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10. On the Effects of Discontinuity Surfaces upon
the Propagation of Elastic Wave. (I)

By Genrokuro NISHIMURA and Kiyoshi KANAL,
Earthquake Research Institute.
(Read Dec. 20, 1932 and March 20, 1933.—Received March 20, 1933.)

1. The theoretical investigation of the problem of reflection and
refraction of clastic waves has come to.the fore again, especially in
Japan, in view of the marked development of seismometrical research
relating to the construction of the earth’s crust. T. Matuzawa,” H. Ka-
wasumi,” T. Suzuki? and K. Sezawa® have all studied this problem
of late. The boundary condition treated by these authorities is that
in which two clastic solids adhere closcly at the boundary surface, 4.
¢., in which the displacements and stresses of both solids are con-
tinuous at the common boundary. In the present paper, however, we
study the effects of a boundary surface where the two elastic solids that
c¢>me into contact slide upon each other without any friction on the
propagating waves. The elasticity conditions at the boundary surface
treated in this paper are not only perfectly correct from the theory of
elasticity, but also furnish us with interesting properties of wave pro-
pagation which can not be obtained from the boundary condition in
which the two solids adhere closely at the common boundary.

The present paper consists of two parts; in the first we study the
effect of a boundary surface of two semi-infinite solids upon the pro-
pagation of plane waves, and in the second the effect of a surface layer
of a stratified solid upon the propagation of these waves.

Part 1. Effect of a Boundary Surface of Contact of Two
Semi-infinite Solids upon the Propagation of Waves.

2. Let the boundary surface of the two elastic solids be y=0,

1) T. Martvzawa, Disin, 4 (1932), (in Japanese). .

2) H. KawasvMmr and T. Svzugy, Disin, 4 (1932), (in Japanese). }

3) K. Sezawa and K. Kawar, “Reflection and Refraction of Seismic Waves in a
Stratified Body,” Bull. Earthq. Res. Inst., 10 (1982).
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and the axis « be on this contact surface. Again,

let p and A, # be the density and Lame’s elastic % / vy
constants of the solid represented by I in Fig. 1, / /% 'y

and p’, ', g’ be those of the solid II shown also o
in Fig. 1. We shall study the problems in the \\ \& \\\P\\\
following two cases:

1. Incident Wave is Dilatational, Fig. 1.
2. Incident Wave is Distortional.

a) Incident Wave is Dilatational.
3. When the incident wave is dilatational and expressed by
A A=W VT (1)

the x—, y— components of displacement i, v; and the normal, tangential
and shear components of stress zw, yy, ay corresponding to this wave
are respectively expressed by
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and p= 1’ , 11 being the period of incident wave.

Let the wave length and velocity of the incident dilatational wave
be L, and 7V respectively. Then we have the following relations.

-, 27
Li="Th=—2., ... ... .....(B
== ®)

Now we know the reflected waves of two kinds, one of which is
dilatational and the other distortional, such that

=Ac z(zt—fx+ry) )
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275'_1),/61();:-_&4-51/) (7)
= et e
where A" and B’ are arbitrary constants, and

S=E—f (8

The »—, y— components of displacement w,, »/ and the stress
components «xx/, yy,’, 2y, corresponding to 4’ expressed by (6) are written
in the following forms:
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The displacement uy, v." and the stress components w2y, vy, ays
corresponding to 2" expressed by (7) are respectively expressed in the
forms :
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The waves transmitted in the second medium also consist of two

kinds such that . .
A" =A" Ty .. (18)

25" =BT (14)

where A", B” arc arbitrary constants and
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I]"::]L"’—fQ’ s'zzlg,z—f, e s s e s e e e e e (15)
1= PP k”:e’_]f. e .. (16)
7\’;+2M ,Lb, R

The 2—, y— components of displacement wu,”, v/” and the stress
components xx”, yyi”, xy corresponding to 4 expressed by (18) are
also of the forms:
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The displacement u.”, 2.” and the stress 2", 373\/2" xye’’ corresponding
to 25" expressed by (14) are written by

.y
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]l
Now the boundary conditions which we have discussed in Section
1 are expressed in the following forms :

When y=0,
’!;;}1+71\/1'+.};/”:&§1”+3}?72',,\
L1+’Ux +’b “’U "0,
%J1+’CJ1 +zy_ =0,
fb‘/} ’b’.ljz '=0.
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The boundary conditions expressed by (21) gives us the following

values of A, B’, A”,B"”:
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Substituting these values for 4’, B’, 4” and B” in the expressions
(9), (11), (17) and (19), we obtain the reflected and transmitted waves
which are generated by the primary incident wave expressed by (1) as

in the following expressions:
Reflected dilatational wave ;
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Reflected distortional wave ;
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ci(pt—f,c—r'_)/)’

et(pt—fz—wyl’

e S 4 f (5 12)
i W e 2 ” 22 L
;r(s +f( =2+ 45" 7
(sg—fz) 6l(pt——fn:-s'y)’
+’]"(S,: +f.!) { (32—f2)2+41’<?f2§ ]
1){’:91:51— 4’ f(s*+ )
= s
(s'—=f%) . 1 Wt=To=50)

+'I"(S’2+f2) {(Sg—f2)2+47'8f2} j’

/

[Vol. XT,

f ..(25)

.. (26)




Patt 21 Effects of Discontinuily Surfaces upon Wave Propagation.

of incident dilatational wave expressed by (1) be ec.

129

Let V; and V- be the velocitics of dilatational and distortional waves
in the medium I and VY, V2 be those of dilatational and distortional
waves of the medium II respectively. And also let the emergency angle

(24), (25), (26) and (27) are written in the following forms:
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Then the expressions
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When p=p’, Poisson’s ratio of the medium I is i, and that of

. . 1 . . . .
the medium II is also VR we obtain the following expressions of waves

generated at the boundary surface by the incident dilatational wave :
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, _iUT Vicose
m=—"""
27
1 1
[3ﬁ sin e { (3ﬁ —2cos e) +4 cos"’e(Sﬁ,- cos?'e>~<—”‘—,——cos‘*’e> }
L # Iz © "
1 1
’ L - 2 2
[3i sin e{(3i 2 cos’e > +4 coszc<3ﬁ,—cos“’e> <ﬂ,—cos"e> }
p 7 p Iz

1

_Si,(ﬂ,——cos e) ’ {(3 —92cos’%)’—4sin e cos"’e(3—cos“'c)§}]
KR
1 1 .
+ Si,<ﬂ cos’ e) : {(0—2 cos’e)’+4 sin ¢ cos’e(3—cos’e)* H
AV
X ei(rt-fnry),
= U7y Visine
27
1
’ 2 2
[3i {(3 K _2cos c> +4 cos e(3——cos c> <——cos c> }
X [
L
[Sﬁ sin c{<3i—2 cos"'c> +4 cos e<3——cos e) (——cos o> }
p p
1
z 1
- 3#(ﬁb— —-cos"’e) {(3 —92 cos’e)’—4 sin e cos’(3 —cosee)"’}]
wA\p
1
I 1
+ 3ﬁ’<_/’;, - cos%) {(3 —2 cos’)’+4 sin ‘e cos’e(3 —cos’e)’ } ]
w\p
X ez‘(pz-fz+7‘y)’
, AT T
e 27
1
B 1
12 sin e cos eﬁ(ﬂ, —cosee) (8—2 cos’e)(8—cos’e)*
« WA\
l 1
[35— sin e{(3ﬁ,—2 cosge> +4 cos e<3—— —cos c> (%—cos“'c) }
7 1% w
Pt =Tos)

+ 3£,<LL; - cosee> ) {(3 —2 cos’)’+ 4 sin e cos’e(3 —cos’e)
w\p | .

1] =

/

131

y (24)”

(25)”



132 ‘ G. Nisommura and K. Kawar

o AT
) 2

-

12 sin ¢ cosge(ﬂ, ——cos%) (8—2 cos’)
% Jad

-
1o [

[3&' sin c{<3—“—,—- 2 cos%) +4 cos® e<3~— —cos’ e> (ﬁ’ —cos%) }
© % w Iz

ei(z t=Jr+8y)

2
1

+3£ (ﬂ, - Cos""f) {(3 —2 cos’e)* +4 sin ¢ cos?e(3— cose)* H
w\p

)=

o ATV

ot

U1

6 sin ¢ cos e(83—2 cos%-)(?)i,— 2 coszc)
% ©

’ 2 2
[Sﬁ sin ¢ { (3# -2 cos“’c) +4 cos’e (Si, - cos%) (ﬁ - cos%) }
Iz » B oo

Upt—=Jr=ry)

ro [ =

[4

1 b

1

+ 3#(%,— cosge> ) {(3 —2 cos®e)*+4 sin ¢ cos%e(3 —cos%)? } ]
y

o _AUTYV,
o ="
2

2
6sin ¢(83—2 cosgc)<3ﬂ, —2 cos’e) <ﬁ, - cos"’c)
o w

X

1 1

’ _ 2
[3ﬁ sin e {(3% -2 cos%) +4 cos c<3— — cos” e) <ﬁ — cosze> }
p 2 ©

ci(pt —Jr=1"y)

1

wl—

+ Sﬁ(&, —-Cosge> {(3— 2 cos’c)?+4 sin ¢ cose(8 — cos’“’c)z}] J
WA p ~

w— WV
27

(YN

X

)

12 sin ¢ cos (8 —2 cos’ o)< —cog® e> <8— —cos” e)
©

1

2

o=

[3ﬂ sin e{( ——2 cos’ e) +4'cos9e<3ﬁ,—cos"’c> <—’f—,—c03“ ) }
Iz ¥ S\ p 15

[Vol. XI,

\

(26”)



Part 21 [ffects of Discontinuity Surfaces upon Wave Propagation. 133

ﬂi(m-fx—s'y)

+ 3 ( cosc)
WA

0 U 7
) 27

j ’
1

{(3 —2cos’)’+4 sin ¢ cos’e(3— cosze)?} ]

10—

27)"

1o ] =

12 sin ¢ cos’e(3 —2 cos26)<ﬁ, —cos"’e>
W
[Sﬁ sin c{(Si,—2 cosge> +4 cos e<3- —cos e) <ﬁ,——cosze> }
7 17

. P
1
{(8—2 cos®e)’ +4 sin ¢ cos®e(8 —cos’)? } ]

X

o=
=

o |~

ei(m—]‘x—s'y)
+ 3= (— —CO8~ e>
wAp ( /

When £ =1, the expressions (24)", (25)"”, (26)”, (27)” are expressed by
"

1
, AT T 4 sin e cos’¢(8 —cos%)? i(m—ft+ ;“;" “y)
iU = 9 1
w 2 \o Y . o
- 8—2 cos’e)* + 4 cos’e sin (83 —cos’c)?
{( ) ( : ) J L (28)
ot e UV 4 sin’ cos’e(3 — cos’e)? (e zee TR
S = — .
3 1
2 {(8—2 cos’e)’+4 cos’e sin ¢(8—cos’c)? }
e . o o AL 2V3wrsine
m,:wmn 2 sin e cos ¢(8 — 2 cog’e) (8 —cos’e)? ei(pt—fx++:;l—y)
2m 2,32 2 o 23
{(8—2 cos’¢)’ +4 cos’e sin e(3—cos’)*} . L (29)
s = ULV, 2 sin e cos’e(3—2 cos’e) cf(m—fn%’;j‘“—")
= 1
2w {(8—2 cos’e)* + 4 cos?e sin ¢(3—cos’e)? }
w” ATV, cos ¢(3—2 cos’e)’ el(nt—fx—?’%’:eﬂ)
= . - ,
2m {(8—2 cos’e)* + 4 cos® sin e(8—cos’e) | ..(80)
o) :fi‘l'[ ™V sin ¢(8—2 cos’e)* : ci(w-ﬂ— 2;:,'—261/),
2w {(8—2 cos’¢)®+ 4 cos’e sin (3 —cos’e)? }
. o . 1 2V3 wsine
e — _dUTVhy 2sin ¢ cos ¢(3—2 cos’e)(3 —cos’e)? ef(v!—fw-‘sT,Vl—")
- 1
2m {(8—2 cos’) +4 cos’e sin e(3—cos’e)? } (31)
. Vi mwesine
2,,=7,‘21 TV, 2sine cos e(3 —2 cos’e) cf(z:t—ﬂ—z’;—l—vf—y)_
- 27

§(8—2 cos’¢)’+4 cos’e sin ¢(3— cose)}




134 G. Nisurmura and K. Kawart (Vol. XTI,

The maximum amplitudes of these waves” expressed by (28), (29),
(80) and (31) are given in Table I and II in which the amplitudes of
the incident waves are also given, and Fig. 2 and 8 show us graphically
these amplitudes.

Table 1.

e
I\M g 10° 20° 30° 45° 60° 70° 80° 90°
Amp.

09848 09397 0:8659| 070711 05000 03421 | 01736
04590 05250 04320( 02518 | 00939| 00325 | 000394
02479 03525 04328] 05065 04665 03585 | 01958
05313 04353 04335| 04535 04065| 03115 | 01696
—02479 | — 03525 | — 04328 | —0'5065 |—04665 |— 03585 |—0'1958

uy
'
2y’

"1”

S O O
(=R = =

7(3”

Table II.
e
Max. 0° 10° 20° 30° 45° 60° 70° 80° 90°
Amp,
'y 0 01736 03420 05000; 07071 | 08660| 09397 | 09848 1
[y 0 —(:0805 |—-0-1828 |~ 02492 | —0-2518 {—0-1615 |—~008325 —0-0224 0
() 0 01714 02275 02500 02265 | 01408; 00724 | 00197 0
o'’ 0 00937 01587| 02505 04535 | 07032 08562 | 09620 1
'’ 0 0'1714| 02275, 02500 092265 | 01408, 00724 | 0-0197 0
T ] |
08 } T U,
{M&u'—— 1 .?'&;
M
o4 NG TN
, Lty
02T ‘ -
0 ' D |
00200 30° 40° 50° 60" 70° &0° (e
Y AN | ‘| —e
l
Fig. 2

4) When the two solids adherc closely, these waves are never generated at the
boundary surface.
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These tables and figures show us many interesting facts, and some
of them are summarised as follows :

1. When the incident wave is dilatational, reflected and transmitted
waves are, in general, simultaneously generated at the contact surface, both
of which consist of dilatational and distortional waves. When the two olids
however, adhere closely, these waves arc never generated at the boundary.

2. When ¢=0° the y-components of all generated waves vanish,
and consequently there exist no reflected wave. And x-components of
transmitted waves of dilatational type w” of which the amplitude is
equal to that of x-component of incident wave u; are generated at the
contact surface of two solids.

3. When ¢=90° z-components of all generated waves vanish, and
wherefore there exist no reflected wave. And w-component of transmitted
wave of dilatational type »” of which the amplitude is equal to that of
y-component of incident wave v is gencrated at the contact surface of
two solids.

1

b) Incident Wave is Distortional.
4. Putting the incident wave of distortional type, referring to Fig. 1
2 =Be' W L. (82)

where B is the amplitude of this wave, we obtain the corresponding «—,
y— components of displacement we, v, and the normal, tangential and

— — —
shear components of stress xxs, yy», 2y as in the following forms :

)

Us= — ZSBG“”‘ femsn

R (33)

'z)gzﬂ:%c“m'ﬂ—s”),
- 2s T8
x.vz=—~—f_ﬂ$e”‘" Tomsp,
%

—~ O —Tresy ‘
yyg:%"%el(m Tz AP (34)

Tya= _(f 8 e ¢ =S )H g ikt -re- sj)

2

)

Let the wave length and velocity of the incident wave be L. and
V. respectively. Then we have

where p=="—, T being the period of incident wave expressed by (32).
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=T, = 2m )
L.= V1T, FFap (35)
By the gencral expressions of reflected waves expressed by (6) and
(7) and those of transmitted waves expressed by (13) and (14), we obtain
the boundary conditions which must be satisfied at the boundary
surface y=0 as follows: ’
When y=0,

@" +yy =gy =y = — 2/7./2,
W v — v — v = — 0,
=, 5
!2‘—:1}1” + .;vy._»" =0.
These conditions give us the following four equations to determine
AI: B’> A”, B" .
21" g (=) prr_g,
R L2

S U U2y,

s
, , L (37)
il fyr Ty
I L A o .
Pe gy g 2 g B gy g ST pe dsfig
A Rt V=S =B o

Solving these equations, we obtain
A'=3 dsfh*(f* ——si) (f*+57) ,
’[ VP dorf ] (O =) A fe?]

[9"(8’2+ 7 s — (8 =) —%’r(sg O f s f ;]

B'=3 ;
kg[”(«*'? FfNE =S+ dsnf*] + %"(82 +"— ) + 4 f?) ]
A" =3 4srfh"(s" +57) (s =)
/7c2[0"(s’2 FNE =) +dorf*) + %9’(8"’ "™ =) + 4" f* }

) (38)

B—3 8srr’ L (s* 1) .
kz[w(s'2 +fNE =) +dsrf?} + %"(82 + N —f7) + 48"} ] )
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Substituting these values for 4’, B’, A”, B” in (9), (11), (17), (19),
we obtain the displacements of reflected waves and those of transmitted
waves which are due to the incident wave expressed by (82) as in the
following forms :

Reflected distortional wave ; )
w =13 s A= 8)(f*457) \
P ) s |

X ci(pt -fz+ry)’
o = 178 4sy’ fR(fF =) f2 +57)
1= 775 ’
S L e N R G R R el

N\ 7/

X Ci(m —Iz+1'y), }

Reflected distortional wave ;

igp [T Mo G = 4 6= 4

’
Vo =

L2 k?[’r'(slz"‘fg){(32_f2)2+437ff2} +7li_’r(ss +f2){(S'z—f2)2+48'9"f2}]

x cl(m—fmsy),

[7"(8’2 ) {sif = (=)} - —l':'—'o'(s2 +U™ =)+ 4507 ]

v

;=43 :
C [ E Ty i P 007

X ,J.f(rl-fx-‘-sy), J

Transmitted dilatational wave ; Q
»_ifB dsrfh (85 (87 —F7)
] o+ e P )

Uy

x Upt=so=rm)
0= ir’'B dsr 15 + f7) (s"—1%)
W lsg[r'(s” + NG~ +4srf?) + %1‘(32 HN(EE— )+ 45" 2} ]

ipt-=Je-ry) J
b

X
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Transmitted distortional wave ;
re D Sorr’ 6 +.1°) \

R O R R Rl e ]

5 = —

X ci(pt-fx-s' ),

o o /
o AT Sr K 47)
. 732[”'(3"" + PG, +dsf ) + %’“(82 HIN( =) + 45 f 7 ]
X C[(;)t—fx—s’y)‘ J

i (42)

Let the emergency angle of incident distortional wave expressed by

(32) be ¢. Then (39), (40), (41) and (42) are transformed into the
following forms :

to [ =

9 s Vo, o e V2 \? 0
. _ 4 cos’e sin e( ;) (cosw—-sm‘c){(——;) —005'0}
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‘When # =1, expressions (39)”, (40)”, (41)”, (42)” are rewritten by
"
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When the emergency angle is smaller than 54°44’, the expressions
(43), (44), (45), (46) should be replaced by the following formulae :
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1\: )
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where Pp= tan“{l
| (sin’e — cog®e)®

By the numerical calculations we obtain the following Table I1I, TV,
in which the maximum amplitudes of the generated waves expressed by
(43), (44), (45), (48), (47), (48), (49), (50), together with the amplitude
of incident wave expressed by (33) are tabulated. (47), (48), (49), (50)
shew us that when the emergency angle ¢ is smaller than 54°44, the

Table III.
N 0°| 10° | 20° | 80° | 40° | 45° | 50° | 52°80° | 53°30' | 54°
Amp.
Uy 0 |—01736 |—08420 | — 05000 | — 06428 |~ 07071 | —0'7661 | — 0'7935 |—0-8038 | — 0-8090
2wy 0 03061 04315; 0375 01722 (] —0'3057|~0645 |—0'903 |—1'106
(174 0 [—~0'1481|—01875!—0125 |—00255 0 —00643 |—0226 |—0374 |—04435
'’ 0 |—08061|—04315|—0375 |—01722 0 03057 0645 0903 1106
[ 0 |—00902|-02865|—0485 |—0643 {—07071|—-0763 |—076 |—0711 |—0637
Max. ¢ 54°44' 55° 56°30" | 57°30’ 60° 65° 70° 80° 90°

Amp.

U —08165[—0820 |—08339 |—08435| —0-866 |—0'0064|—09397 |~09848| —1
u' |—1684 |—0997 |—06115|—0534 | —0433 |—0'3115|—0213 |—00588 0

uy'  |—08165|—0520 (—0'392 |—0'392 | —0'433 |—0'5605|—0699 [—0919 | —1
uy’ 1634 | 0997 | 06115| 0534 0433 | 0:3115| 0213 00588 0
u,'’! 0 —0'2993 | —0-442 |—0'4535| —0433 |—0'3455|—0242 |—00679 0

¥
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Table IV.
N 0°| 10° | 20° | 80° | 40° | 45° | 50° | 52°80 | 53°30' | 54°
Amp,
v 1| 09848 0:9397| 08659| 07661| 07071 | 06428| 0:6086| 05949| 05878
n' | 0 |—02480|—0:3405|~0279 |—~0'1133| -0 ' | 01345 0204 | 0217 | 02075
v |—1|-08430|~0515 |~02165{-00304| 0 |-0054 |—0173 |—0:276 |—0-3225
o | 0 |—02480|—0:3405|-0279 |-01133] 0 01345 0204 | 0217 | 02075
v | 0] 05119| 07875| 0840 | 0766 | 07071 | 0641| 0582 | 0527 | 0463
N 54044 | 55° | 56°30' | 57°30' | - 60° 65 | 70° | 80° | 90°
mp.
v 05773 0574 | 0552 | 05372 0500 | 04224| 03421 01736| 0
v 0 0110 | 01875 02105| 025 | 02905| 02893| 01867| O
v |—05773| —0364 |—0:2595 |—095 | —025 |—02615|—-0254 |~01612| 0O
! 0 0110 | 01875| 02105| 025 | 02005| 02893| 0:1867| O
vy 0 0210 | 02925| 09885 025 | 01613 00883 00119 0
Table V.
e ‘0" 10° | 20° | 30° | 40° | 45° | 50° |52°30'| 54°44'| 60° | T0° | 80° | 90°

P ‘ 0 | 0546|0992 | 1'318 | 1'531 | 1'570 | 1'487 | 1282 | -0 0 0 ‘ 0 0

waves generated by the incident distortional wave accumulate on the
surface y=0, and have the phase differences which vary with the
emergency angle e. The phase difference @ is also calculated and
tabulated in Table V, and graphically shewn in Fig. 6.

From Tig. 4, 5 and 6 in which the values in Table IIT, IV, V are
graphically shewn, we can see many remarkable facts, and some of them
are summarised as follows:

1. When the incident wave is distortional, reflected and transmitted
waves are, in general, simultaneously generated at the contact surface,
both of which consist of dilatational and distortional waves. When the
two solids, however, adhere closely, these waves are never generated at
this boundary.

2. When ¢=0° wx-components of all gencrated waves vanish, and
moreover there exist no transmitted wave. The amplitude of y-component
of reflected wave (v’), in this case, is equal to that of incident wave v,.

3. When 0°<e<54°44’, all generated waves become to have the
properties of surface waves of which the energies arc accumulated on
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08
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- 100 200 36° 40° 50° 60° 700 80 90"
— Fig. 6.
Fig. 4.

the contact surface mainly. In this case, the phase differences of which
the magnitudes depend upon the magnitude of the emergency angle of
the incident wave exist between these surface waves and the incident
wave. (See (47), (48), (49), (50) and Fig. 6.)

4. When ¢=45° the transmitted distortional wave (us”, v)”") are
only generated, and the other waves such as transmitted dilatational
wave, and reflected dilatational and distortional ones vanish.

5. When ¢=54°44’, the amplitude of the z-component of refiected
dilatational wave (u,’) and that of transmitted dilatational wave (u,”)
become very large, and that of the reflected distortional one (u.’) is also
moderately large. In this case, however, there is no z-component of
transmitted distortional wave (u.,”). And the amplitude of y-com-
ponent of reflected dilatational wave (v/), and those of the transmitted
dilatational (v/”) and distortional waves (v.”) are zero, and in the
contrary the amplitude of y-component of reflected distortional wave
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(v) is moderately large.
6. When ¢=90° the y-components of the generated waves vanish
and there exist no transmitted waves.

Part TI. Initial Movement of the Free Surface of a
Stratified Solid.

5. We intend to investigate the problems that when the transmitted
waves generated by the waves, which are primarily incident obliquely to
the bottom surface x=0 of a stratified layer residing on the surface of a
semi-infinite elastic solid, are incident to the free surface y=H, what

kinds of waves are generated at this free surface, and what movements
~ should the free surface take at initial stage. It is not necessary in the
present study, therefore, to consider the effect of multiple reflections of
waves at y=H and y=0. Of course, at the boundary surface the two
elastic solids slide upon cach other without any friction.

Before entering this investigation, we shall study the following two
problems, as the preliminary calculation, relating to the reflections of the
waves which are generated by a transmitted wave when it is incident
to the free surface y=H.

a) Transmitted wave is dilatational.
b) Transmitted wave is distortional.

a) Transmitted Wave is Dilatational.

6. Let the transmitted wave, which is generated by a primary wave
of any type when it is incident to the boundary surface, be a dilatational
one which is expressed by

AU:AUei(Pt—f«U—T"y)_
Then the corresponding displacement wsy, vy and the stress v, ¥yiv,
217 are expressed by

Ugpr= ’b.fo\’ + 2/-"’)Avei(m—fx—1"y),

’ 2
S SN U (52)
@1,,:'“"(_7‘""22_“) Ayt
PP
.’v’:;w: {7\’+ 2f*p (7'\ ;*—2//4 )}jlgei(rt-fr—r'ﬂ),
yAyw: {N + M} Ayeter=re-ro (53)
pp°
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@ Qf"' “ (7\ +2I" )A Lt @t =re=rmn J
Py
where Ay is a constant determined by ‘the boundary conditions at y=0,
and is a certain function of the emergency angle, the velocity and the
period of a primary wave incident to the plane y=0.
Now we know the reflected waves of two types such that
= AT . (5d)

2135 =Bt (55)

where 4, B,/ are arbitrarvy constants and
b B

PE=R 2 R L= PI]ZZ,,A = _})_2.
; e Ll

The displacement w./, v’ and the stress xvw’, Y910/, 2y correspond-
ing to 4, are written as follows:

Usr’ = 7————:)“()\, ,—!—_,2#—1)44 et —f'”wy),
U SR (56)
IU’= aw (7" + 9/”' )A [PRICL A s 2 ly)
e
;;l/l(/ {7\' + = Qf = (K + ‘)N )} ,(’Mit—ﬁ—w’y))'
— ”2 .’ )
gy’ =+ 2O+ 2 )fAU'e“vf—m"'w, ...... (57)
PP

o 2f7"/1"(7\ +2/") 1 b =Trerry)
Ry = —L Lo T2 gy
p'p’
The displacement wus”, v,y and the stress aww’, yy=r/, ¥y’ cor-
responding to 2o’ expressed by (55) are expressed by

ot = l" By i(zv!—fu“y) |
[
R G (58)
Vor’ = Lf[b B ’ i(z/t—ft—i-\'y)
P.p

-, Qbfﬂ Bie 1(pr—jx+<ry)

a

Rav

:;E/QU’: —23‘,}0—#‘,—-1)’1/01(11{4);“/”], e e e (59)
P

(f )F" V=35 B le 2 QW =Trsy)

"b’y =
PP
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Using (54) and (55), we shall adjust 4;” and y
By to make shear stress on the free surface y=H — %&:,//// ~
~due to the incident wave expressed by (51) be nil / H OW{:*///“//P/f
and to make a certain normal stress and tangential 3 R >/ \ SN
stress existent on this surface. The boundary &

conditions thus confined at y=/H are written as
follows :
When y=H,
st oye’ toge' =00 (60)
yym’—i-yyzu':yyw. ).
These conditions give us two equations to determine the values of
Ay and B/ such that

2 g2 o=l g,
) ' )"
’ 2!2 2' ’ 2,2 ...,(61)
<2\_]+ ’)N>AU,Giwu_ sr‘fBl-'(anz (‘}7+"7.,,T>AUC—[T’I" :
w o h” [ [
Solving these equations, we obtain
f.l. I::A ’e—-‘_’i)"ll
v } . (62)
BU’ZO.
Substituting (62) in (56), (58), we get
u‘Ur — %_ér:lv'ei(pr ——f.r+r/y-2r'll)’ '
e e (63)
- r': __’L_?_"’ﬂfluei(,t—fr,w'y—er'll)’
h*
Us f,=0
S TSP (64)
k174 =0.

To make shear stress at y=H due to the incident wave (51) be nil,
it is sufficient to use the reflected waves of dilatational type expressed
by (63) only, and there is no necessity to take distortional wave (55) of
reflected type. And the normal stress in the medium II due to (51)
and (54) is expressed by '

Y= ﬁ(k" O 2 A e 4 I T (85)

Next, to make the normal stress (65) at the plane y=IH be nil in
order to make the surface y=H be completely frec from traction, we
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use the following two waves which predominate on the surface y=H

such that
" 7t (y—10 it -
4= Aot (66)
2@ =By VI L (67)

where 4" and B,” are arbitrary constants and

A G i U (68)

The displacement w5, v, and the stress az”, Yy, xym” cor-
respondmg to (66), and the displacement usr”, ver” and the stress zvy”,

y Yoy qnyw corresponding to (87) are easily obtained as follows :

w2 1 (3 — 1t —
Mo :__‘{;AU”P] W=D+t ﬂ),
................ (69)
’Uur”:—‘fl ” 7/'(1/ m+1(m—,n)
n
”HIU -—<7\ +2/~"']f )A e W= ")“(m-ﬂ)
1 (y— 1T -
Yo _(x 2,u»] >A st L g
:t'-\ "_ 27/"f/ Vgl W=IDH I~
W = e Ay
" f
’” S”(J Iy +i(pt— ,r)
’Mgv —?B
................. (71)
Vort = fB 18! (- it fr)
K
— Qi fs"
Bpey = —° /]‘"5_ By - mrio=1o
/_‘\ ” 2Z/lrf3 ” s"(y )+ i(pt— fa‘)
YYour e By ce e (72)

’
o P24 )RS It =12)
Yarr _L—'Q"f +5"*)By"e :

Making the shear stress on the surface y=H due to (66) and 67)

be nil, we obtained the following relations between A, and By’
that
2fr" k' L.

.B H:_
T
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Then (69) and (71) give us

ulU” ffl ” 7"(y n)-(-l(pt—fx)
B
................ (69
’Uw — ——A e 17)+i(11t—ft)
L
I
Yoy’ = — 2’bf’l’ ! A //es’l(y—ﬂ)ﬂ(m—fm) ]
RSN ’
(7Y

Ve = 2fq i n SPrQy— n)+i(z7t—-ﬁc)
h’Z(f + IIZ)
The normal stress yyy due to (69) and (71) are expressed by

2h’2—27“"2)6r,’(y_’1)

rr___

7 o—”;" ( + 8" (k" —
JyU ], (j + /r) { f
’” i(pt—f«v). e (74)

S W S (y— H)}Al] P

+4f r"’s"e
Now, using thesc expressions (69)’, (71) and (74), we obtain the

following conditions at the surface y=1H in order to satisfy completely
the free surface conditions at y=H when the waves expressed thy (51)

are incident to the surface y=1IT:
‘When y:II
yy( - reXpressed by (74)-I-yyv/ pexpressed by (65)= 0,
which gives us the following values of Ays” after some reductions
z<k~ _2)
S (76)

U

..(75)

(N4

{25

L A(E7
2 f(—; —9
f' 27 (Y — H)+8(pt =T —12 D
e 5

fz

k'z 2
27‘" <—0 -— 2
f AUe'r"(y-—II)+i(pt—ch——r'II),
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2
‘ 4i7-"5"(’—c:,—2> )
Uog = fh _ = TD U ~Lo=171T)
B { (l% > 47‘f.s }
2 ) ..(78)
dr "(— - 2) :
’UQU"= - f . - AUes"(y-II)+i(pt-jiu-—r/ll).
k’ 7 "8 ’
(7 -2) —45
S f J

For the convenience

section as follows :

sake, we summarise the results obtained in this

When the transmitled wave of dilatational type ewpressed by 4,/51)

18 primarily incident to the free surface y=1H,

are reflected at the surface y=H :

the following waves

u]l7’=%./1L'@i(m-ff“','u—gr,”),
z
i dilatational type. ............. ... ... (63)
'le': _ 411 Uet(m-_fr+r'y—21"[l), :
hl:?
)
": — y ,UCW'(V_HHi(m—ﬂ—w")
]v 2 /)IIQII
-2
S J o .
., ydilatational type. (77)
9 ,,(L 2)‘
9
’Ul ”: ]/-) f a IR1i .A.Uf'“’(y D+l =Te= ””)3
7] ,
f / )
439" "(k _:—2>
s’ = — e L 1 o™ W ID T Tn
ﬂﬁ{(h__Q) r }
S " I ¢distortional type. (78)
»(k
4r <— —2)
'UQU’,: ]m f 2 4/: Iz flvcs"(y—II)+1(11£—]1-1"11).
AT
S S J

b) Transmitled Wave is Distortional.

7. Let the transmitted wave, which is generated by a primary wave
of any type when it is incident to the boundary surface y=0, be a distor-
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tional one 2w, which is expressed by

2@ y=DBye' M. (79)

Then the displacement w.y, vy and the stress f;':’;zv, 373;211, Ysr COT-
responding to (79) are written by

(Dt =Fr—s'y) )

b (80)
S

Woy= — EB
k"

g it ~frms?
'0217:;2306“” S sy)’

—

Tl0— —

' ’
28 fw B ot t=Tr—srm)
B ’

?/Aywz %%"-Bveim B S (81)

—

XY=

(f -8 )l‘* Byeiwt-Te- S'v)
k* v
where By is a constant to be determined by the boundary conditions of
elasticity at y=0 and is a certain function of the emergency angle, the
.velocity and the period of the primary wave incident to the plane y=0.
Using the two waves (54), (55) of reflected type, we shall adjust
A and By to make shear stress on the free surface y=II due to the
incident wave cxpressed by (79) be nil and to make a certain normal
stress and the tangential stress only existent on this surface.
The boundary conditions at the surfacc y=H thus confined are
written as follows : .
When y=H,
fi’}\/zu-l- ?6/2/\117' =4 ;"Ej\gt/:O,I ..(82)
YY1 + YWY = YYau,
where :;/;/w’, {;/1,,' and il;’;/)y,, ’LAJ)U' are already shewn by (57) and (59).
These conditions give us the two equations to determlne Ay and
By such that

2/’1 f(hm (f —6’2)3 7St H (f —38 )B —lS’II

},2 L ]V (83)
&2 5 , 2 f s 25f —is'll '
A o . I
hn( f) ve k Pz ).

Solving (83), we obtain
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A’r= O, &
; ..(84
BU’Z‘ _Bve—ms’ll. ( )
Substituting from (84) in (56) and (58), we get
’Llur’ = 0, J
A R (85)
T = 0, JL
’U;ng’ —_— %B(f@t(m_fm.s” -2.:!1[)’
[ S (86)
'UgU’ —_ %{;Bvel(m-,Tx+s’_1/—28’]1).

To make shear stress at y=H due to the incident wave (79) be nil,
it is sufficient to use the reflected distortional wave (86) only, and there
is no necessity to take the dilatational wave (85). The normal stress in
the medium IT due to (80) and (86) is expressed by

@73/,7=2’; ST B {4 iy gonto (87)

Now we have obtained in the preceding section the two waves expressed
by (69) and (71) which apparently predominate on the surface y=H and

make shear stress at y=IH be nil and the normal stress be equal to the

one expressed by (74). Using these two waves, we obtain the following
condition at the surface y=H in order to satisfy completely the free
surface conditions at y=/H when the wave expressed by (79) are incident
to the surface y=H :

‘When y=H,

yyv"y: expressed by (74) +g}yrry= expressed by (87)=0. ... (88)

By this condition we obtain the following values of 4, after some
reductions :

4s'h'2<%2 —2>

{47

Substituting from (89) in (69) and (71)Y, we get
72
41'3'(’“——2)

o

A =~ oo™ (89)

2 (y — H)+i(pt—Te—8’ H)
Bye' (y—1)+i( s

" {(%“_2)2_4*;5" | . ©0)

-
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" '<f~_"_2>
"”_ f? 72 (Y= I1) i (pl T =57 2T
IUIU - ” 2 N 24 'BUC o o ?
i o J
r” I ”
v __ 8ir”s S0 (Y= IT) it = Fi5 — S 0T)
Uy = A ) S s vl N
el
87" o L (91)
@2[]”: - k T 5 4,).”Q” Bvesl (y—11)+z(pt—ft_s/1().
k’z Y _9) - 8
/ S Sf?

The results obtained in this section are summarised as follows :
When the transmitted distortional wave expressed by (79) is primarily
wncident to the free surface y=H, the following waves are reflected at 4 y=H.

'ngU — ___LE_.BUGL(pt—fx-l—s’z/—zx'll)’
. distortional type .................... (86)
[ ’LfB (P =J4§'y—251 1)
Voy = == —ﬁ e 5
5
415 <f—2>
” o - i - -
- 1 f 4" By’ @ ID+iat=1e o,
’3 *
k {<F_2> e }
! tdilatational type ..(90)
47.1/ r<L >
” . —- it —Tr—SP I
T— k'z f : 47.”S” BUO;H(U )y +i(pt—Jr srl)’
’9 S
Sk {<F—2> T
oz ’
”__ 8ir'ss B SH (Y= TT) o+ i (Pt =Fr—5* 1T) \
Uy — — - ; 44 3
. N e 2 4y
fk‘KF—?) v }
" distortional type (91)
Vo "”__ 87‘ S B”'s’/(y—H)+I(pt—fx—s'11)
o = 5 .

(B

A. Imitial Motion of the Free Surface of o Stratified Solid
When a Dilatational Wave is Incident to
the Lower Boundary.

8. Using the results obtained in Section 6 and 7 as the preliminary
calculations, we shall study the problem of reflection of waves at the free
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surface of the upper layer which resides on a semi-infinite solid. Of
course, at the boundary surface the two elastic solids slide upon each
other without any friction. (Fig. 7.)

Using the results of Section 3 of Part I, and those of Section 6 and
7, we obtain the following results after some reductions.

‘When the dilatational wave expressed by the following form is
primarily incident to the boundary surface y=0;

A= P (92)

of which the displacements are

U= gglei(w—fr—ry),
h*
A (93)
0y = ig){ vt =Te=rn,
e
the transmitted® waves are expressed by
-~ L
21’7L"k2<7 — 2) <—f~) - 2>
4= f Q[Ci(m_ﬁ—r,y), .. k94)

e (o -]

drr’ K <£ - 2)
f?

hf[ ol {(;"—2)2+4;§'}+r'k'2{<%f_9> +4_}9_}]

The displacement corresponding to 4” expressed by (94) are written
in the forms of

AT (95)

. : 2z'f7-7f<7-2><f£_2> e )
”? 47’ 0 2 s ’
Qi (e R A (S|
s I > (96)
V= 2”‘7‘ /V <7 —2> <f—_2> 9161(216 -ft—?"y).
S ()

Therefore we obtain the following waves reflected at y=H when the
wave (98) is incident to this plane:

5) We omit the expressions of reflected wave of which the details are discussed in
Section 3 minutely.
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2ifa'k"’<£: - 2) <’“— - 2)
Uw' L P 4’]‘;~, f‘ L" ~ 4 ‘ Qlei(m—]frw-’y_m-/_n),
G (5]
[MT {f f‘} ! {fg +.f2}
2 2 ?
2i7'7"k2<k—.,—2><—l”——— >
‘Uu;': —_ 7 > f- f = . Qlel(t)f/—ﬁc-l—ﬂy—-zr']r),
] [__/) Iu {(]v __2> 4'7' } kiZ{(Lz 2) +4');3}:,
I f? f? f )

\

i (5-2) (5-2)

Uy =~ 79 2 rr 2 2 'y
e | e e R ]
I fPle S S S fe
X ;l[er”(y——I[)—l—i/(pt—fr—r'li)’
)
s <7:~—2> (i ~2)
,leII: ‘ f f

hﬂ{(}%ﬁ)g_zxf‘_, }[:: i {(;i -2) +4}""}+ k{(} —2> +‘jf;s}]
QI 7"’(’U"]I)+i(27t—ﬁ‘5—7"”)’
o ..(98) |
8'5/!‘9'"3"]52(];—? - 2><J§ —2)

oy = —f]f{<‘lf“_i:—2>:4;,‘-’s”} [:{Hf{(;—?—‘&) +4fr'9'} +7' k" {(fo 2>2+‘4;:;8}:,

X Qe (= D+t =Fr =110

)
2,72
S’ 1P <]”—~2> <L _2>
’U.-.l-”: f f'
- N N L R N 0 S - nf( K _o\*, 4rs
(K e )
s £ Ry A
% 9-(63'/(1,—11)+i(17t—fz—r'"). J

The displacements corresponding to 2w,” expressed by (95) are
written by
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44 7'7"'3'/0”(&; - 2)
f.-

" ~7),j[%’o'lc2 {(ij- > 4} § } +r'k'zi<§~2>2+4}§ ” \
: 4i9*¢'k2<£ —2) ‘ (
'vzuzhz[i’rkz{cg_2>2+4r'2s’ }‘4_ r’k”{(lf;_g) +4;32 H J

| : (100

g(ez’(m —fz—s'w,

A el(w—fr c'u)

and thercfore

o i — 79) - 9257
QIGz(m Jr4-s'y—-2s H),

o = — . 441178’ k* (7_2>
hf[ "k2{<f ) +4;8} 9-'70'2{<‘;‘."_2> +§)‘s”
’ 4’ I <_—f&—2>

T e ()

g)[ci(jll —Jr487y ——2;'11)’

16ir+’s'k’ CT’ ><%—2> n

A e

NS~

v11 (Y~ L)AL (pt—To 5" IT)
X Ae ,
”

e - "16r s ’IJ"(?— )(fi —2>
i {(em2) = [ () (-2

/.L
O L, Y= 10+ Pt—Jr—=s7 1)
X \Ie w i y J

32¢r7 'S’ I (i — 2)
I

Uy = — T o
(=2 - (-2 R (-2 +

S (Y=I)+i(pt—Jr—=s'H)
x Ae ,
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2
”

321'1"7”"3'1’0“’(—73— - 2)
J

Uy = . 102 2 7”1 ’ .72 2 o 2 2
iy (ﬁ—_ 2) —4—;;" | [%w{(% ~2) +4}j f+ e {(fﬁ ~2) +‘;’f}]
X QIGS'/(U—H)—H(M-fm—k']l).
.................. (103)

When the transmitted dilatational wave (94) is incident to the surface
y=H primarily, the waves such as dilatational and distortional ones
expressed by (97), (98) and (99) are generated at and reflected at the
free surface y=F. When the transmitted rotational wave expressed by
(95) is incident to the free surface y=H secondarily, the waves of
distortional and dilatational types expressed by (101), (103) and (102)
are gencrated at and reflected at the free surface y=FH. In this case,
there is no wave predominating on the free surface which is ordinarily
generated at the free surface by the incidence of distortional wave.

When p=p’ and the Poisson’s ratios of both touched solids are

respectively %, the waves generated in the sccond medium due to the

transmitted waves of (94) and (95) are expressed by the following
formulae :

R CRRLCE |
f {(ji) +1I:¢ |
A A
f { (;"—.>z+ 1o
.................. (104)
e

oGV [ =) [

Hpb—Frarty—2r2 1)
X Qgi=7" )
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[ 7Y~ H) -+ i (pt —Fe—r" H)
e .

o 2 3 ?
i)+ )
v\ f S Y W= +ipt=Tr =110
. 1 2 . ’

[?i’—f{@)#ll—Q]' s(L)+1
¢ f / f ) A 63"(0—”)4«i(pr-—f.z—-r'll)
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o= B+ () ) BT )
L) ) ) ] o o) ) oo
B i i3 OO
sig) e |
R G R N V2R
() +4e )
.................. (109)
Gy T P T G ]
(G
| X QTS 0 (110)
ST
f{ ;ﬁ—) +1}¢ |
PR
Gy G )
) <)
raft((2) ) B ) e
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................ (111)
" 324%{(—;—)54—1}—"1J
HG) A )+
[j{ %)2“}—1 {86) +1} (eI

When £ =1, expressions (104), (105), (106), (107) and (109), (110),
®
(111), (112) are written by

=
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(P ar

Of ,i(pt=Fr=rYy)
—Ue )

P [RC) 1+ () 2]

P r

L
7)) 1+ 4 (E) 2] J

e (114)
o 2i {3(7?>+1} | Qlcm_fmy_w,‘

75 8 1 () +o ]

. )

" __ Of i (Dt =Txtry~2rI)
Dy = Ue ,

) ”
W2r —

and
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Let the velocity, period and emergency angle of the primary dilata-
tional wave which is incident to the boundary surface y=0 be V3, 7}
and ¢ respectively. Then the waves on the free surface y=IH are
expressed by

S 11 VA cos e(2 sin’e +1)° : 61'(7" i e)’)
T {(2sin’e+1)*+4 sin ¢ cos’e(sine +2)2} ] 113y
A sin ¢(2 sin’e +1)° e i 6)7}
2 {(2 sin’e +1)*+ 4 sin ¢ cos’e(sin’e +2)2}
und _inmn cos ¢(2 sin’e 4 1)* : ef(l't-ff-%%““ e)’
2m {(2 sin’c 4+ 1)° +4 sin ¢ cos’e(sin’e + 2)7} \ (114)
v = — VTV sin ¢(2 sin®c+1)° 1 =Tz,
2 {(2 sin’e + 1)+ 4 sin ¢ cos’e(sin’c +2)7 }
g = — AR 2 cos ¢(2 sin’e +1)* : o (=re= oroin e),
2m {(2sin’e 4 1)° + 4sin ccos®e(sin’e + 2)2 }° L(115)"
- 1 VU 2 sin ¢(2 sine +1)* : 6:(m-fz- T:",’: i e)’
2m {(2sin’e+1)*+ 4 sin e cos’¢e(sin’c +2)z }*
ugU":i TV 4sin e cos e(sin’e + 2)%(2 sin’e + 1)”1 et(vt—ﬂ—ﬁ’:,ff sin c)’
2 {(2 sin’e + 1)’ + 4 sin ¢ cos’e(sin’e +2)z }* (116)
ey =10 Vi 4 sin ¢ cos’e(2 sin’e + 1) : o (re= T sin '*)’
2m {(2 sin’e +1)°+4 sin ¢ cos’e(sin’c +2) }*
and
S s TV 2sin e cos e(sin’e + 2)%(2 sin’e+1) 61(vt—fw—%ﬂin6)’
2m {(2 sin’e +1)*+4 sin ¢ cos’e(sin’e + 2)'17}
2 _iT 2sin ¢ ¢osge(2 sin’e +1) 1 o7 AL e),
2m {(2 sin’c+ 1)’ + 4 sin e cos’e(sin’e +2) 2}
................ 117y
= _ iV 2sin e cos e(sin’e + 2)?1(2 sin‘e + 1) cl(zﬂ —fr—%sin c)’
“x {(2 sine 4 1)’ 44 sin ¢ cos®e(sin’e + 2)%’}
oy = _i’!‘;V,Q‘[ 2 sin ¢ cos’e(2 sine +1) Ci(zw—fc—g—‘ﬁ;:;f%sin e)'
s

{(2sin’e 4-1)*+ 4 sin ¢ cos’e(sine + 2)%}
ceee .. (118y
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Wiy = 7t

1 —
n_ TV 8sin e cos’e(sin’e +2)2(2 sin®c 4 1)° c:(m—fx-z"—,]l'”sin e) ]
Qr ’

1
{(2 sin’c 4 1)*+4 sin ¢ cos’e(sin’c +2)2 }*
) 1

. _¢T VA 8 sin’e cos’e(sin’e +2)2(2 sin®e+1)° i(pr=ge- i dne)
1w - € 3
27

1
{(2 sin’e4-1)*+ 4 sin ¢ cose(sin’e +2)7 }

v 2T 16 sin’e cos®e(sin®e +2)(2sin®e +1)  (ot-pr-23 e
Uzir = [4 L ,
27

1
{(2 sin’c+ 1)*+ 4 sin ¢ cos’e(sin’e + 2)2 }*
1

oo 2TV 16 sin’e cos’e(sin’e 4+ 2)2(2 sin’e +1) ni(zat—ft—'?—q,v:;%”sin 9.
2y = ¢ :
2

(120)

1
{(2 sin’c 4 1)*+4 sin ¢ cos’e(sin’e +2)z}*

Table VI.

Max\ o 10 | 200 | s | a5 | e0° | 700 | s | 90°
Amp.

0'5313| 04853| 0'4335] 04535 04065| 0:3115| 01696
05313 | 043853| 04335 04535 04065 03115 01696
wy' | =2 |—05733|—04085 |— 04345 |~ 0-5825 —06620 | -05685 | —0-3313
02675| 0°3263| 04340 06505| 07595| 06555| 03826

=
[
I

=
3
LS
=]

Table VII.

M e | o1 | o200 | 300 | a5° | 60 | 700 | s | 90
Amp.

Vi 0 00937 | 01587 02505| 04535 07032 0'8562| 09620 1
nr 0 |=00937 |~01587 |—02505 | —0'4535 |~ 07032 |-0-8562 [—0'9620 | —1
viy'’ 0 0'1008| 01472 02510| 05825 1145 1'56 188

varr'! 0

01849 0:2107| 02505| 02910 02290 01322 003854

Table VIII.

I\N 0° 10 | 200 | 30° | 45° | 60° | 70° s0° | 90°
Amp.

U2 0 . [—02479|—03525 |—04328 |— 05065 | — 04665 | 03585 |— 01958 0
2y’ 0 |—02479|—03525 |~ 04328 |— 05065 | — 04665 |- 03585 |—0-1958 0
wy'’ 0 |—-04893 | —04680|—04330 |—0'3255 |- 01520 |—0-0554|— 000784/ 0O
w2y’ 0 02282| 03780| 0'4335| 03635| 01747| 00640 000906 0
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Table IX.
—_—— _
Max. 0° 10° 20° 30° 45° 60° 70° 80° 90°
Amp.
v2r7 0 01714 | 02275 02500| 02265 01408 00724| 00197 0
vy’ 0 |—01714 |—02275|—-02500 |—02265 | —01408 |—0-0724 |~ 0-0197 0
1! 0 008626, 0'1708| 0-2505| 0:3255| 02633| 01520! 00445 0
var” 0 01577 | 02445 02505| 01630| 00526| 00129| 000091 ©
To sce the properties of these waves expressed by (118), (114),

(115), (116)’, (117), (118, (119, (120)’ minutely, we obtain the following
tables (Table VI, VII, VIII, IX) in which the maximum amplitudes of
these waves corresponding to the magnitude of the emergency angle e are
tabulated. The results in these tables are graphically shewn in Fig. S,

9, 10, 11.

¥
e
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These tables and figures shew us many important properties of
the waves, and some of them arc summarised as follows :

1. When the transmitted dilatational wave is incident to the free
surface, the reflected waves of dilatational and distortional types are
only generated at the free surface.

And when the transmitted distortional wave is incident to the free
surface, the reflected waves of dilatational and distortional types are only
generated at the free surface. Morcover there exist no waves of which
the energies are accumulated on the free surface.

2. The phases of all reflected waves generated at the free surface
by the incidence of transmitted distortional wave differ equally from
that of the primary dilatational wave incident to the lower boundary by

2Hm .
sin e ).
(.’1’1 V‘l )

And the phases of all reflected waves generated at the free surface

by the incidence of transmitted dilatational wave differ also equally
V3w H sin e>.

3. When ¢=0° there exist no transmitted WzW(le, :]md the free surface
does not move.

4. When ¢=90° the free surface does not move when the trans-
mitted distortional wave is incident to the free surface. In this case,
however, when the transmitted dilatational wave is incident to the free
surface, there exist movement of the free surface of the layer.

from that of the primary dilatational wave by<

B. Initial Motion of the Free Surface of a Stratificd Solid
When o Distortional Wave is Incident to the
Lower Boundary.

9., Using the results of Section 4 of Part I, and the results in
Section 6 and 7, we obtain the following results after some reductions :
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When the distortional wave expressed by the following form is
incident to the boundary surface y=0,

2w =Ye!FW e (121)
of which the displacement are

’é’_g; gint=te=sn,

k‘l

U= —

Vo= _@Z}Beiuw—fz—sw,
2

the transmitted® waves are expressed by

e o 49*sh'2($ — 2)
I R (e R
= Srr'sk’? B girn—ses
R i R R

The displacement corresponding to 4” expressed by (128) are written
as follows;

?Be'i(mﬂ-fzfr'”), .. (123)

4757'3([6?—2) '
= IGO 2 4 f- ’ ]{;m 2 4 rs }'\)V')‘Gi(m—fx—r'y)’
(L o 1S ) B (_;2 ? 4r's l]
[m{(ﬁ )+f2}+ﬂ' {f“’ >+f2J ) (125)
diry s(’” )
Yip= f? Blwt-Te-rm
(B _g) pdrs) L w (k > 4rsr]
/ -2 rl* (=5 —2
f<c{<f2 >+f‘}+ {f 7 )

Therefore we obtain the following waves reflected at y=H when the
wave expressed by (123) is incident to this surface;

. (K
4ws< - ) ,
Wy = f~ $6i(1m-fm+r'y—2r’ll)’

e e O Ol

6) The discussions of waves which are reflected at the boundary surface are already
made in the preceding section.
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4y’ a(i?—2> M
f— % Pt =Tty —2r )
" f[qm'k12{<ﬁ—2>2+ﬁ} _!_i?vl'-,z {(E—-2)2+4?"s'}} ¢ ’
fz fz P fz fz
..(126)
S g<£_2> Be 277 (Y= I+ (pt~Jr =17 1)
’” ) f
17
k U dys) , p 4T
Kf‘ 2> O f[' ’ K?_Q) g }U e Kf 2> * f}]
/
8’/‘7‘ 5<l~' 2) Be 1Y~ H)+i(pt—Fx—rr 1)
'vllf”: ]rz P 47'”3"1 f- o 4 5 : L 72 T 4, ,’ ’
Ko ».'151(—,-2) r }+" e {( 2) 4 ]
G ) ~f-J[° 7 I RAINE il
..(127)
163" (K —2) Borommeton s
’L(IQU”:— ,lo 2 4 R f‘- , 4 k,2 3 a7 |
r{G-2)- 2 e (o) e () +
S SOl S foe S S
v | >
169")‘”8<—‘ _2) ?Bes"(y—ﬂ)m(pt—f;:-r'll)
II_ f‘: /
Vay = .
.16,2 2 47'”8” ) s kg 2 drs L 72 2 41"8'
(2= (G- A e (-2) + )
)

......

The displacement corresponding to 2w”

written by

expressed by (124) are

U= — k2 " g8?:') P '35' ] ! 49"8, ,Bez(pz—fm—-s’y)’
f?[q.’k’2{< 2> + — }+_1L {(“_.__ ) +—.’.}:|
S o f f [
8ire’s It =Tr—57Y)
V2r= 2 ’ ” 2 ’ Be .
X 4rg ) 2 ] o 49’
e e ]
Iz TRV S )
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And therefore the waves, which are gencrated by the wave (129), on
the surface y=II are expressed by

’ 8irrss’

Uapf = — ?Iici(pt—fv—i-s'y-‘.’s'll),
I O e ey
IL = 2
, Sirr's ,
Vopf == — W . — V%ci(l’”"f“‘sh —23'1]),
e i e
} S S S S
.................. (130)
32i1‘9"83’<k;2_2)ﬂse"'(”‘”’”“’t’f”"x'”’
Y R R CE % 4757
B o\ 4"\ [ oo ((k : 74 * E o4’y
f{<f- 2) Iz I[ * 1<f 2>+f Pt L{<f" 2>+f2 }]
)
32” ”l Ilgg’ ]:_ _2>g\8r/'(y-II)-l-t(pt—f.c—s'II)
’L‘w“——

f{(%)—‘))z 4(7;15"} [’r,k,»{(._;_ _2> %}7‘:?} +7’:_,ch{<l}—,:—2>z+4;;3'} J:

” B64iry’r" ss’s” Bt W N+ ~Ta=s"H)

Uetr = —

R R L R e e

647’7 ') 4 IBCQU(] I+ 1(pt=fr—sIT) .
E? o N 4"\ [ (K 4rs 2 (k7 _o\' L 4’ T

A G- G
f S } S f‘} B S S }

..(182)

When the transmitted dilatational wave expressed by (124) is incident
to the free surface y=H primarily, the waves of dilatational and distor-
tional types expressed by (126), (127) and (128) are gencrated at the
free surface y=II and reflected at this planc. When the cmergency
angle of the distortional wave (121) which is incident to the boundary
9=0 is smaller than a certain magnitude, these waves are predominated
on the free surface and not reflected in the interior of the medium,




172 G. Nisarvura and K. Kavar [Vol. XI,

~and there is the phase difference between these waves and the dis-
tortional wave which is incident to the boundary y=0.

When the transmitted distortional wave expressed by (129) is incident
to the free surface y=H secondarily, the waves of dilatational and
distortional types expressed by (130), (181) and (132) arc generated at
the plane y=H and reflected at this planc. In this case, also, these
waves are predominated on the free surface, and have also the phase
difference when the emergency angle of the primary incident distor-
tional wave (121) is smaller than a certain magnitude.

When p=p’ and the Poisson’s ratios of both media are equally il’

the wave generated in the second medium due to the transmitted waves
of (123) and (124) are expressed by the following formulae :

HREE S TG 2, s
| N C
() 3 T ) TG =2
yr
fl X %Oi(m-ﬂ:—?"y), J
. 2 S (133)
A ) 5 TAG) 2y e
r t . L .
L HAEG  E() ~1]‘[%{<§-> +if 2| f
/0
fI X $Oi(l7t—fz+?"]/—2r’ll),
AL NEEEEEEE (134)
Uy = % ﬁ—%} i

3
8
() +1}-]
f I - 236141(1;—Il)+i(pt—f1:-r'll)
. 1

bl

%
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And
-2 e T G
7 X B! @I S
Y T
2= %
! (188)
R -
— s X Bl ) )
B 2152 b 1 . B s PO
oy = T )
! Ceeeee-..(189)

;L
o\ e
[AG) =t TG+ =
L NS wINSfT - Pr' W=D =To=s'ID)
3 l {
)

e (140)



Part 21 Effects of Discontinuity Surfuces upon Wave Propagation. 175

.. .(142)

When # =1, the expressions (133), (134), (135), (136) and (138), (139),
w
(140), (141) arc expressed by

U1v=

2 (142)
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[ -]
.............. (143)
o ()21 -
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Ty -2
.............. (144)
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G G- R G)-3) |
L SORCE
Y )R -2
.............. (145)
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A=l =R 21 |
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Bel(zt—fx+sy—2s11)
)

e (147)

() 1) -3
f J 3 f 3 $6{(1)t—f1+ry—rﬁ-s'll)

LS
2

10 m :

\/

N

Let the velocity, period and emergency angle of the primary distor-
tional wave (121) which is incident to the boundary surface y=0 be V%,
T. and ¢ respectively. Then the waves on the free surface y=H are

expressed by
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27 1 1
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and
s2 o (1 2\t
. 4 sin’¢ cos’e( ——cos’e oIl
7 7v2 1’72$ K [(pt—fz- sme)
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2m so2 2.\2 : 2 (1 2\ 2
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fif[’z VQ’B 3 i(pt-j.c-zL{[-sin::)
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. 32 sin’ cos’e (l — cos%)
v _- % T2 Vz% 3

Voy =

2mr

) onll
()1 (z‘c-,ﬂ:-Tz],z sin e)

o).

{(sin“’e —cos’¢)?+4 sin e cos’e (% - cosge>‘ } )
e (149Y

When the emergency angle is smaller than 54°44’; the expressions
(142), (148), (144), (145), (146), (147), (148) and (149) showld be
replaced by the following formulac :

w 1T V.B 2 sin e cos’e(sin’e —cos’e)
10—
27 1 1
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To see the natures of these waves closely, the maximum amplitudes
of them corresponding to the magnitude of emergency angle ¢ are given
in Table X, XI, XII and XIII and also are shewn graphically in Fig.
12, 138, 14, 15.
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We can sce the following facts from these tables and figures :

1. When 0°<¢<54°44’, the energy of the reflected waves of dilata-
tional and distortional types which sare generated by the incidence of
the transmitted dilatational and distortional waves are accumulated on the

free surface of the layer.
2. When 0°<¢<54°44', the phases of the waves generated by the
incidence of the transmitted waves at the free surface are all different

Table X.
e
Max. 0° 10° 20° 30° 40° 45° 50° 52°30" | 53°30'
Amp. ~ .
uLr 0 -0:3061 {—0'4315{—03750 | —0-1722 0 03057 | 06450 09030
wy’ 0 [—08061|-04315|—03750 |—01722 0 03057 | 06450 0:9030
wr'! 0 05230 04730} 01873 00137 0 |—00515{—03665 |—08400
sy’ 0 01542 0:3140F 02420 00511 0 01285 04350 06610
i e
Max. 54° 54°44" | 56°30" | 57°30' 60° 65° 70° 80° 90°
Amp.
wmr 1.106 1634 | 06115 0534 04330| 03115 02130 00588 0
ury' 1.106 1634 | 06115 0534 | 04330 03115 02130| 00588 0
wy' —1:36 —~3275 |—05760|—04963 |[—04330 |—03850 | — (:3165 | —0-1094 0
w2y’ 07820 0 04155| 04205 04330| 04257 €'3605| 01266 0
Table XI.
e )
Max. 0° 10° 20° 30° | 40° 45° 50° 52°80" | 53°30'
Amp. - i
ilis 0 |—0'2480|—0'3405|—0-2790 !—0’1133 0 01345 02040| 02170
vy’ 0 02480 03405 0'2790i 01133 0 —01345 |—0-2040|—0-2170
e’ 0 —04237 |—0'3735 ‘ —-01396 ‘;—0'0090; 0 00226 01160] 02015
vy’ 0 08746 08615 " 041901 00610 i 0 01080 03330 04895
e
M:a? 54° 54°44" | 56°30" | 57°80’ 60° 65° 70° 80° 90°
Amp. ‘
1y 02075 0 01875 02105 2500 02905| 02893 011867 0
v’ —02075 0 |~01875|—02105|—0-2500 | —0-2905 | —0-2893 | —0-1867 0
vir'’ 02550 0 01760 | 0-1960| 02500, 0'3580! 04300 03470 0
ey’ 05630 0 02750 02680 02500{ 0-1987| 01315| 00223 0
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Table XII.
—— —
m o 10° 20° 30° 40° 45° 50° | 52°30" | 53°30'
Amp. I
usy 0 |-00902 |—02865 | — 04850 | -0-6430 | — 07071 |— 07630 |~ 07600 |— 0 7110
w2’ 0 |—00902 |—0:2865 |—04850 | —0-6430 | — 0-7071 |~ 0-7630 | — 07600 | — 0-7110
uip"! 0 03175 07210| 07285| 038450 0 [-06100|—1235 |—16
uay"! 0 |—00937 |~04785 |—09380 | -1:286 |—1-4142|—1:517 |-146 |—126
Max. ‘ 54° 54°44" | 56°30" | 57°80/ 60° 65° 70° 80° 90°
Amp.
uew —0-6370| 0 |-04420|—04535 |- 04330 |- 03455 | —0-2420 |- 00679 | 0
el —06370| 0 |—-04420 |—0-4535 | — 04330 |—0-3455 | —0-2420 |- 00679 | 0
wy' |-1752 0 |—06480|—05730 |—0-4330 |—0-2300 |- 01102 |—00081 | 0
uwap'! |—1008 0 04690| 0-4845| 04330| 0:2630| 01260| 000934 0
Table XIII.
e
Im 0 10° 20° 50° 40° 45° 50° | 52°30' | 53°30'
Amp.
v2r 0 05119 07875| 0:8400| 07660 07071| 06410| 0:5820| 05270
vy’ 0 |—05119 |—-07875 |—0-8400 | —0-7660 | —0-7071 | — 0-6410 | —0-5820 | — 0-5270
o 0 02575| 05690| 05423 02265 0 [—02680|~0-3910 |—0:3845
v2r"! 0 |-05310|—1318 |—1625 |—1532 |~14142|—1-275 |~1'12 |—09315
I\N 54° | 5444’ | 56°30' | 57°30" | 60° 65° | 70° 80° 90°
Amp.
v2w 04630 0 02925 02885 02500| 0-1618| 00883| 00119 | 0
2y’ - 04630 0 ~02925 |—02885 [— 02500 |- 01613 | —0:0883 |- 00119 0
ny'! |—038280] 0 01983 02260 0-2500| 02145 01496] 002165 0
ey’ -07325| 0 03110 08083| 02500| 01226 00459| 000165 O
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Fig. 12. Fig. 14.

from the phase of the primary wave of distortional type incident to the
lower boundary of the two solids, and the magnitudes of these differences
vary with the magnitudes of ¢, V., 1% and H.

3. When ¢=0° and ¢=90° there exist no transmitted waves in the
upper layer, and therefore the free surface does not move.

4. When ¢=45°% no transmitted dilatational wave in the layer
exists, and therefore the free surface does not move.

5. When ¢=54°44', and the transmitted dilatational wave is incident

to the free surface, the surface of the layer does only move horizontally
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Fig. 15.

in the direction of », and not move in the dircction of y.

6. When ¢=54°44" and the transmitted distortional wave is incident
to the free surface, there is no wave in the upper layer and therefore
the free surface does not move.
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