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1. Tor the same object of investigation stated in the previous paper,”
we shall study the stress distribution in the interior and in the vicinity
of a horizontal cylindrical matter of circular section included in a
gravitating semi-infinite elastic solid. The investigation of the stress
distribution around a horizontal circular hole in a semi-infinite gravitating
solid has already been carried out by Professor N. Yamaguti® who solved
the problem by the usage of stress function. The problem of a cylindrical
matter of heterogeneity included in a semi-infinite gravitating solid has
not yet been solved.

In the present study, as in the previous paper,” the state of the
gravitating semi-infinite elastic solid is also one of plane strain.

2. Cylindrical coordinates (r, 8, z) are used. The axis z is coincident
with the axis Oz of the cylindrical inclusion of which the radius is a,
and the centre O is at the point (x=—£, %=0) as shewn in Fig. 1.
The azimuthal angle ¢ is taken counterclockwise from the axis ox which
is taken to be vertically upward positive, and the axis oy is taken to
be horizontal. The plane x=§£ is the horizontal surface of the semi-
infinite gravitating elastic solid of which the density and the gravity
constant are respectively p and g. Let the density of the cylindrical
inclusion be p’, and also the gravity constant be g.

1) G. Nismmmura and T. Taxavama, “On Stresses in the Interior and in the
Vicinity of a Spherical Inclusion in a Gravitating Semi-infinite Elastic Solid,” Bl
Farthg. Res. Intst. 11 (1933).
~2) N. Yawmacurs,” On the stresses Around a Horizontal Circular Hole in a Gravitating
Solid,” Jowr. Ciril Iing., Tokyo 15 (1929), 291.

3) G. NrsumurA and T. TakavAMaA, loc. cit.

4) The problem treated as plane stress was read in the Meeting of this Institute,
Feb. 21, 1933, but is not yet pressed. N. Yamaguti also treated the problem as plane
strain problem.
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Now the top surface (x=£) of the solid

[Vol. XI,

is horizontal, and therefore there is no varia-
tion of the axial components of displacement
and stress. Then the stress equations of
cquilibrium of the gravitating semi-infinite

golid and the equilibrium of the gravitating

cylindrical matter ineluded in the solid are
respectively expressed by the following equa-
tions :
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The normal components of stress rr, 66, zz and the shearing com-

ponents of stress 76 of the gravitating semi-infinite solid are expressed
by the radial and tangential components of displacement w, v in the

following forms:
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where A and p are the Lame’s elastic constants of the solid.

.3

The normal components of stress 7+’, 86" and the shearing components

of stress 76" of the cylindrical matter of which the Lame’s elastic con-
stants are \’, u’ have the following expressions with respect to the radial

and tangential components of displacements u’, »” as follows:
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Eliminating 'rr, 09, 70 and ', 06, + from the equations (1) and
(2) separately by the usage of (3) and (4), we obtain the following

equations of equilibrium of the solid and the cylindrical matter included
in the medium :
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Among the particular solutions satisfying (5) and (6) respectively,
we take the following solutions which are useful for the present study :
4=0,
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Now the equations (5) and (6) give us the following equations :
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The respective solutions of (11) and (12) are expressed by
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where By, By, Bz B, Ci, Cs, Cs Dy, Dy, Ds, D; are arbitrary constants
to be determined by elasticity conditions.

Using (18) and (14) respectively, we obtain the follow ing forms of
2@ and 2w’ which are particular solutions of (5) and (6) :
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After some reductions we obtain the following equations in relation
to u, v and 4, 2= from the relations expressed by (7):
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And also we have the following equations in relation to «/, 2", 4’
and 2@’ from the equations (8):
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Substituting (9), (13), (15) for the expressions of 4 and 2w in the
equations (17), (18), we obtain the particular solutions of (17) and (18)
as follows :
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and we obtain the following expressions of v and » as the complementary
solutions of (17), (18) :
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Substituting (10), (14), (16) for the expressions of 4’ and 2= in the
equations (19) and (20), we obtain the particular solutions v’ and o'
which are favourable for the cylindrical inclusion as follows :
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while the complementary solutions of (19) and (20) are expressed by
w=D"rcos 20+ D"+ cos 86,

© o'=—D,"rsin 204+ D,"»* sin 36.

The general expressions of the components of displacement thus obta-

ined (21), (22) and (23), (24) satisfy, of course, the equations of equilibrium

of the solids (5) and (6) respectively. Using these general expressions

e 20)

we get the general expressions of the components of stresses 1/”;, @?9, ofé,
2z and ", ég', +0’, 72’ as in the following forms by the relations of (3)
and (4) separately.
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These stress expressions satisfy, of course, the stress equations of
the gravitating elastic solids expressed by (1) and (2).

Using these general expressions of displacements and stresses we
shall study the stresses in the vicinity of a horizontal cylindrical inclusion
in the semi-infinite solid.

Referring to T'ig. 1, we have the following expressions of the com-
ponents of stresses which are the solutions of the gravitating semi-infinite
elastic solid having no heterogeneous inclusion in its interior :
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These expressions are obtained by the following conditions: The
normal and the shearing components of stress vanish at the horizontal
surface x=§£, and the stress at any point in the gravitating solid increases
linearly according with the increase of the position form the upper
surface of the solid. And the semi-infinite solid is in plane strain.

Now the boundary conditions of the present study are as follows:

r=q; w=u, v=1, ) ’
(28
rr=r¢", 10=r0',

$—00 ; rr=rp expressed by (27),
00=00 expressed by (27),f ........ (29)

r0=10 expressed by (27).

Condition (28) indicates us that the heterogeneous inclusion and the
outer medium are perfectly cemented at the contact surface and they
are forbidden to slide upn each other on this contact surface. And
the condition expressed by (29) shews that the stress distribution at
the whole spaces in the medium far from the inclusion are equal to
the ones expressed by (27).

By the expressions of (21), (22), (23), (24), (25), (26) to satisfy (28),
(29), we find the following values of the arbitrary constants:
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Substituting these values (30), (81), (32), (38) in the expressions (25),
(26), we obtain the final results of the stresses in the medium and those
in the inclusion.
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When A=p, AM=p’ (Poisson’s ratio of the semi-infinite solid and that
of the heterogeneous inclusion are equally -1—) we obtain the expressions

of the stress distributions in the solid and that in the 1nclu51on as
in the following forms:
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We shall investigate closely the stress distributions on the boundary
surface r=q by the numerical calculations. Putting r=a, we calculate
the magnitudes of the scparate terms related to pg&, pga and p’ga in all
stress components expressed by (44), (45), (46) (47), (48), (49), (50), (51)
in the annexed tables when -’l—/’—:%, ¥ =1, » =5 and — ¥ =o00. (Table

w
I, 11, I1I, IV, V, VI, VII, VIII, IX, X, X1, XII, XIII, XIV, XV, XVL)
And the following figures (Fig. 2a, 2b, 2¢, 8a, 8b, 3¢, 4a, 4b, 4c, 5a, 5b, 5¢.)
shew us these results. In these figures, abscissa is the angle 8, and the

12
parameter of each curve is the magnitude of £,
72
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Fig. 2a. Magnitude of term related to Fig. 2b. Magnitude of term related to
pga of Trrea (=7r7*’,.=a) when %'=%, pgE of e (= T'r=q) When » —%,

1, 5 and co. A 1, 5 and oo.
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From these figures we can see interesting facts and some of them
are summarised as follows: ‘

1. The terms related to pgf of the components of stresses .
00, of the cylindrical inclusion and those of the components of stresses

TTreas 00,., of the surrounding medium have symmetrical distributions
with respect to the plane 6=90°. The terms related to pgf of the

components of shear stresses 76,., 76’r.. have, however, unsymmetrical
distributions with respect to this plane.

2. The terms related to pga of the components of stresses a:;r‘a,
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Table 1. Table III.
Magnitudes of separate terms related to Magnitudes of separate terms related to
r9E, pga and p'ga of - (=:;’1'=a) to pga, pg€ and p'ga of rrr-q (= 7"7:’1-=(1)
’ ’
when B_ = -%- when ii =5,
Y ol
o P9E Py Py 6 P9 Py Py
1° —0429 0116 0727 0° —1-365 0584 0571
10° —0420 0107 0717 10° —1:337 0549 0563
20° —0395 0079 0684 20° —1-258 0450 0537
30° —0358 0039 0:630 30° —1-137 0-309 0494
45° | —0928 | —0019 0514 45° | —1910 0091 0.403
60° -0214 —-0048 0364 60° -0683 -0049 0286
70° ~0177 —0046 0298 70° —0'562 —-0076 0195
80° ~01562 —0028 0126 80° -0483 —0052 0100
90° —0143 0 0 90° —0455 0 0
100° —0'152 0028 -0126 100° - 0483 0052 —0-100
110° —-0177 0046 —0-293 110° —0'562 0075 —0195
120° -0214 0048 —-0'364 120° -0683 0049 —0286
135° —0286 0019 - 0514 155° —0910 —-0091 —0403
150° —0358 —0039 —0630 150° —-1137 - 0309 —0494
160° —-0'395 —-0079 ! —0684 160° ~ 1258 —0450 —0537
170° —0420 —0107 -0717 170° -1537 —-0549 —0'563
180° —0429 -0116 —-0727 180° —1365 —-05684 —0571
Table II. Table IV.

Magnitudes of separate terms related to Magnitudes of separate terms related to
pYE, pga and p'ga of Frrea (=1r'red) Pga, pg€ and p'ga of rrreq (=17'ra)
when £=1. when /i=oo,

’[
0 P9t rga P'ga 0 r9E Pga r'ga
0° —1-00 0334 0667 0° —1-500 0750 0-500
10° —0981 0-308 0657 10° —1470 0-708 0492
20° - 0928 0240 0627 20° —1383 0595 0470
30° —0834 0144 0577 30° -1:250 0433 0433
45° -0667 0 0472 45° —1-000 0176 0353
60° —0:500 —0084 0333 60° —0750 0 0250
70° —0411 —0087 0228 70° —0617 —-0045 0171
80° ~0353 - 0054 0116 80° - 0530 —0038 0087
90° —(-334 0 0 90° —0500 0 0
100° —0-353 0054 —0116 100° —0530 0038 —0087
110° —0411 0087 ~ 0228 110° - 0617 0045 —-0171
120° —0500 0-084 ~0'333 120° ~-0750 0 —0250
135° —=0667 0 —-0472 135° —1-000 -0176 —-0353
150° —0'834 —0144 —0577 150° —1250 —0433 —0433
160° —0923 ~0240 -0627 160° —~1383 —0595 —0470
170° —0981 —0308 - 0657 170° - 1470 —0708 - 0492
180° —1-00 —-0334 —0667 180° —1500 —0750 = 0500
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Table V. Table VIL.
Magnitudes of separate terms related to Magnitudes of separate terms related to
pga, p'ga and pgE of ég?,.,:a pga, p'ga and pgE of 007
when £ = i. when Ll 5.
JT 12
o | ok pga p'gu o pyE pga ga
0° —014 026 —006 0° —0454 0325 0-095
10° -~020 0310 —0'059 10° —0452 0318 0094
20° —035 0444 - 0056 20° —0447 0299 0-090
30° —05 0618 —-0052 30° —0439 0-268 0-082
45° | —105 0824 | —0042 450 | —0424 0208 0067
60° ~150 0809 —0.030 60° —0409 0140 0048
70° —174 0636 —0.021 70° - 0401 0093 0033
80° —-1-90" 0350 -0.010 80° —0'396 0046 0017
90° —195 0 0 90° -0-394 0 0
1006° ~190 —0-350 0.010 100° —0396 —0046 -0017
110° —174 —0636 0.021 110° —0401 —0093 —0033
120° —150 —-0809 0.030 120° -0-409 —0140 —0048
135° -105 —0'824 0.042 135° —0424 —0208 —-0067
150° —059 -0618 0.052 150° —0439 —0268 —0082
160° —035 —0444 0.056 160° —0447 —-0299 —-0'090
170° —020 —0310 0.059 17¢0° —0452 -0318 —0094
180° —014 —0-260 0.06 180° —0454 —0325 —-0095
Table VI. Table VIII.
Magnitudes of separate terms related to Magnitudes of separate terms related to
poE, pge and p'ga of 80r-a pge, pgE and p'ga of 86r-a
when £=1. when £ =c.
/l
0 Pyt Py Py 0 ryE Py Py
0 | -0334 0333 0 0 | —050 0250 0167
10° | -03853 0348 0 10° | —049 0237 0165
20° —-0411 0387 0 20° —046 0198 0157
30° —0-550 0433 0 30° —042 0144 0145
45° —0667 0471 0 45° -033 0059 0118
60° —0-834 0417 0 60° -025 0 0-083
70° - 0923 0315 0 70° —021 —0015 0057
80° —0981 0170 0 80° —0-18 -0013 0029
90° —1-000 0 0 90° —-017 0 0
106° —0'981 —0'170 0 100° —018 0013 —0029
110° —-0923 —0315 0 110° —021 0015 —0057
120° —0834 —0417 0 120° —025 0 - 0083
135° —0667 ~0471 0 135° —-033 - 0059 —-0118
150° —0500 —0433 0 150° —042 —0144 —0145
160° —-0411 —0387 0 160° —046 —0198 —-0157
170° —0'353 —0348 0 170° —049 -0237 —0165
180° —0334 —0333 0 180° —050 —0250 ~-0167
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Table IX. Table XI.
Magnitudes of separate terms related to Magnitudes of separate terms related to
pyE, pga and p'ga of 86'ra ‘ P&, pga and p’'ga of 09'rea
’ '
when —= L when £ =5.
p5 ’ I
o 3 pga Py o P& pPya P'ga
0° —-0'14 0-065 0182 (U —0455 0.845 —0286
10° —-015 0072 0179 10° -0483 0-858 —0281
20° —018 0092 0171 20° —-0562 0-892 —0269
30° —-021 0-118 0157 30° —0683 0928 —0247
45° --029 0147 0128 45° -0910 0918 —0202
60° —036 0140 0091 60° —-1137 0763 —0143
70° —040 0109 0062 0° —-1258 0’563 —0098
80° —042 0-060 0-032 80° ~1:337 0-300 —0050
90° —043 0 0 90° —-1-365 0 0
100° —042 —0060 ~0032 100° -1:337 —0300 0050
110° —040 —0109 —-0062 110° -1258 —0563 0098
120° —036 -0'140 -0091 120° —-1137 - 0763 0143
135° —029 —0147 —~0'128 135° —-0910 —0918 0202
150° —021 —-0118 —-0157 150° —0683 —0928 0247
160° -018 —0092 —0171 160° — 0562 - 0892 0269
170° —015 —-0072 -0179 170° —-0483 —0'858 0281
180° —014 - 0065 -0182 180° - 0455 —0845 0286
Table X. Table XII.
Magnitudes of separate terms related to Magnitudes of separate terms related to
PYE, pga and p’'ga of 09'r-a pgE. pga and p'ga of 96'r-a
! ?
when £ =1, when £ =00,
/L
0 P9 rya Py 9 PYE pya P'ga
0° —0334 0333 0 ° —-0'50 1-250 —050
10° —0353 0348 0 10° —0'53 1-261 —0493
20° ~0411 . 0387 0 20° —062 1-285 —-0470
30° -} —0500 0433 0 30° —-075 130 —0433
45° —0667 0471 0 45° —-000 1237 —0353
60° —0834 0417 0 60° —125 1-00 —025
70° —0923 0-315 0 70° -138 0730 —0171
80° —0981 0170 0 80° ~147 0386 -0087
90° —1:000 0 0 90° -150 0 0
100° —-0981 -0170 0 100° ~147 —0-386 0087
110° —0-923 -—0315 0 110° ~138 —0-730 0171
120° ~0834 —0417 0 120° —125 —100 025
135° —0667 —~0471 0 135° -1-00 —-1237 0353
150° —0-500 —0433 0 150° —075 —130 0433
160° —-0411 -0387 0 160° -062 —1285 0470
17¢° —0353 —0348 0 170° ~ 053 —1261 0493
180° —0'334 —0333 0 180° ~050 —-1-250 050
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Magnitudes of separate terms related to
pgE, pga and p'ga of 0r-a (=70'r=a)
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Table

XTII1.

Table XYV.
Magnitudes of separate terms related to
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Pya, p'ga and pgE of 10rea (=18'r=a)
'

’
when oz when Lt 5.
0 PgE pga | plga 0 Pyt pya p'ga
i} 0 0 0 o 0 0 0

10° 00490 | —0028 | —0047 10° 0156 | —0051 | —0075

20° 0092 | —0046 | —0093 20° 0292 | —0075 | —0146

30° 0124 | —0048 | —0156 30° 0394 | —0048 | ~0214

45° 0143 | —(018 | —0193 45° 0455 0091 | —0303

60° 0124 0039 | —0236 60° 0:394 0309 | —0371

70° 0092 0079 | —0256 70° 0292 0449 | —0403

80° 0049 0107 | -0269 80° 0156 0549 | —0422

90° 0 0117 | —0273 90° 0 0584 | —0428
100° ~0:049 0107 | —0269 100° | —0156 0549 | —0422
110° | —0:092 0079 | —0256 1100 | —0292 0449 | —0403
1200 | —0124 0039 | —0236 120° | —0394 0309 | —0371
185° | —0143 | —0018 | —0193 185° | —0455 0001 | —0303
150° | —0124 | —0048 | —0156 156° | —0394 | —0048 | —0214
160° | —0092 | —0046 | —0093 160° | —0292 | —0075 | —0146
170° | —0049 | —0023 | —0047 170° | —0156 | —0051 | —0075
180° 0 0 0 180° 0 0 0

Table XIV. Table XVI.

Magnitudes of separate terms related to

P9E, pga and p'ga of 7Orma (=16"r-a)
’

Magnitudes of separate terms related to

pyE, pga and p'ga of 70r-a (=16"r<q)

when (alli 1. when ¥ = 0.
] 23 pYc p'ga 6 Pk rga r'ga

° 0 0 0 o° 0 0 0
10° 0114 | —0054 . —0058 10° 0171 | —-0038 | —0087
20° 0814 | —0087 | —07114 20° 0321 | —0048 | —0171
30° 0289 | —008¢ | —0167 30° 0433 0 —0:250
45° 333 0 —0236 45° 0500 0176 | —0'353
60° 0289 0144 | —0289 60° 0'433 0433 | —0433
70° 0214 0240 | ~0314 70° 0-321 0595 .| —0470
80° 0114 0308 | —0328 80° 0171 0709 | —0492
90° 0 0334 | -0333 90° 0 0750 | —0'500
100° | —0114 0308 | —0328 100° | —0171 0709 | —0492
110° | —0214 0240 | —0314 110° | —0321 0595 | —0470
120° | —0289 0144 | —0289 120° | —0433 0433 | —0433
135° | —0333 0 —0'236 185° | —0500 0176 | —0353
150° | —0289 | -008¢ | —0167 150° | —0433 0 —0250
160° | —0214 | —0087 | —0114 160° | —0821 | —0046 | —0171
17¢° | -0114 | —0054 | —0058 170° | —0171 | —0038 | —0087

180° 0 0 0 180° 0 0 0
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00,y 77"r-q, 06r.. have unsymmetrical distributions with respect to the

plane of #=90° and those related to pga of 76y -a 76y have symmetrical
distributions with respect to this plane.

3. The terms related to p’ga of ﬁma, @:‘)M,, ;';’ml, 06',., are also
unsymmetrical with respect to the plane §=90°. The terms concerning
p'ga of ;@,.za, 76’,% have, however, symmetrical distributions with respect
to the plane of §=90°

4. When the depth & of the center of cylindrical inclusion is deep,
the respective distributions of stresses in the inclusion and in the medium
are mainly affected by the terms related to pgé and the terms related
to pga and p’ge have no much effects upon the stress distributions.
When p’ is very large, however, the terms rolated to p'ge have some
effects upon them.

5. When the depth £ is moderately shallow, the respective terms
related to pga and p’ga, which are the unbalancing forces due to body
force, have some effects upon the stress distributions.

6. When the cylindrical inclusion is more rigid than the surround-
. ing medium, the magnitudes of the respective terms related to pga and

pg€ of ';;T,a, 76rnay 7 ey 70 rea aTC large, and those of the terms related
to p'ga of 0r-q and 76, are also large. The magnitudes of the terms
related to p'ga of req and ;}’m,, however, are small in this case.

7. When the cylindrical inclusion is more rigid than the surround-
ing medium, the magnitudes of the respective terms related to ng and

pga of 00, -o are generally small, and thosc of the terms related to 09, a5
on the contrary, are generally large. The terms related to p’ge of the

components of stresses 60,.. and 66',., have special distributions which
differ from those of all other components of stresses when the magni-

tude of # is large.
7

To see the properties of distributions of stresses along a radial
direction we obtained the annexed figures by numerical calculations of
the expressions (44), (45), (46), (47), (48), (49), (50), (51). {(Fig. 6a, 6b,
6¢, 7a, Tb, 7c, 8a, 8b, 8¢). These figures shew us the following facts.

1. Whether or not the elastic constants of the semi-infinite solid
are larger than those of the cylindrical inclusion, the magnitudes of the
terms related to pg€ of all components of stresses in the cylindrical
inclusion are constant along a radial direction but not slong azimuthal
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direction. And the magnitudes of the terms related to pga and p'ga of
the respective components of stresses of the inclusion increase linearly
along radial dircction.

2. The region where the stress distributions in the semi-infinite
solid affected by the presence of a cylindrical inclusion is limited in the
boundary region of that inclusion and the effective radius upon the
distributions of stresses in the boundary medium is approximately four
times the radius of the cylindrical inclusion.
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The mathematical results obtained in this paper are not applicable

’
to the case where £~=0 and the cylindrical inclusion has no rigidity.

7’
In this case the problem should be formally solved anew by the following
boundary conditions

’ .
r=a: w=u,
—_
gy =77,
78 =0,
70 =

—

p=00: grerr expressed by (27),
00=00 expressed by (27),
0=r0 expressed by (27).
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