28. Transient Motions of a Pendulum Caused by an
FExternal Vibration with Sudden or Gradual
Commencement.

By Chiji TsuBol,
Earthquake Research Institute.
(Read TFeb. 20 and May 15, 1934.—Received June 20, 1934.)

The problem regarding the initial motion of an earthquake as re-
corded by a seismograph has been acquiring wide interests among
seismologists. ~ 'While a seismograph is a correct indicator of the sense
of the initial motion of an earthquake which it records, it is not as
regards the amplitude and the time with and at which the maximum
of the motion takes place. This circumstance is due to the fact that
during such an early stage of an earthquake, the motion of the pen-
dulum system-in the seismograph is not yet stationary but is transient
even if the earthquake vibration is assumed to be purely harmonic. As
the well-known magnification diagram for the seismograph only applies
to the case in which the v.bration of the seismograph pendulum
is already stationary, we must prepare another that applies to the case
in which the vibration of the pendulum is still transient for the purpose
of correctly interpréting the initial part of the seismograph record.

In the present paper, the motion will be culeulated that a pendulum
makes when it is excited from its original state of rest by an external
vibration which will be assumed either sudden or gradual in its com-
mencement.  Seeing that, in spite of its importance, no complete result
of the numerical calculation of this kind has been published except
some by H. P. Berl:ge, S. T. Nakamura and T. Suzuki,” the writer
presents here the result of his calculation in the hope that this may
prove serviceable to scismologists.

Thanks are due to Mr. A. Zitukawa for his assistance in the
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caleulation which although involved no theoretical difficulty, was a
quite tedious work to carry out.

Although it is probable that at the instant of the commencement of
an earthquake neither the position, the velocity nor the acceleration of
the motion of the ground is discontinuous, we will at first not take such
things into consideration and will simply assume that the external
vibration f(#) is expressed as follows:

<0 J(t)=0,
(=0 JfH)=asinwt.

Using customary notations, the equation of motion of a pendulum
subjected to this vibration is

(Cil—; + 283—:: +nir=aw’sin wf,
with initial conditions
t=0 =0,
and (0 dy _ .

The solution of the differential equation which satisfies these conditions
is

a

aw’ . ; -
L= e sinTe cosVn*— 't
y (n*— )+ 4%0*
1 acw’ . aw® . =
—— e =SINT — Aw — e cos T sInyn° — &'t
Vn*— & Win'— ")+ 4¢* V(n*— o)+ 46°w’
aw’

sin w(t ~7),

+ S
V(o —w')* +4e%w®

, cw’
where tan ot = ————.

n—ow:

Putting ¢=1 and o=1, numerical values of z were calculated for all
possible combinations of

n=02, 04, 0:6, 0:S, 1:0, 2:0, 3-0, 4.0, 50,

£ -0, 02, 04, 0:6, 0-8, 1-0,
n

for every 10° interval of ¢ from ¢=0 to {=3800°. The z—{-curves which

were obtained in this manner for different combinations of = and —
n
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are shown in Figs. 1-9. The amplitudes and the times of the first and
second maxima, the time of the first zero, and the ratio of the first
and second maxima of z all of which are read on the curves are
given in Tables I-VI and are shown graphically in Figs. 10-15.
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Fig. 13. Amplitude of the second maximum.
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Table I. Amplitude of the First Maximum.

N 0 02 04 06 08 10
02 098 091 085 079 075 071
04 092 081 072 065 059 054
06 085 071 062 055 049 044
08 077 063 054 046 041 036
10 070 057 047 040 035 031
2 044 034 028 023 020 018
30 032 025 020 016 014 012
10 024 019 015 013 011 009
50 020 016 013 011 009 007

Table II. Time of the First Maximum.

N 0 02 04 06 08 10
02 87° 83 80 77 75 73
04 82 76 72 67 64 61
06 75 68 64 58 55 52
08 68 62 56 52 48 45
10 3 55 50 46 43 41
2 39 36 33 30 27 25
3 27 25 24 23 21 19
40 20 19 17 16 15 14
50 16 16 14 13 13 12

Table IIT. Time of the First Zero.

NG 0 02 04 06 08 10
02 174° 167 161 156 152 148
04 159 150 143 137 133 129
06 143 135 128 123 119 116
08 129 121 116 111 108 105
10 116 110 105 102 100 98
20 76 73 2 72 73 73
3. 55 54 55 56 58 60
40 43 43 44 46 49 51
50 35 35 37 39 42 <5
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Table IV. Amplitude of the Second Maximum.

NG 0 02 04 06 08 10
02 121 121 118 114 110 105
04 165 143 1:25 110 008 038
06 1-94 1-48 118 098 082 070
08 1-98 1'39 1-04 082 067 056
10 184 123 089 068 055 0.46
20 091 054 037 027 022 019
30 0'50 027 017 013 011 010
40 033 016 009 007 006 006
50 025 012 006 0:04 004 004

Table V. Time of the Second Maximum.

T~ 0 02 04 06 08 10
02 a792° 265 260 255 250 245
04 267 254 245 236 230 225
06 253 256 226 217 212 207
08 230 216 207 202 196 196
10 208 197 192 186 185 184
20 131 128 132 187 144 147
3.0 90 90 95 107 123 130
40 67 67 73 87 112 120
50 55 55 59 74 107 115

Table VI. Ratio of the First and Second Maxima.

o 0 02 04 06 08 10
02 123 133 139 144 147 1.48
04 179 177 174 1-69 1:66 163
06 298 208 1-90 178 167 159
08 257 221 1-93 178 163 155
10 263 216 189 170 157 148
20 207 159 1:32 117 1'10 105
30 156 108 085 078 079 03
40 1:37 084 0€o 054 055 067
50 125 075 046 036 040 057

s
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Twice the time of the first zero is the apparent period of the
initial motion which is generally different from 27. As.the actual
problem is seismometry, the ratio of the periods of the external vibra-
tion to that of the seismograph cannot be known and what we only
know is the one of the apparent period of the recorded initial motion
to that of the seismograph. 1In the present case, the ratio becomes as
follows :

Table VII. Apparent Ratio of the Period of the Initial
" Earthquake Motion to the Period of
the Seismograph.

NG 0 02 04 06 08 10
02 019 0.19 018 017 017 016
04 035 033 032 030 029 029
06 048 045 043 041 040 039
0.8 057 054 051 049 048 047
10 064 061 058 057 055 055
20 084 081 080 080 081 081
30 091 | 090 091 093 096 100
40 095 095 097 101 108 1-12
50 096 097 101 107 117 - 194

If the amplitudes of the first and second maxima are plotted
against these values, we have Figs. 16, 17 which are most important
and useful in practical seismometry.

Several important conclusions which can be drawn from the above
calculations are:

1. The first maximum on the seismogram is always smaller than
unity.

2. The second maximum is largest for n=0'8 and ¢=0 but not
for n=1 and ¢=0.

3. However large the value of n may be, the first maximum on
the seismogram indicates the sense of the earth’s displacement but not
that of its acceleration.
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We will now poceed to the case in which the commencement of
the external vibration is gradual. One expression for such a motion
is

{ (<0 Ji=0,
t=0 Jit)=2sint— sin 2¢.
The velocity and acceleration are both continuous at =0 for we
have

 f(f)=2cost—2cos 2 =0,
dx

i}f(t) =2sin¢+4sin2¢t=0.
da?

At £=120° the value of f(t) is maximum which is 2:598. The solution
of the equation of motion of a pendulum subjected to this vibration is
given by

= {hi_;w sinT— —_—4:: sin 21-'} e~ cos ]/n‘?t
V(#*—1)+4¢* ¥ (n*—4) +16¢°

1 { 2 sinq-—*%—‘%*«sin‘)r’
Vn*—e* V(25 —1)*+ 4¢ V(WP—4)r+16
2 ' 8 ’) et oA TE T
—_— 0o ——— .0 2 e tsinVnr—c't
S T ey s Tl S
2 . 4 . ,
Fe——sin(l— 7)) — ——sin2At—7
V (n*—=1)+ 4¢* (t=) V(" —47+16¢ ( )
where tanr= ‘,28 )
n'—1
tan 27’ = fls .
n —4

As in the preceding section, the numerical values of z for all possible
combinations of

J n=02 04, 06, 08, 1'0, 2:0, 30, 40, 50,

( %:0, 02, 0'4, 0'6, 0'8, 10,
for every 10° interval of ¢ from =0 to ¢=300° were calculated by
making use of the results for the former case. The magnifications
and the times with and at which the first and second maxima take
place and the time of the first zero are given in Tables VIII-XII and
shown graphically in Figs. 18-20.
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Fig. 20. Magnification for the second maximum.
Table VIII. Magnification for the First Maximum.
~ 0 02 04 06 08 10
02 098 091 085 081 077 073
04 0'93 082 074 067 060 055
06 086 078 062 055 049 044
i 08 079 0'63 054 046 040 036
10 069 055 045 039 033 029
2 036 028 092 018 016 014
30 019 015 012 010 009 008
: 10 011 009 007 006 006 005
50 007 006 005 004 004 003
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Table IX. Time of the First Maximum.

ol 0 02 04 06 08 10
02 119° 116 115 113 111 110
04 116 113 110 107 104 103
06 112 108 105 102 100 o7
08 108 103 100 97 95 a2
10 103 99 95 93 91 88
20 82 79 79 78 76 76
30 67 67 67 67 68 68
40 57 58 59 61 62 64
50° 49 51 54 56 58 60

Table X. Time of the First Zero.

&n 0 02 04 06 08 10

n

02 178° 174 170 167 165 163
04 171 165 161 157 154 51
06 163 157 152 149 146 143
08 155 149 144 141 139 136
10 147 141 138 135 133 13

20 116 114 114 114 114 115
30 96 9% | 100 102 104 105
40 83 88 | 92 95 98 100
50 75 82 } 87 91 93 95

Table XI. Magnification for the Second Maximum.

T 0 02 } 04 06 08 10
02 112 115 115 115 115 111
04 142 135 128 118 110 102
06 176 151 1:30 113 100 090
0.8 193 155 125 104 | 088 077
10 205 150 115 093 077 065
20 123 081 059 046 037 082
30 052 086 028 023 020 018
40 020 016 015 013 012 011
50 009 009 | 009 008 008 008

-
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Table XII. Ratio of the First and Second Maxima.
L 0 02 0.4 06 08 10
n \‘
02 114 126 135 142 148 153
04 154 165 173 178 184 185
06 205 207 210 2:06 206 204
08 252 246 234 2:28 2:29 212
10 298 270 253 242 2:30 292
2:0 239 292 267 252 240 2:33
20 2:66 241 284 233 232 9:29
10 180 1.88 205 217 2:20 2:24
50 132 1-68 198 2:08 216 219

The ratio of the first and second maxima tends to an asymptotic value

as u increases to infinity.

The value corresponds to the ratio of the

first and second maxima in the acceleration of the external vibration
which is 2°06. Twice the time of the first zero is the apparent period
of the initial motion and its ratio to the period of the seismograph is
given in Table XTII.

Table XIII.

Ratio of the Apparent Period of the Initial
Earthquake Motion to the Period of the Seismograph.

=

h g/n o . ) . .

,L\ 0 02 04 06 08 10
02 020 019 019 019 018 018
01 038 . 037 036 035 034 034
06 054 052 0’51 050 0-49 048
08 069 066 064 063 062 061
10 081 079 076 075 074 073
20 129 1-27 197 197 1-27 1.27
30 160 163 168 171 178 176
10 186 196 204 211 217 221
50 208 228 242 251 2:60 2:65

If the magnification for the first maximum is plotted against these

values, we have Fig. 21L.
first maximum is always smaller than unity.

In this case also, the magnification for the
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