

: 0
.’L'1=0; y1x1=0=u0u=0'+ (u1+u2)r=s. 0=0 > 6%1 = 07 ( 9 )’ (10)

lzi=9

4) Paper (B). .
5) K. SEzAwWA and K. KANAI, loc. cit. ante. in 2).
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where m, is the mass concentrated on the sth floor, and I, E,, I, are
the length, Young’s modulus, and the sum of the moments of inertia
of cross sections of the columns between the (s—1)th and the sth
floors, I, E1, I,(=7c2j2) being the same for the lowest columns. p, 4, ¢
are again.the density and elastic constants of the earth, while we shall
soon be using h?=pp? (A+2p) and k*=pp?/p.

Solving the problem in the same way as in the previous paper,
we get the deflection of the columns, corresponding to the incident
waves,

u,=cos(pt+ kx), (12)
as follows:
(i) n=1,
(7}/’1+2 4 (12 r)+3r( )+27( )1 T ,
41/P2+Q2 cos(pt—tan 6), (13)
where
,,,,, : - S —
P= 9/ ,m&)r’ Q_(lz—r)(]/_/;+2—1), (14)
—mp2l3
T=pr . (15)
(i) n=2,
7}/1 +2— 4 \
Y= 41/P2+Q2 [l(lz ) (12— 7’2)—1272’7J

+ Ierzzy + (12~ Tg)1 { ( + 2(-) ]cos(pt — tan“g (16)
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'.7/2=3( ‘iz__él_)[(lz—rz)
+sz3(— +2( 1]cos(got-—tan“%), (17

where P=9 —+2 E’hylz 7)1 (12—72)]‘ ,
)7 y294

(18)
a=(y/ 2 +2-1){ 2= a2 -121a),
— mp’li . =ﬁ2p2l; =E_l_l1 19
n=pn o TR ELE (19)
(i) n=3,

41/1_)—24(_(9—2) {[12673{1274 12—y}
— (1279 {(12—7) (12—1) —12773} |- 127, 12 —~7) +
(12—4%){n(12—-n)4—1277e}]{3(%f>{+2(%f>?}COS<pt——tan‘1£;>,
O:{;jzz 4>[{12Cr3— (12—7,) (12—7,) )
—{12¢71;+ 1. (12—73) ) {3(9;—02>g+ 2(%)3}]c0s(pt —tan™? §> , (21)
B 7
36(7/ +2— 4)[(12__73)

VP24 QP
rfs) o) e ).

(20)

where

=—9,/—+2 B 12enr —1277)—(12—7){7(12-7‘)+127r)]’
Wkl 3\t 3T 2 Tef |

—(/L12- _ (23)

Q_(/ e V)| 120,12+ 127}

—(2=7){12—r)(12—1)~129) |,



702 K. SEzawa and K. KANAL © Vel X,
_ m,p*li _ myp°l; _ mp°l; _ E!E Bl 24
=g T ogy TR Tmie e @Y
In the special case E,=E,=---=F, I,=I,=---=I, lj=l,=-+.=1,
Mmy=my=-+-=m, we have _
(i) wn=1, the same as (13), (14), (15).
(ll) n=2,
(7,/* +2-1)
—367+144)
CWPEQ [

—7(r—24) {3(%)1 2(%-‘)3}]ms(pt ~ tan‘lg) , (16')
) (7/_+2—4)[ 12

v/ P2+ Q2 »
) o) oot ). am

where P= ‘/ A +2( kl3)r(24-—r),
(18')
Q:(,/%+2—1>(72—367+ 144) , |
=ml§);l3_ 19')
Gil) n=3,
(7/-+2 4)

Y=

4/P2 L [ 3— 6072+ 8647 —1728)
V' P+

—7(12—7) (36—7) {3(%)1 2(%)’}] cos<pt - tan“%) . (20)

3(7,/%+ 2—4)

VP Q2

—reea=n o5 +2(5)) (e B,

Yo =

[_ (72—367 + 144)
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—36(7‘/?+2—4>

+ 7{3(%)2+ 2(%)3}] cos(pt — tan“%) ,  (227)

where P= —9}/i+ 2( Ly >7‘(12—7) 36—7),

Y2 pkl?
- (23"
Q.—_(/ _i—+2—1)(73—6072+ 8647—1728)
mp2l3 .
= 24’

T=—%7 (24"

The maximum values of the bending moments E.I, (d%y./dx?) at each
end of the columns corresponding to the maximum values of accelera-

EIA)
5._
|
i 7 3 f‘?‘ f 3 7
— p(ﬁj’”
Fig. 9. The case of a singled-storied structure
with rigid floor and clamped base.
ESA
r
¢ 4‘( et |I ----- 1 )
6 7
—sL —_— Perl‘)}

Fig. 3. The case of a two-storied structure with rigid floors and clamped
base. Full line: lowest columns. Broken line: second columns.

ESAIE)
i aeesd
5:4‘-"—"-‘2‘-'-'-':’—'};:‘:"1-:\'} R—— L T LR J"}
| z 5 6—»# L%),,/

_5_

Fig. 4. The case of a three-storied structure with rigid floors and clamped

base. Full line: lowest columns. Broken line: second columns. Chain:

third columns. )

tion of the ground on which no structure rests were determined from
the above equations for the special case E,=F, I,.=1, l,.=1, m,=m,
E?/pkel? = 005, A/p=14, and for various values of mi3/EI; they are
diagrammatically shown in Figs. 2, 3, 4. Vertical strips in these
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figures represent the cases corresponding to resonance conditions.
These figures show that the bending moments of the columns in the
structure, even under resonance conditions, are not very large—a fact
that will be recognized more clearly on comparing the present result
with Figs. 3,4 of paper (B). When writing paper (B), we had hopes
that the infinitely large bending moments under resonance conditions,
as shown in Figs. 3,4, ... of that paper, could be reduced to certain
finite values by the introduction of some form of damping resistance,
which however is now being realized by more rational methods. It is
a matter of importance whether Ej2/ukl*=005 is probable or not in
an actual case. We shall take the case of a concrete structure standing.
on alluvium ground, when it is then possible to assume that E/u=10,
72/i2=1/1000(/j=33), 1/kl=5(l=5m., 27/k=160m), whence it follows
that Ej%/pkl?=005. We find that the assumed value of Ej2%/p¢kl® does
not differ much from an actual case. It is rather probable that in
the usual structures,” E/¢ may take greater values, in which case the
dissipation would be more pronounced than in the one we have cal-
culated.

3. Structure with flexible floors and clamped base.

The difference between this problem and the preceding one is mere-
ly with respect to floor conditions. Here we have

>y 17 0% oy, /
=1, —2=0, K. —"+m,—2=0, (25) (4
a’7 ax;_; ’ a -; atq ( ) ( )
. ays ayx+1 ’ ‘
xs=ls; x.s—HZO’ Ys=Yssr1, e (5 ) (26) 92927, 2
aws aa,"s+1
Fig. 5.
. GRS CIA :
Es+11.x+1 o :Es[s A o ? (27)
CEo oy
P Yer1__ Y. %Y, ,
E,. I, H=F, + m, s 8
+1ds+1 ax3+1 a i atn ( )
(s=1,2,--.-, n—1)

other conditions being the same as those in the preceding case. The
final solutions of the problem corresponding to the incident waves

uy=cos(pt + kx), 12"

are as follows:

6) K. Sezawa and K. KANAUs paper which will appear in a forthecoming
bulletin of the Institute.
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(i) mn=1,

I
G HC) T eears

P A
h =9 —_ y (‘/ »
where P9/ Loo(EEN Qua(y/ Le- 1)1 (29)
_ mp’ P 30
Tk (30)
(ii) n=2,

(7 Ayo 4)
— ;o

4/ PTG {[“3’772{52(12—71) +126+4) +4(3—71) G—-72)]

3087y~ 8, +26+2) +27,G=1) (1)
1
+2{8 91, (—Er+ 1) +7,8—712)) (7—3)3} cos(pt — tan-lg_) , (31

3(7,/ +2—4>[

41/P2+ Q2

Yp= —2{3&pr,(26+1)—2(3—717))

*

—26{8yr,(26+ 1)+ 1, G =7} (22
2

i s () ot G). o

where

_ Ei*\lg, 1
P_9/ +2( M)s,rz( &+ 1)+ 167

33)
Q:[ —397,{82(A2—71,) + (126 +4)} +4(3—7:)(3—-7'2)]<;/%+2—1),
L mply mpl el _ ELL 34
71 E111 ’ 2= EI ’ ll i EJJ? ° ( )
(iii) n=38. The general case omitted.
In the special case, EI_EZ—----—L' Li=lL=-=I l|=l==l,

M, =My=+---=M, We have
(i) m=1, the same as (28), (29), (30).
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(ii) n=2,
7/_+2 4) .
= T72—1087 + 36) —37 (57— 18)( %1
e [(7 7 +36)~87(57—18)(%2)
- 47(27—3)(%) :Icoe(pt - tan’lg ) , (31")
3(7}, /A o 4) :
T2 A o(11y—6) + 27 (r—12)(F2
Yo = 1/ PO [ 117—=6) + 2y (r )<z)
" fof22) P 31- _ —113) !
+r(7+2)13(7)+(7))( cos(pt tan ), 62)
where P=18 ~+2( )(3 297,
ple®
N (33)
(/A o 2
Q (,/#Jrz 1)(77 1087+ 36)
—mp2to ,
r=o (34')
(iii) n=3,
(7,/Z +o— 4)
2(187% —39372 + 12967 — 108
o /PR QE {( 1 r )

+ \ 2
+37(—1972+ 2947—216)(%)

+7(— 31724 3727 — 108)(%)3} cos(pt - tan“‘g) ., (35)

3(7/ +2—4)

21/ P23 @2

{4(-2372+ 1717 —18)

+ (5724107 — 24)(“) cos<pt—tan—1g ., (36)
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3(7/ _f;+ 2—4) .
Yo=—t P 12852+ 287 — 6) + 2 12— 157 +234)<_3>
2/ P @ [ ( ( l
—r(2+367+12) ] 3(&)2 + (&)3‘ cos(pt - tan~1_) . @37
"\7 1/ Q
I
where P=9/i+2(E7 )r(—31rz+372r—108),
Iz PET
(38)

Q =4( Ay 2-1) (137°—393;% + 12967 — 108) ,
/l

mp?l3
EI

The maximum values of bending moments E,7,(0%y,/02?%) at each end
of the columns corresponding to the maximum values of acceleration
of the ground on which no structure stands were determined from the
above equations for the special case E,=E, I.=1, l,=1, m,=m, Ej*/pkl?
=005, 2/¢=14, and for various values of mi3/EI. They are diagram-
matically shown in Figs. 6,

7, 8. Although the bend- H%@S?)

ing moments of the present e

case under the first reso-
nance condition are excess-

(39)

L1

ively large compared with 0 ; I i 3 v} z”";
the one of the previous . — r(F
case, namely the structure Tig. 6. The case of a singled-storied structure
with rigid floors, it is still with flexible floor and clamped base.

)

EIAI

20

5

i

-------------- S itettedelebas s e PO | é r ,A;
“L — A
Fig. 7. The case of a two-storied structure with flexible floors and

clamped base. Full line: lowest columns. Broken line: second
columns,

certain that the moments under higher resonance conditions are exceed-
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ingly small. Nevertheless, it will be found, upon comparing our present
result with those shown in Figs. 10, 11 of paper (B), that the respective

Fig. 8. The case of a three-storied structure with flexible floors and
clamped base. Full line: lowest columns. Broken line: second

columns. Chain: third columns.

moments under frequencies out of resonance are approximately equal
for both this and the last cases, notwithstanding the great difference

between them under every resonance condition.
4. A structure with rigid floors and hinged base.

The boundary conditions of this case are

7‘7"’"7'

’ Fig. 9,

oY, __ OUser 3 Yeur EIT 22y,
~ 0 ‘—“1"“0’ Es+lls+la—3+l—EsIs —a%‘zﬁ—k m.s atz ’ (61)’ (7,)’ (8”)

3 3 §
Va0, L‘I‘_aa L tm, aazz"'=0, CONCEY
Ly

N o— .
"Ln_ ln.)
2

:L's=~—l” ws+1=0; Ys=Ys41,

axa o ax.s+1 Lsi1
(s=1,2,.---, n—1)
=0 - My g 9), (40
Xy=U; ylxlzo—u()zl:()-*- (ul+u2)r=s ’ ox° =V, . ( )) ( )
xl.tl:() )
—Elnerziyl = /msz?.u_"
ax?x1=0 a:v.z:=(l

+r r /A( O(Vi+vs) _ (v1+7y) 1 a(ul+u2))r2sin20d0d¢,.=5
=09 50 or r 7 of

+j [ (Ad+2/z_a&é,'l;u22>9'2sin0cos()d/}(iga,,.=s. (11)
0=0" p=0 r
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The condition for ¢ is the same as in the preceding cases. The solu-

tions of the problem corresponding to the incident waves
u,=cos(pt+rkz),

are as follows:

(127)

L
y=<jw {2(3—r) —&(%) + r(%>3}c08<pt - tan"5> ,(41)

2V Pr4 Q2
where _
P=9; i+2<E5’2), Q=4(3—7)(/i+2-1),
Jz pel? J72
_ mp
El
(i) n=2,

(7/ 12— 4)

S [2{(3—71) (12—72) —1277,)
-

+ {7,(12—7,) + 1297,) {—3(%)-&(%)3}](:05(1)15 — tan"%) R
3(7/ . 1) | |

{(12“7'2)

VPG
) \2 . \3 P
+3 (2) +27 (h) cos(pt—tan“—),
72 lz 72 lz Q
where P=9 —+2(E‘y )[71(12"72)+12’772}’
] P l

@=4(y/ %3—1){(3—70 (A2—72) ~ 1271}

mplt o mapl o BWLE
EI ° " EJIL "’ E,LL

"=

(iii) n=3,

(42)

(43)

(44)

(45)

(46)

47
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(7,/—+2—4)

il { (=1 {12¢1;— (12 —72) (12—73) )

+ 12912873+ 72 (12—75) } 1+ [125{12873+ 7. (12—73) )

—11{12¢r;3— (12—7,) (12— 73)}]{3( ) (a)}COS(pt—tan“‘g),

(48)
7/ +2—4)

1/P2+Q2

[(1257’3_ (12—7,) (12—75) )

—{12¢7;+7,(12 - 73)}[3 ) +2(~>]cos(pt tdn*‘P>, (49)
_ Ao
365:}_‘)/2 %22 4)[(12_73)
+73{3(%>2+2(%>3}]cos(pt—tan‘la), (50)

A E,j? ! ' ' y
where  P=9y/ % +2(Ld (1oey,— (121 (121
] 7705

Yg =

, 5 (1)
Q=4(y/ £ +2-1)| G=r (1272 (12=70) (12—72))
1291207, + 1212 —7) |,
_mpl mplh mp'l o Lo _BLR_ELE g
"B T e BLC 1 g Tere s O
In the special case where B\=FE,=....-=FE, I,=[,=....=1, [,=I,
==l M=my=+.--=m, we get
(i) mn=1, omitted.
(ii) n=2,
(7/_+2-4
2(;2—27r+36

+7(r—24) I3<‘7”ll) (al > }]coq(pt - tan“P> (44)
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o 2l G)

where P= 9/ ( )r(24 7,
Pkl
(46")
Q=4(/ L2-1)gr-277436),
/I
_ mp’ A7
= (47)
(iii) n=3,

<7; /’;:fo)[z(ya—mm 5407 —432) |
+7(12—7) (36—7) {3(%)—(%)3}}%(7015 ~ tan‘la> ., (48)
3&7}/ Ao 4){

V' P2+ QF

—36y+144)

+7(r—24) {3(%-2—>2 + 2(“—;3)3}]cos(pt - tan”‘%) ,  (49)
)]
(7/ +2— 4)[0 1

VP24 @2

| IR

Q b
where P=9 i+2(
/l

L yrr=12)36-n),

(51")
Q= 4( 249 1)(, — 5172+ 540y —432) ,

mp?l®

= . 52
7 o, (627)
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We have calculated the maximum values of the bending moments
E. I (o%y/ox?) for each end of the columns corresponding to the maxim-
um values of acceleration of the ground free of any structures, for the
special case B, =K, I,=1I, |,=I, m,=m, Ej?/pkl?=005, /p=14, and for
various values of ml*/EI. They are plotted in Figs. 10, 11,12. The nature
of the problem for fre-
quencies out of resonance .
is again similar to that H%ﬁ’%
without dissipation, but
the bending moments of d -A‘
the present case under p ; , 4 ; ;
resonance conditions take . (i"f-)
certain values between Fig. 10.
those under the corres- with rigid floor and hinged base.

0

The case of a singled-storied structure

,z@zi~_;;...

3
1N
)

Fig. 11. The case of a two-storied structure with rigid floors
and hinged base. TFull line: lowest columns. Broken line:
second columns,

EIE A

X

+ "T\A } Ji\_ !
3 4 5-:‘ 7
i 'l
— 1)
Tig. 12. The case of a three-storied structure with rigid floors

and hinged base. Full line: lowest columns. Broken line:
second columns. Chain: third columns,

ponding conditions of the two cases, namely, the one for the structure
with rigid floors and the other for the structure with flexible floors, in
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both of which the structures are clamped at the base. Another feature,
that can be confirmed from these figures, is that, although the moments
at high frequencies are exceedingly small, the greatest one among
such moments is not necessarily induced in the lowest columns. This
nature, which may also be found even by the examination of preced-
ing cases, appears to answer the question what part of a building would
suffer a serious damage during earthquake movements. '

5. C’ohcluding remarks.

The solutions of the lateral deflection of the respective structures
as here elaborated, may be applied to all cases with any value of
Ej?/pkl®. The larger the ratio of Ej2/pkl3, the smaller become the
amplitudes or bending moments at the periods corresponding to the
resonance condition in the usual sense. Since Ej2/pkl® is the product
of E/p, (5/1)%, L/2xl, where L is the wave length of the incident waves
in the earth, it follows that, the elasticity of the earth being given,
the amplitudes or the bending moments under resonance conditions
may be made smaller and smaller by increasing the elastic constants
or the sectional area of the columns. Curious as it may seem, it is
possible to get a similar effect by increasing the mass of the struc-
ture. To increase the mass of the structure, keeping the stiffness of
columns at a constant value, is dynamically equivalent to increasing
the fre- quency of seismic vibrations as revealed from the form of
the parameter p(ml®/EI)'” that we used in every case. Even under
the first resonance condition p may be made smaller in lieu of increa-s
ing m, while L/2nl becomes accordingly larger. This is analogous to
increasing E32/pkl® in the vicinity of the first resonance.

It may be remarked again that, by putting Ej2/pkl®*=0 in any of
the solutions given in this paper, we would have exactly the same
solution as in that of the corresponding case shown in paper (B).

The items determining the feature of seismic vibrations of a struc-
ture, besides the nature of materials used in it, are now evident and -
may be enumerated as: (i) the acceleration of the ground on which
no structure rests, (ii) periods of seismic vibrations, (iii) the form
of the structure, (iv) the effective stiffness of the structure relative
to that of the ground.

The nature of the dissipation of seismic vibrations in actual struc-
tures is now being studied, the results of which we hope to be able
to publish in a forthcoming publication.”

7) loc. cit. ante. in 6).
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