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The problem of vibrations of a chimney and similar constructions
due to seismic waves was studied theoretically by Professor Mononobe”
about twelve years ago and by Byerly and others® very recently. The
same problem was again dealt with by Professor Suyehiro® taking into
account of the initial condition of the vibratory motion. The case of
framed structure was also treated of by many authors: Reissner” Sano”,
Taniguchi®”, Muto”, Majima®, Mizuhara®, Prager'®, Martel™, Hohenemser'
and others. But the standpoints, on which these latter authors are based,
are not theoretically rigorous, as their methods of treatment are mainly
to apply approximately the principle of energy or to neglect some of
boundary conditions. Indeed, the exact calculation of the complicated
framed structure is very difficult in general. We have obtained the
solution of the vibration problem of a single-storyed framed structure.

We have calculated the natural periods of a framed structure with
endless extent of the series of successive spans, the distribution of the
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deflections as well as bending moments in the structure due to forcep
oscillations, and the natural periods and the forced oscillation of the

case of two spans.

I. Natural Periods of Framed Structure of an Infinite
Numbler of Spans.

In this paper the following notations are X
employed. P D
p1, p: =densities of pillar and beam res- A M;.‘—- M,
pectively, b I 7777
E,, E;=Young’s Moduli of .........., ‘ =l
a1, a;=effective areas of . e, Fig. 1.

ki, kp:=radii of gyration of the sections of....... .
li, [l:=effective lengths of pillar and the mtercepted portlon of the
beam respectively,
yi, ya=transverse deflections of pillar and beam at 2, and 2. respec-
tively,
Mo, My, M,;=bending moments of pillar and beam at joint O..

The equation of motion of the bar 0,0, is expressed by

34 a’.’
E ]C 2.—'12 + _./yl = 0_
1% F P1 pr (1)
If we write y,=w cos pt, then
d4’LL1 .
dx14 _mlq'ul’ (2)
where
m. 4 = pl_P' . 3
LT Bk ®
The solution of (2) is
W= A1 €08 nuxr + Bi sin muz; + €, cosh m,2;, + D, sinh myz;. (4

The boundary conditions at 0,, which is the clamped end of the pillar,
are written by

2=0; w=0, giﬂ:O. )
dxl
Substituting from (4) in (5), we get
=41 (cos myz,— cosh mya:) + By (sin mqz; —sinh mazy). (6)

The boundary conditions at the other ends 0, are
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2 3 ‘
=l ; — Bkl Z ?L: :B_’fo, —Elalklzzu; =P20«2l22?2u1- (7); (8)

x” 1

The equation of the motion of the member 0,0; (or 0,0:) is expressed by

7' Us 3‘1/2
Bokes’ =+ 9
: a.L: P a.rg ( )
If we write ga=u. cos pt, then
& ur"—m Uz, (10)
dl_),
where .
77’1»24: pap . (11)

E.LS:
The solution of (10) is
Uz = Az COS Max2+ B2 sin maz;+ Cs cosh mery -+ Dy sinh maxs. (12)

The conditions at the clamped joint, 2.=0, z:=10;, are

ug=0, Wz _dus _popedus _gr o (13) (14, (15)
dos  day dzy’
and the condition at the clamped joint x.=l:, 21=1;, are
we=0, Dt gt g (16), (1), (19)
dr.  day da’
The condition of the fixing moment at 0. (or 0;) is written by
Jl[o+1k[1—ﬂf-3:0. (19)

Applying the conditions and the relations in (7) (8), (13), (14), (15),
(16), (17), (18", (19) to the equations (6) and (12), it is possible to find
the ratios of the constants A, Bi, Ae, Bs, Co, D. besides Mo, My, M;, and to
determine the values of m; and m. which give us the frequency p.

‘Write

M= me_g M-—-n (20)

m1llsa, mgleB, =
E1a1]512’)')’L13 ’ln1 Elad]vl miy”

then, from the conditions (8) we get
A[(sin ¢ —sinh o) + ¢ (cos e — cosh )] »
=P [icos et +cosh o) —y (sin e —sinh &)].  (21)
From (13), (14) we find
(Be+ Dy) £E= — A4, (sinee+sinh o) + B, (cos ee—cosh o), - (22)
while (16) gives us
As (cos 8—cosh B) + Bs sin 8+ D, sinh 8=0. (23)
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By means of (17) and (22) we obtain
As (sin B4 sinh B) 4 B: (1—cos 8) + Dy (1—cosh 8)=0. (24)
Finally, using the relations (7), (15), (18) and the condition (19), we get
A; (cos e+ cosh &) + B, (sin e+ sinh o) + Aan (— 2+ cos B+ cosh B)
+ Bem sin f— Doy sinh 8=0. (25)
Eliminating Ay, By, A2, Bz, D: between (21), (22), (28), (24), (25), we
arrive at the relation,
2{(cos e sinh e+ sin e cosh o) + (cos e cosh oc—1}
x {sin B (cosh 8—1)+sinh 3 (1—cos B)} =£§(cos o cosho41)
+(coseesinh cc— sinoccoshoc)n} (cos Bcosh 3—1). (26)
From this equation and the relations in (20), we can find the frequency

p or the period of vibrations 2.

p .
When the stiffness of the pillar is very high compared with that of
the beam, the condition, 157.:0 holds, so that

cos B cosh 8—1=0. (27)
This is the frequency equation of the beam, whose both ends are clamped
in position and inclination. In a special case, where there is no beam,
we know that —g——O and y=0, so that we get
cos ¢ coshee4+1=0. (28)

This is the frequency equation of a clamped-free bar and gives the
equation of a clamped-free bar.
When the stiffness of the beam is very high in comparison with

that of the pillar and the mass of the beam is large, we may put i=O,
7

—1—:0, so that
Y
cos ¢ cosh —1=0. (29)

This is the frequency equation of a bar whose both ends are clamped
in position and in slope.

As it is very difficult to solve (26) in general, we have employed
the method of trial and error to get frequencies of various cases. Again,
we have limited the calculation to the determination of the fundamental

free vibration of the cases, ﬁ‘-:%, %, 1, besides the conditions that
P2

li=ls, Ey=E, and a;=a. The result is shown as follows.
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II. Forced Vibrations of Framed Structure of an Inﬁmte
Number of Spans.

When the bottom of each plllar is oscillating horizontally with
amplitude b and with penod —-, the boundary conditions at the end

0., which is the clamped end of the pillar, are written by

21=0; wu,=>b, dﬂ:O; (5')
dl&
and other conditions are the same as those in the preceding case.
As the types of the solutions we write = cos p't, y.=wus cos p't, so
that m,*, ms' should have the meanings such that
«_ pip” pzp"” ’ !
my = TE mst= B (8", (119
Substituting from (4) in (5'), we get

wr= A1 (cos maay — cosh myz1) + By (sin myzy —sinh maz;)
+ b cosh myay. ()
Applying the conditions and relations in (7), (8), (9), (13), (14).
(15), (16), (17), (18), (19) to the equations (6") and (12), it is possible to-
find the values of the constants 4:, Bi, As, Be, Cs, D, besides M,, M;, M.
Write

2Qals D' ms Eazkms’
myli=ct, mal.=40, m =7, - =£, msn ;o (200
then, from (6') and (8) we get
4 {(sin ee—sinh o)+ 7 (cos e —cosh o) } — B:{(cos e + cosh e)
—7 (sin e —sinh &)} = —b(sinh e+ cosh &). (21')
From (12) and (13) we find
Ce+ A,=0. (21")
By means of (12) and (14) we obtain
(B2+ D3)+ 4 (sin o +sinh o) — By (cos e—cosh et) =b sinh oe.  (22')
From (16) we get
Az (cos 8—cosh B8)+ Bs sin 8+ D, sinh 8=0. (23")



772 K. Sezawa and K. KanNar. - [Vol. X,

Again, from (17) and (22)
A« (sin B+ sinh B) + B, (1 —cos 8) +.D: (1 —cosh £)=0. (24")
(7), (15), (18), (19) give us
A; (cos e+ cosh e) + By (sin o + sinh o) + Aoy (— 2+ cos 8-+ cosh B)
+ Buy sin 8 — Doy sinh 8=0cosh e. (25')
Thus we find from (21'), (22'), (23", (24'), (25')

bLE(1~ cos B cosh B){(cos cxcosh o —sin o¢ sinhee +1)— 2ysinceeoshe }
+2y{sin B(cosh B—1)sinh B8(1-cosB)}
% {2cos e sinh or +¥ (cos ¢ cosh e —sin'ee sinh e —1)1)
2[&(1—cos Bcosh 8){ (1 + cos xcoshee)+y(cosc sinh e—sineccosh o)} ,
29 {sin B(cosh B~ 1)+sinh B (L~ cos 8)} (26")
x {(sin cccosh e+ cos oz sinh ) +¥(cos o cosh e —1)} ]

Ar=

bLE(1 - cos B cosh B){(sin ¢ cosh c¢ +cos o sinh ) + 2y cos e cosh ec }
+27{sin B(cosh 8—1)+sinhB(L—cos B}
x {2sin cesinh e +7¥ (€08 o sSinh o¢ 4-sin ¢ cosh o) 1] ,
2[E(1—cos B cosh B}{(1 + cos e cosh o) +¥(€os o sSinh oe—sin e cosh e )}
+27{sin B(cosh B —1)+sinh B(1—cos B} (:)7/)
x {(sin e cosh e +coseesinh o) +9(cos & coshoc — 1)} ] =

b{sin B(1—cosh 8)—(1~cos B)sinh B}
% {(sin oz —sinh o)+ (cos x—cosh &)}
2L&(1— cos B cosh 8){(1 + cos e coshor) +¥(cos eesinh o —sin ce cosh o)}
+27{sin 81 cosh B—1)+sinh B(1—cosB)} 28")
x { sin czcosh o+ cos e sinhee) +y (coseecosh e — 1)} ] (

Az=

b{sinh B(sin B+sinh B)—(1—cosh B)cos B—cosh B8)}
% {(sin «—sinh o) +y(cos «—cosh o)}
2[£(1—cos B cosh B){(1+cos e cosh ce) +¥(cos eesinh oz - sin oz cosh o)} (297)
: +27{sin B(cosh 8—1) +sinh B(1—cos B)} h
x { sin ¢ coshee+cos o sinh ) +7 (cos cwcoshee~1)} 3

b{(1~cos B)(cos B~ cosh B)—sin B(sin B4-sinh B)}
Dy % {(sin e —sinh e)+y(cos e ~ coshoe) }

2[£(1 ~ cos B cosh B){(1 +cos ez cosh or) +¥(€c0os o sinh ce—sin o¢ cosher)} ° p
2y {sin B(cosh8—1)+sinh 8(1~cos 3)} (307)
x {sin o cosh e+ cos oz sinhee) +v( cos o coshoe—1)}3

B2=

The distributions of the deflections of pillar and the beam are shown
by the equations.

Leosp't[£(1 - cosB coshB){(cosx coshe — sinsinho + 1) —2ysinee coshoee }
+27 {sin B(eshB—1)+sinhB(L—cos )}
x {2 cosasinh o+ (cos o cosh e —sin o sinh e —1)}]
X (cosmx; — cosh myan)

= 2[&(1—cos B cosh 8){(1+cos czcosh or)+7 (cos oesinh o —sin e cosh o)}
+2y{sin B(cosh 8—1)+sinh B(1-cosB8)}
% {(sin e cosh cc+¢os ce sinh ee) - (cos ee coshoe ~ 1)} ]

KR

beos p't [£(1— cosp coshB){sin « cosh e +cosee sinh oz)+ 2y coser cosh o}
+ 2y {sin B(cosh B—1)+sinh 8 (1—cos 8}
x {28in e sinhec +y(cos e sinh ec+sin or cosh ) }]
x (sin myr; —sinh mya,)

2[&(1— cos B cosh B){(1+cos e cosh ce1+y (€os o sinh oc—sin oc cosh o)}
x +27{sin B(cosh 8—1)+sinh B(1 - cos 8)}
x {(sin oz cosh e+ coseesinh og) +y (cos o cosh e —1)} ]

+
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+ beosp't cosh myz,, . (81)

beos p't {(sin oc—sinh o)+ ycose—cosh )}
%[ {sin B(1—cosh B)~(1—cos fA)sinh B}(cos myr,— coshm,z,)
+ }smhﬁ (sin B+sinh B)—(1 — cosh B)(cos 8— cosh B)}sin mazx,
- + {(1 —cos B)cos B ~ cosh B)—sin B(sin B—sinh B)}sinh m,r,)

Y=
2[&(1 —cos B cosh B) {(1 +cos c cosh oe)+7(cos ez sinh oc—sin o cosh e} } ' '
+27{sin B(cosh 8—1)+sinh 8 (1—cos 8)} (82")
x {{sin o cosh o¢ +cos e sin o)+ (coseccosh e — 1)} ]

When the condition,
2{(cososinh o+ sin o cosh o) + v (cos e cosh e¢) }
x {sin B (cosh 8—1)+sinh 8(1—cosB)}
=£ {(coscccoshe+1) -+ (cosesinh e —sin eccosher) }
n
% (cosBcoshB—1) (30)

is satisfied, each denominator of the expressions of 4 and y: vanishes.
As the above expression gives the frequency equation of the natura]
vibrations of framed structure, this gives the condition of resonance
vibration of that structure.

The distributions of the displacements in the cases, where Ei=E;;

L=lb; ei=a:; 2= ,l, %; and frequencies of vibrations nearly satisfy

) P2

%0 %9

beostt % Eeospt k)
Fig. 2. PL=1, «=1645 Fig. 5. 2=l o140
P p2 2
2\ 1 _ y,
(f"‘7—’">1l1=1'640, 1-4929, 1:224 for res- d :
By P ) e ——
pective values of = given above, are |
e B
shown in Figs. 2, 3, 4. These figures | &
indicate merely the proportions of dis- l
placements, but not their absolute mag-
nitudes. beaspt Jr

Fig. 4. ;’—‘=§, o=1-924
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The distributions of displacements and bending moments in the

cases, PL=1, a=1, 2, 25, 3, 4, 10; ﬂ:%,a:l, 15,1°8, 4,8 BL:%,

P2 P2 Pz
o=1, 1'5, 4, 8 are shown in Figs. 5—84 and in Table I—XII. In
these 41, 42, My, M. are the deflections and bending moments in pillar

121
and beam respectively, and oc:< p :}?—0>4lx-
L1k1~
o g e
L | : ’ o J
04 12 ‘——‘—‘1 — .A__.i
4 ud ) 1
17 7 ? 7 = ;
beospt d 0 ! 2 beospt
Fig. 5. =1, ¢=1. Fig. 6. 21 =1, =2
P2 P2
-WL ~04|
=0 =01
A oL K7 L T
Fcospr \QZ JA— __i Ceospt %74\. 1A ———.‘
l‘
144
-7 0 7 7 7, = / 2 J,
teospt Teusfe
Fig. 7. 2t=1, a=25 Fig. 8. P1=1, «=3
2 P2
04 .
2k ol
P T
05:\
1, ——-l
kl
= 7 Z 7 = 0 l 7 7
Eeospt beospt
Fig. 9. PL=1, =4 Fig. 10. 22 =1, &=10.
P2 P2
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Table I £l=1, 4,
P2
X =1 =2 =25 =3 =4 =10
0 11 1 1 1 1 1
ol 117
L 1:0174 0811 091 0948 1-242 0-9722
130' Zx 0127
z2u 1-05835 0342 0623 075 1-412 ~078
U 0-05 0597 —0-88
37 110717 —0-249 0-247 0418 1-077 -02
T “u
5 b 0-667
£, 115 —075 —0-118 0:042 0-33 0-93
1o I 0-34
I 1-175 —1-04 -0:34 —0-162 —0-24 - 056
Table II. £1=1, 4.
[
k2 =1 =2 a=2'5 a=3 =4 =10
0 o o 0 o 0 o
A b ~0'0943 -0112
1y, —0-0465 — 005306 | —0-154 —0-077
W) —0-182 0-043
1y 0:00555 | —0-078 —0'0545
1y —008 —0:0537 —0-0615 —0°182 0176
5w —0158 0-26
16
37 - 00389 -012 0-253
2 0:00857 | —0-04
R -0'0615 015
1y 0 0 o 0 0 o
37 —000357 0-04
57 0-0389 012 —0-253
37 0-08 0-0587 0-0615 0182 —0-176
ny —0-00554 0:078 0'0545
1 0:0465 005306 0154 0-077
I, 0 0 0 o o 0
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Table IIL. =1, AL
P2
2, =1 =2 =25 =3 =4 =10
0 0-984 -106 —5125 —1-395 20-848 891
1o h —478
%' L 0-585 -70 —4-54 —40 —2:848 —-709
LA (A1) —405 —32
‘% L 0196 —2'88 —2:565 — 3546 —13:888 77
1y -072 90-
% L —-0'152 1:364 0-3625 -09 —-10'976 214
”176 I —66°1
45:, I —0-453 5628 3:67 324 2:56 —-927
97 - 34
i0“
A -0714 9-308 6-631 7:38 19:328 997
Table IV. =1, M.
P2
z, o=1 o=2 =25 =3 =4 =10
—0-358 466 3:315 369 9-664 50
Ll 8944 38
{ ” 2519 2-864 8128 221
’135'” 34
% Vs . —0-215 2808
% 4 1:705 1-978 6-032 ~136
\56 v —24-
3 0867 1-021 3280 | —242
2 0072 0976
15’ —15
_‘%_ 7 0 0 0 0 0. 0-
3 0072 -0'976
g v —-0-867 -1-021 — 3280 242
37 —1-705 -1-978 —6-032 136
% 7 0-215 - 2-808
’57; 7 —-2-519 —2-864 - 8128 -22'1
1, 0-358 —4-66 —3:315 -3-69 —9-664 —-50°
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Table V. =L
¢ PR

€y =1 =15 =18 o =4 =8

0 1 1 1 1 1
To b

1 1-0332 0-437 0-8415 1-326 —1-668
16 ~ 2726
27 11077 —0-9245 0-448 1:637 ~2-288
zh

37 1-2002 —26 ~0-043 1-861 1578
o b 2:77

Ry 1-2905 —411 ~0:501 0555 241

__g_//

10

1, 1-349 -5 -0:77 —0-204 —0-224

Table VI Pi=L .
p: 2

3 =1 =15 =18 =4 =8
0 0 -0 0 o 0
To b 0165
1 —0-182 —0:0532 0-208 - 0006
37 025
16

1 001505

17 0-01042 —0-208 - 0:0637 —0-253 0426
5.7 ~0-22925 056
16

37 —0-165 0521
e 0-00543
J__ 4
16

17 0 0 o o o
37 —0-00543

5 7 0-165 —0-521
8

3 —001042 0-208 00637 0-253 - 0426
17 —0-01505 ‘

17 0182 00532 0-208 0-006
Z” o 0 0 o 0
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Table VII. Pi=1 jr.
p2 2

a =1 =15 =18 =4 =8

0 1-84 —32'175 -891 21-312 —233:856
Toh v
. % L 1'1228 ~920'036 —5911 —1-52 72:32
136// 181:376
_25_ 4 0448 —7-796 - 2:56 —16:064 141-056
1z

%_ 4 -0192 . 4277 1-001 —14'4 —94-656
I% 4 —161-152
% 4 -0'773 15775 4:484 072 —121-344
76"

A -~1-382 26'26 7:90 21568 197-184

Table VIII. £r=1 1
Pz 2

T, =1 =15 =18 =4 =8

0 —0'693 13-137 3-957 10-80 98-656
L 69-421
% v 9-908 2-991 10°544 3548
’i36 4 9-888

% v —0-414

'}I ” 0351 6616 2:029 8745 ~—29-506
55 7105 —45-888
3 : 5:001 —47-156
% 4 -0109
75’

?15 v 0 0" 0 0 0
37 0109 '

2 V4 -5001 47156
i’t 4 . 0351 - 6616 —2:029 —8745 29-506
% 4 0414

T . —~9-908 —2:991 —10-544 —385-48
7 0-693 —138137 - 3957 —10-80 —98-656
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Table IX. Pr=l .-

p: 4
2 =1 =15 =4 =8
0 1 1 1 1
—ilg N
%_ L 1-077 0-832 1-52 - 0844
3 7
10
% 4 1263 - 042 2:148 -1-64
% 4 0165 2:194
% ” 1-492 —009 1-997 0833
7
10
. _g_ v 1-699 —0'564 1 1-725
a7
i0
N 1-816 0843 - 0144 —0-076
Table X. P = Y.
P2
T3 =1 x=15 =4 =8
0 0 0 0 0
1 2
%‘: 4 0-0345 —0-0477 —0424 - 0275
3 7
10
% ”
T 4 0-0398 —0°0546 —0-554 0-126
5 7
16
% v —0-376 0-366
% Vs
75’
% 4 0 0 0 0
a7
5
g, 7 0376 —0-366
i’z k4 —00398 00546 0-554 —0'126
4 7
5
% v —-0'0398 00477 0-424 0275
1, 0 0- 0 0




Part 3.7 Vibrations of a Singled-storyed Framed Structure. 78

Table XI. -p—‘:%, M.

[&
Ty oe=1 =15 =4 =8
0 4:425 —9-518 ’ 39-793 — 148698
1
i6 h
% A 2:72 -6-109 14144 37011
37
10
% 4 10535 —2-52 -21'333 © 102406
R —24-84
% 4 0-56 1-125 —22:779 —49-709
1y
10
% k4 2113 477 —4-536 —90-893
9 7
10
N 4.95 7135 23-806 110432
1
Table XII. Pt—=~ M,
p: 4
T2 =1 =15 =4 =8
0 —2'49 351 11-903 55-05
5 b
{, v —1-87 2:66 19-392 48563
I.‘;K// 20:974
1 7
5 .
17 —1-27 1:791 20472 —12-826
5 7
16 .
37 13-109 —45'99
e 7
5
5’
1 0 o 0 0
37
5
ﬁ_ 4 —13-109 45-99
37 1-27 -1-791 —20°472 12-826
4 7
5
_} Vs 1:87 —266 —19-392 —48-563
1 249 —-351 ~11-903 —8505
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The important facts, which may be found from these results, are
enumerated as follows.

i) The greatest amplitude of horizontal vibrations of the pillar
occurs at its top in resonance condition.

ii) When the frequency of vibrations of seismic waves is hmher
than those of natural vibration of the pillar, the amplitudes of the top
of the pillar and hence those of the horizontal movement of the beam
is not so great as the horizontal movement of the ground. This nature
1s more distinctly revealed when p, is greater than p,.

iii) In the forced vibrations of higher frequency the deflection
curves of pillars as well as those of beams become wavy. The amplitudes of
the horizontal vibrations of the beams in this case, too, are not large.

iv) The bending moment at low frequency is small and uniformly
increasing along its length, so that the moment is very similar to that
obtained in the manner of the statical problem: This fact was also
cited in Professor Suychiro’s paper' concerning the vibration of a chimney.

v) At the frequency which is higher than the natural one the
bending moment varies in an oscillatory type along the beam and the
pillar. The moments take greater values as ps/p; increases. The mo-
ments increase too as the increase of the frequency of the forced vib-
rations.

IIL. Natural Periods of Framed Structure of Two Spans.

Let w, u/, ! , Uz, ud be the amplitudes of pillars and beams at
21, 2, 2f', @, 2 Tespectively, M,
M), My, M., My, M), M, be the
bending moments at 0., 0,, 0, res-
pectively, z;, 2y, 2/, 2., 2 be the
coordinates along 0,0,, 0,0,, 0;0;,
0,0,, 0,0; respectively, then the
solution of the vibrations of the
member, 0,0,, fulfilling the con-
ditions at the bottom end of this bar is written by

Fig. 35.

Uy = Ay (€08 mazy — cosh myxr) + By (8in myzs — sinh myay). (81)
The conditions at the other end are '
1= l], —Elallv(’d “1—11[0, ——El Lnd U1 __.za_z_lg_-pll. (32), (33)
dx1 dxl 2

10) K. Suyvenrro, loc. cit.
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The solution of the vibrations of the beam, 0.0, is expressed by
Uz = A COS Maxs+ Be sin maxz + Cs cosh mars + Desinh mozs. (34)

The boundary conditions at one end, 0., are denoted by

dus _dus Ezag,nifi Y=L (85),(36), (37)

de.  dxy 235

2'2:0, fl‘l—’:ll; ’U/~3=0,

The condition of the fixing moment at this joint is A
Mo— M.=0. (38)

The boundary conditions at the other end are written by

' , -
3'2:l27 u'{:ll ) “2:0; ((:,‘ll:l/: :i,::ll,) _EZQZkE%:ﬂ-[‘I’ (39): (40)5 (41)

where u/ is the solution of the member, 0,0,, and has the same type as
that of wu; such that ’

ur = Ay (cosmyzy —coshmuzy) + By (sinmyz, —sinhmazy/).  (42)

The boundary conditions of the pillar, 0:0,, at the joint are

=1 —E1a17vng LL —ﬂ[o , —Ewalk 1d u% —‘P’a"ZZPZ’L‘l" (43): (44)
.l]

The form of the solution of the beam, 0,0,, is written by
us' = A7 cos merd + B sin mary’ + C:f cosh mazy 4 Dy sinhma.  (45)

The boundary conditions of this bar at 0, are denoted by

L _a dud __du e 4 -
fl’z’zo, Q:l—ll 3 ?lz’—o, d—g?_&;j —E’GOL dx_ ﬂ[gl. (46), (4/), (48)
The condition of the fixing moment at the point, 0,, is _
.Dfo,-l-ﬁ[l—ﬂ[g':o. (49)

The solution of the vibration of the pillar, 0;0, is expressed by
w' = Ay (cos muz,! — cosh muzy") + By (sin myz)! —sinh my2"). (50)

The conditions of this pillar at the top end are given by

DU, — Bl <L ), 62)
The condition of the beam at the end, O, are

dus' _ duy"!
das! dxl”’
The condition of the fixing moment at the joint, O, is

M)+ M =0. (56)

fCI’, = ll - Elalh

:lg, CL'1”:[1} ‘U,g':O’

— Faadi? d“‘;"": M. (53),(54),(55)
o
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‘Write
Pettels P’ Ms Boaslims
m1l1EOC, 'm,glgEB, —‘QP—{E ) =S o, o=,
Eiaskimi M Eaimi

then, from (31) and (33) we find

A1{2(sinoc—sinh o) 47 (cos e — cosh ez) }
: ~B1{2(coso+coshet) — oy (sin e —sinh o) } = 0. (57)

Again, from (34) and (35)

Co+ 4:=0, (58)
while (31), (84), (86) give us
§(B:+4 Ds) + Ai(sin e+ sinh &) — By (cos e — cosh &) = 0. (59)
From (39)
As(cos 8—cosh 8)+ Bssin B8+ D.sinh 8=0. (60)

From (42), (84), (40) we find
£{— A.(sin B+ sinh 8) + B.cos B+ D-cosh B} + 4,/ (sin e +sinh o)
—By/(coset—cosha)=0. (61)
By means of (32), (37), (88) we get
As(coser+cosher) + By (sin et +sinh ) — 29 4,=0. (62)
(42), (44) give us
Ay {(sin e —sinh e) +(cos e —cosh o) }

— B/ {(cose+ coshot) —y (sin e —sinh &)} =0. (683)
(45), (46) give us
02"*'442,:0, (64)

while (42), (45), (47) give us
£(BY + D.)+ 4/ (sin e+ sinh &) — B/ (cose—cosh o) =0.  (65)
From (53) ' ,
47 (cos B—cosh 8)+ By sin 8+ D, sinh 8=0. (66)
By means of (45), (50), (54) we find
E{ — 4/ (sin B+sinh B) + Bcos B+ D, cosh B} + Ay (sin et +sinh cz)

— B/ (cosoe—cosha)=0. (67)
From (43), (41), (48), (49)

Ay (cos e+ cosh o) + By (sinec+ sinh «)
+7{ A:(cos B+ coshB) + Bysin 3— D.sinh 8—24.'} =0. (68)
From (50), (52)
4y {2(sin o ~sinh &) + v (cos o — cosh o)}
—By"{2(cosec+cosher) —y (sine—sinh &)} =0. (69)
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By means of (51), (55), (56) we obtain
4" (cosct4-cosh e) + By (sin o +sinh &)
+n{ 4. (cosB+cosh B) + B:'sinB— D, sinh 3} =0. (70)
From (61), (65)
As(sin 8+sinh 8) — B,cos 3 — Dscosh 8+ B, + D.' =0. (71)
Eliminating 4, between (57), (59), we find
(Ba+ D,)E{2(sine—sinh ) + v (cos . —cosh er)
+2B;{2(cosasinh o+ sine.cosh o) —7(1 —coscccosh )} = 0. (72)
Eliminaing 4, between (57) and (62)
B:{2(1 +cosccoshe) +v (cosesinh e —sinecosh o) }
— Am{2(sin e—sinh ) + v (cosee—cosh o)} =0. (73)
Eliminating B, between (72), (78) we obtain
(B:+ Dy)E{2(1 + cosacosh o) + v (cos e sinh o —sin e cosh o)}
+24:m{2(cosasinhe +sineacosh o) —y(1 —coseccosh o) } =0. (74)
Eliminating 4,/ between (63), (65) we get
(B + D) €{(sin ¢ —sinh &) +y (cos e — cosh &2) }
+ 28 {(coseesinh o +sin e cosh o) —y (1 —cos wcosh e)f =0. (75)
Eliminating 4," between (63), (68)
2B/ {1+ cosoccosh ct) +y (cos e sinh ot — sin e cosh ee) §
+ 7§ Ax(cos S+ cosh B) + B,sin 8 — D.sinh 3—24. | ‘
x {(sinet—sinh &) + v (cosee— cosh o) } =0. (76)

Eliminating 4, between (69), (70)

2B3,1§2(1 + cos ot cosh er) + y(cos o sinh ot — sin & cosh o) }
+ 1 {45 (cos B+ cosh B) + B.' sin 8~ D, sinh B4
x {2(sin e —ginh o) + v (cosee—cosh &) } =0. (77)
Eliminating B, between (60), (74) we obtain ‘
D£(sinB—sinh 8){2(1 + cose cosh e) +7v (cos o sinh ot —sin ez cosh o) §
+ As[27sin B{2 (cos o sinh ot + sin o cosh o) —y (1 — cos e cosh o) §
—&(cos B—cosh B){2(1 + cos e cosh &) +y(cos ez sinhoe — sin acoshe ) } 1=0.
(78)
Eliminating B. between (60), (76)
By {(1+ cosa cosh o) + v (cos ot sinh o — ¢in e cosh ex)}
+7(4:cosh 8— D, sinh 8— 4,') {(sin & —sinh &) + 7y (cos oc — cosher) } = 0.
(79)
Eliminating B, between (60), (71) ’
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As(1—cosBcosh B+sin Bsinh B) + D.(cos Bsinh 8 —sin Bcosh B)
+ (B, +DJ)sinB=0. (30)
Eliminating B, between (66), (67)
ASE(1 —cos Beosh B+ sin Bsinh B) + DJE (cos Bsinh 3—sin Bcosh B)
— A" sin B(sin e +sinh &) 4 By'sin B(cos ot — cosh o) = 0. (81)
Eliminating B, between (66), (75)
£{(sina—sinhe)+ y(cose—cosh er)} { 4./ (cos 8—cosh B) — D./(sin 8—sinhgB)}
—2By'sinf {(cosersinh e+ sineccosh e) —y (1 —cos e cosh )} =0. (82)
Eliminating B between (66), (77)
By {21 +coscccosh o)+ (coseesinh e —sin eccosh o) }
+7(A/cosh B— D. sinh 8){2 (sin e —sinh &) 4 v (cos et —cosh o)} =0.
(83)
Eliminating B:' between (66), (80) ‘
As(1—cosBcosh B+ sin Bsinh B)+ D:(cos Bsinh 8 —sin Bcosh B)
— 4, (cosB—cosh B) + D, (sinB—sinh 8)=0. (84)
Eliminating 4, between (69), (81)
£{2(sin oo —sinh &) + v (cos ez —cosh o) }
x { 45'(1 —cos Bcosh B+ sin B8sinh B) + D,/ (cos Bsinh B—sin Bcosh B8)}
—2B4"sinB{2(cos e sinhec+ sin ee cosh oc) —y(1 —cos eecosh e) } =0. (85)
Eliminating By between (83), (85)
— D./[25sinBsinh B {2(cosaesinh o +sin eccosh o) — y(1 — cos e cosh o) }
© —&(cosBsinh 8—sin Bcosh B)
X {2(1 4 cos e coshe) 4+ (cos o sinh o — sine cosh )} ]=0. (86)
Eliminating D: between (78), (84)
£ (sinB—sinhB){2(1 + cos o cosh et) +y (coseesinh oe — sin e cosh ez) §
X { — 44 (cos 8—cosh B) + D/ (sin8—sinhB)} +24.sin B
X [£(1 —cos Bcosh B){2(1 + cos e cosh &) + v (cos awsinh ee — sin ewcosh et) }
—n(cosBsinh 8—sin BcoshB)
x {2(cosersinh e+ sin e cosh &) —y(1 —cosoccosh )} ]=0. (87)
Eliminating D. between (79), (87)
n{(sine—sinha) + v (cos e — cosh a) } { Ax(sinh 3 — sin 3)
+ A2'(—2cos Bsinh B+ sinh B cosh 8+ sin B cosh B)
+ D sinh B(sin 8 —sinh B)} + B,/ (cos Bsinh 8—sin Beosh B)
X §{(1 4+ cosecosh o) +v (cosesinh e —sin e cosh o)} =0.  (88)
Eliminating 4. between (87), (88), we find finally
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4n°sin Bsinh B (cos Bsinh 8—sin B cosh B)
X {2(cosesinh e+ sin eccosh &) — (L — cos e cosh ) }?
x {(cosasinh et +sin eccosher) —y(1 — cos o cosh o) }
—En*{2(cosasinh o+ sin et cosh t) —y(1 —cos e cosh e) }
X [(cosBsinh 8 —sin B cosh B)°
% {2(cosecsinher+ sin et cosh o) —y (1 —cos et cosh o)
X {(1+coseccosher) +(cos ecsinh er —sin e cosher) ]
+2{2(cos Bsinh B —sin Bcosh B)° — (sin B —sinh B)*}
X §2(1 + cosecosh o) + y(cos eesinh ce—sin e cosh &) }
X {(coseesinh e 4 sin o cosh &) —y(1 —cosee cosh er) } ]
+2n5%(1 —cosBcosh B)(cos Bsinh B —sin Bcosh B)
X {2(1+ coseacosh ) + y(cosesinh o —sin o cosh o) }
x [{2(cosacsinh ez + sin eecosh o) —y(1 — cos e cosh )}
X {(L-++cosccosha) +y(cosewsinh et —sin ot cosh &) }
+ {2(1+ coseecosha) + 7 (cosecsinh e —sin cccosh e) }
X {(cosasinh ee+sin c.cosh e) —y(1—cos e cosh er) } ]
—&(1—cosBcosh B)*{2(1 4 coseccosh ) +v(cos eesinh ot —sin e cosh o) }2
X {1+coseccosher) +(cosesinh oo —sin eccosh )} =0. (89)

The natural period of the vibrations may be determined from this
equation. We have calculated the three cases of P as follows. (li=1,,

Pz
E1:E2, 651:(12)
p_ 1 1 1
p: 4 2
e <P1p2>%l1{f0r two spans =1-117 1-365 1-73
Bk for inf. no. of spans=1-224 1-429 1-645

It may be scen that the periods of vibrations of the structure with two
spans are approximately equal to those of the structure with an infinite

number of spans. For smaller ratio of £t the value of & for two spans

P2
is somewhat less than that of o for an infinite number of spans, while

for larger ratio of £ the inverse is the case.
P2

IV. Forced Vibrations of Framed Structure of Two Spans.

We take the case where the bottom of each pillar is oscillating
horizontally with amplitude b and with the period —2-777'- Then the

boundary conditions at the bottom ends of the pillars are denoted by
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d’l,h
":0; | =b, =0
e U1 dxl
!
=03 w'=0, dul, =0. (90)
d(l‘l
0. oty
01”—0, U =D. dle—O.

and other conditions are the same as in the preceding case.
Write

2 2 2
— Pattals Mo E.qeims

mihi=e, mol.=p, ﬁp—ss , —=f, 2 2=y,
Faifeimy my Esalsimi

then, from (81), (33)
A:{2(sin oo —sinh &) + v (cos e — cosh &)} — B, {2(cos e +cosh o)
—9(sinoe—sinhe)} = —b(2sinh o+ ycoshe)  (57)
From (84), (35)
C.+ 4,=0. (58")
From (31), (34), (386), we have
EB2+ Ds) + As(sin et + sinh o) — By(cosee—cosh o) = bsinhe:  (59')
From (89)
Az(cos B —cosh B) + B.sin B+ D,sinh 8=0. (60")
From (42), (84), (40)
Ef{— A. (sinB+sinh B) + B.cosB+ Dscosh B} + Ai/(sinet + sinhe)
— By/(cosa—cosh et) =bsinh o (61"
From (82), (87), (38) . '
A (cose 4+ cosh o) + By (sin et 4 sinh o) — 29 4. =l cosh e (62"
From (42), (44)
Ay {(sin e — sinh o) 4+ v (cos et = cosh &)} — By {(cos ot 4 cosh &)
—9(sine—sinh o)} = — b (sinh e+ coshe) (63)
(45), (46) give us
CY + A, =0. (64')
From (42), (45), (47)
(B + D)+ A/ (sine+sinh o) — By (cose—cosha)=0Dsinhea  (65')
From (53)
‘ Ay (cos 8 —cosh 8) + B/sin 8+ D, sinh 8=0. (66"
From (45), (50), (54)
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E{— A (sinB+sinhB) + B, cos B + D, cosh B} + A," (sin e +sinh ct)
— By (cos o. —cosh &t) = b sinh (67')
By means of (43), (41), (48), (49) we find
Ai(cose+cosh o) + By (sine 4 sinh )
+n{A:(cos 3 +cosh B)+ B.sin 8—D.sinh 8—24,'} =bcosh e (68)
From (50), (52)
A4'"{2(sin e —sinh o) + v (cos et —cosh o)}
—B{"{2(cos e 4 cosh o) —y(sine —sinh &) | = — b(2sinho + v cosh r) (69')
TFrom (51), (55), (56)
A" (cos o+ cosh o) + By (sin o + sinh o)
+n{ 4/ (cos B+ cosh B) + B, sin 8— D, sinh 8} =b cosh & (70')
From (61'), (65')
As(sin B +sinh 8) — B.cos 8 — D,cosh 8+ B, + D, =0. (71"
Eliminating 4, between (57'), (59'),
(B:+D2)E{2(sin o —sinh ) + v (cos e — cosh ot ) }
+2B:{2(cosesinh o + sin e cosh ) —y (1 — cos o cosh ) }
=b{4sinesinh e+ v (cosesinh o +sin e cosh )} (72')
Eliminating 4; between (57), (62'),
B {2(1+4cosccosh o) + y (coseesinh o —sin e cosh o)}
— A {2 (sin o —sinh &) + v (cos e — cosh o) }
=b{(cosasinh e +sinacosh a) +ycosacosh e} (73')
Eliminating B, between (727, (78",
(B 4+ D.))E{2(1+ cosccosher) + v (coseesinh e —sin e cosher)} -
+24m{2(cososinh o 4-sin e cosh o) —y(1—cos et cosh e) } ,
= —b{2(sina—sinh &) +(cosot —cosh et} (74')
Eliminating A, between (68'), (65'), we get
(B + D)) E{(sin e —sinh &) 4 (cos o. — cosh o) }
+2By {(coseesinh ot + sin & cosh &) —y (1 — cos e cosh ec)}
=p{2sinesinh o+ 7 (coso sinh et +sinoccosh o)} (75")
Eliminating 4,/ between (63'), (68'),
2B/ {(1 + cosccosh o) + 7 (cos o sinh oc—sin eccosh o) }
+7 {As(cos B+ cosh B) + B.sin 83— Dssinh 8—24,'4
X {(sinot—sinh e) +y (cos e —cosh &) §
=b {(cosasinh e+ sin e cosh a) + 2y cos ecosh e} (76')
Eliminating 4," between (69'), (70",
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2B,"{2(1 + cos et cosh &) + 1y (cos e sinh et — sin eccosh o) }
+n{Ady (cos B+ coshB)+ B, sin 8— D.'sinh B}
X {2 (sin ¢ —sinh o) + 7 (cos . — cosh ex)}
=20 {(cos eesinh ot sin et cosh o) + 7 coseccosh e} (777)
Eliminating B, between (60'), (74"),
D:£ (sin 8- sinh B){2(1 + cos e cosh &)+ 7y (cos ersinh e — sin e cosh o)}
+ A2y sin B {2(cos o sinh e+ sin e cogh e2) — (1 — cos e cosh o) }
—&(cosB—cosh B){2(1 +cos o cosh er) + 7 (cosersinh ee —sin ec cosh oz) }
=—bsinB{2(sinoe—sinh o) +v (cosee—cosh )} (78')
Eliminating B. between (60'), (76'),
B/ {1+ cose.cosher) 4-v (coseesinh oo — sin e cosh er) }
+ 7 (42cosh 8— Dssinh 8— A7) {(sin oo —sinh &) + 7 (cos et — cosh ¢¢) ]
= % b {(cosasinh e+ sinecosh o) + 2y coseccosh et} (79')
Eliminating B. between (60°), (71°),
A»(1—cosBcosh B4 sin Bsinh B) + Dy(cos Bsinh B—sin Bcosh B)
+ (B +DJ)sin 8=0. (80')
Eliminating B, between (66'), (67"),
A:'E(1 —cosBcosh B+ sin Bsinh 8) + D' £ (cos Bsinh B—sin Bcosh B)
—A/"sinB(sin o+ sinhet) + B,/ sin 8 (cos e — cosh ¢z)
, = —bsinBsinh e (81")
Eliminating B.' between (66'), (75'),
£{(sin ¢ —sinh o) + 7y (cos . —cosh er) }
X {4 (cos B—cosh 8)— D'(sin B—sinh )}
—2By'sin B{(coso sinh o + sin e cosh o) —y (1 —cos e cosh er) }
= —bsin B{2sin eesinh o +y(coseesinh e + sin e cosh )} (82)
Eliminating B, between (66'), (77),
 B{"{2(1 + coscccosh &z) 4 v (coseesinh ec—sin eccosh o) }
+7(4: cosh 8— Dy/sinh 8){2 (sint—sinh o) 4y (cos o. —cosh ) }
=b{(cosasinhe+sinccoshe)+ycosecoshe} (83)
Eliminating By between (66%), (80),
As(1—cos B cosh B+ sin Bsinh B) + Do(cos Bsinh B~ sin Beosh B)
— A (cosB—cosh B) 4 D (sin B—sinh B)=0. (84")
Eliminating 4, between (69'), (81'),
£{2(sin ¢ —sinh &) +v (cos « —cosh &) }
X { 4/(1 —cosBcosh B +sin Bsinh B) + D,/ (cos Bsinh 8—sin Bcosh B)}
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—2B,"sin B {2 (cosasinh e +sinecosh o) — (1 —cosccosher) }
= —bsinB{4sinasinh o v (cosasinh e +sinccosh )} (85')
- Eliminating By' between (88'), (85),
A:[2nsin Beosh B{2(cosasinh o+ sinecosh o) —y (1 —coscecosh er) }
+&(1— cos Bcosh B+ sin Bsinh 8)
% {2(1 4 coseecosh &) + 7y (cosesinh o« —sin e cosh er) }]
— D/[29sinBsinhB{2(cos esinhe + sin eecoshet) — (1 — cosecosher) §
—E(cosBsinh B—sinBcosh B)
x {2(14 cosaecosh o) + v (coseesinh e —sin eccosh ee) } ]
. =bsinB {2(sin e« —sinh et) 4+ (cos ot —cosh a)} (86")
Eliminating 1), between (78'), (84'),
£(sinB—sinhB){2(1-+ cosczcosh o) + (cos e sinh.oe —sin eecosh.or) }
X { — Ay (cos 8—cosh 8)+ Dy (sin 8—sinh 8)}
+24,sin B[£(1 —cosBcosh 8) {2(1 + cos o cosh er)
+ v (coseesinh o — sin e cosh &) } —7(cos Bsinh 8 —sin Bcosh 3)
X {2(cosasinh e+ sin e cosh o) —v (1 —cosoccosh o) } ]
=bsinB(cos Bsinh 8—sin Bcosh 8){ 2(sin o —sinh )
+ v (cosoe—cosh er}} (87")
Eliminating D. between (79'), (84",
n{(sino—sinh o) + v (cose~cosh e} } { — A.(sin B —sinh B)
+ 4,/ (—2cosBsinh 8+ sinh Bcosh B8+ sin Bcosh 8)
+ D, sinh B(sin 8—sinh 8)}
+ By (cos Bsinh 8—sin Bcosh B)
x {(1+ cosocosh &) +v(cos o sinh e —sin e cosh et) }
= % b (cosBsinh B8—sin Bcosh B)

X {(cosesinh e+ sin o cosh o) + 2y coscecosh et} (88)
From (82'), (86", (87'), (88') we find the coefficients, By, 4., A,
D;. The other coefficients are derived from these constants thus deter-
mined. The result are shown below.

| i) The denominator of each constant is given by twice the expres-
| sion of (88)

ii) The numerator of ili)l is
47n’sin Bsinh B(cos B8sinh B8 —sin Bcosh 3)
X {2(cosaesinh e +sin e coshe) —y (1 —cosccosh o)}

X {(coseesinh ot 4 sin o cosher) — y(1 —coseccosh er)}
X {4cosasinho—vq (1 —cosecosh e+ sinasinher) }
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+n'E {(sin B—sinh B)(cos Bsinh B8—sin 8 cosh B)
X {2 (coseginh o+ sin o cosh o) —y (1 — coseccosh o) }
X {(sin o —sinh &) + v (cos e — cosh o)}
% {2(cos ot 4-cosh o) —ry (sin oe —sinh o) }
+ 2(sin 8—sinh B)*{2(1 + cosacosh o) + 1y (cos e sinh et — sin e cosh o) }
X {(coseesinh et 4sin e cosh o) — (1 — coscccosh ez) }
x {4cosesinhoe—y(1 —cosccosh o+ sin asinhe) §
— (cos Bsinh B—sin B cosh 3)°
X [4{2(cos eesinh o+ sin eccosh o) — 7 (1 — cos e cosh o) }
X {(cos e sinh o +sin eecosh o) — (1 — cos cwcosh o) §
% {(1+ cos ecosh e —sin eesinh o) —ysin e cosh e
+2{2(1+cosacoshea) + v (cosasinh o — sineccosh o) }
X {(cos e sinh e +sin e cosh o) —y(1 —coseccosh er)
X {dcos e sinh ot —ry (1 —coseecosh e+ sin aesinh ex) }
+ {2(cos aesinh o+ sin o cosh o) — (1 — cos ez cosh o) }
X {(1+4coscacosh o) +y(cosecsinh e —sin e cosh o) }
X {4 cososinha—v (1 —cos o cosh e+ sin eesinh o) } ]}
+9E*(1 —cosBcosh B) { (cos Bsinh B—sin Bcosh B)
% [412(1 + cos e cosh &) + v (coseeginh o — sin o cosh o) }
X {(cosecsinh e+ sineccosh o) — 7 (1 —cos cecosh o) §
X {(1+4 cos e cosh ot —sin e sinh o) — v sin o cosh o}
+2 {2(cosasinh o+ sin o cosh o) —y(1 —cos o cosh o) }
X {(1 4 cosecosh o) + 7 (cos eesinh o — sin ez cosh o)}
X {(1+ cos aecosh e —sin e sinh o) — v sin e cosh e}
+ {2(1 4 cos ctcosh &) + v (cos ersinh et — sin ee cosh ex)}
X §(1 +coscccoshor) + v (cos e sinh o — sin e cosh o) }
X {4coseesinh oe—v (1—cosecosh o +sinesinh )} ]
—(sinB—sinhB3){2(1 + cosoccosh &) 4 7 (cosaesinh e —sin e cosh o) }
X {(sin e —sinhe) +v(cose~cosh ot}
x {2(cos o+ cosh o) —ry (sin o —sinh )} }
—28%(1 —cos Bcosh B)*{2(1 4 cos cccosh &) 4+ v (cosewsinh & — sin e cosh &) }
X {(1 +cosocoshor) v (cosesinh oc — sin eccosh o) }
X {(1 4 coseccosh ot — sinosinh o) — v sin ecosh e}

iti) The numerator of % is

47°sin Bsinh B(cos Bsinh 8 —sin Scosh B)
X { 2(cos eesinh et + sineccosh o) —y (1 — cosacosh er) §
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-~
[So]
5]

x {(cosasinh o + sinoccosh o) —y (1—cosecccosh o) }
X {4sinocsinh o +v (coseesinh e + sin ez cosh o) }
+ nE? {Q(Sinﬁ —sinh B8)*{2(1 + cosacosh o) + v (cos eesinh o2 —sin e cosh &) }
X {(cosasinh e+ sinwcosh o) —v (1 —cos e cosh or) }
X {4sinasinh e+ v (coseesinh e+ sin e cosh o) }
+ (sin 8 —sinh B)(cos Bsinh 8 —sin Bcosh 8)
X {2(cos eesinh e 4 sin cccosh o) —y (1 —cos e coshee) }
X {(sin o —sinh o) 4 (cos ot — cosh e)}
X {2(sin e —sinh &) + y(cos e —cosh o)
—(cos Bsinh B —sin B cosh B)°
x [4{2(cosasinh o 4-sineccosh o) —y(1 —cos cccosher) }
X {(cosesinh o+ sin o cosha) —y(1—cosecosh o)}
X {(cosesinh e 4-sin e cosh o) + v cos e cosh ot}
+212(1 4 coseccosh o) +y (coseesinh o —sin ee cosh ez) }
X {(cosasinh o+ sinacosh a) —y (1 —cos e cosh o)}
X {4sinasinh o4 (cos e sinh e + gin eecosh o) }
+ {2(cosasinh o 4 sin o cosh o) — v (1 — cos o cosh o) }
X {(1 4 cosco cosh o) + 7 (cosoesinh o —sin e cosh o) §
X {4sinesinh e+ (coseesinh et + sin o cosh et) } ]}
+nE(1—cosBcoshB) {(cos Bsinh B —sinBcosh &)
% [4{2(1 +cos ccosh &) + v (cos e sinh e — sin e cosh o) }
x {(cos eesinh e 4+ sinecosh o) —y(1 — cos eecosh o) }
x {(cosasinh e+ sin ecosh &) + v cosccosh ex}
+2{2(cosasinh e + sin e cosh o) —y (1 — cos e cosh o)}
x {(1+cosccosha)+ v (cosesinh oo —sin e cosh o) }
X {(cosasinh e+ sin ot cosh o) -y cos eecosh ot}
+{2(1 +cosecosh o) + v (cosesinh o —sin e cosh o) }
X {(1+ coseccosh o) +v (coseesinh ot — sin e cosh o) }
x {4sinesinh ey (cos e sinhie 4-sin o cosh o) } ]
—(sinB8—sinh B) {2(1 + coseccosh o) + 7 (cos o sinh e — sin e cosh o) }
X {(sino—sinhe) 4+ (cos ot —cosh o) }
x {2 (sine—sinhet) +y(cos e — cosh &) } }
—2E(1 —cosBcosh B)*{2(1 4 cos e cosh e) +v (cos e sinly ot —sin e cosh a) }
X {(1 +coseccosh e) + 7 (cos esinh oe— sin eecosh o) }
X {(cosecsinh et 4 sine cosh o) +v coseccosh e

14
iv) The numerator of A g
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4%°sin Bsinh B (cos Bsinh 8 —sin B cogh B)
x {2(cos eesinh o+ sin et cosh o) —y (1 — cos e cosh o) }
X }2cosaesinh oe—ry(1 —cos e cosh e+ sineesinh o) }
+7°E{2(cosoesinh o + sin eecosh er) — v (1 — cos eecosh e2) }
% [2(cos B sinh 8~ sin B cosh 5)(sin 8 —sinh 8)
% {(coso+ coshe) —y(sin o —sinhet) }
% {2(sin ez — sinh &) + y(cos ot — cosh et) }
—(cosBsinh B8 —sin B cosh B)°
x {2(coseesinh o+ sin eecosh e) —y (1 — cos e cosh ez) }
X {(1+cosecosho—sinasinh ) —2ysinecosh e}
—2{2(cos Bsinh B8 —sin B cosh B)*—(sin 8 —sinh 8)*}
X {2(1+ coseccosh o) + v (coseesinh ec — sin e cosh ee) §
{2cosasinhoc—v (1 —coseccosh e+ sinecsinh e) } ]

+27£°(1—cosBcosh B) {2(1 + cosezcosh &) 4 (cos e sinh et —sin e cosh ex) }
x {(cos Bsinh 8 —sin B cosh B)
*[{2(1+4 coseccosher) + v (coseesinh oe—sin eccosh o) }
X 32cosasinh ot~y (1 —coseccosh o4 sin eesinh o) }
+ {2(cosesinh e 4 sin o cosh o) — v (1 — cos et cosh ) }
X {(1+ cos e cosh ot —sin ecsinh e2) — 2y sin ez cosh ot} ]
—(sinB~sinh B){(cos .+ cosh &) —y (sin e —sinh ez) }
X {2(sin e —sinh ) + v (cos e — cosh ex) } }
—&%(1 —cosBcosh B){2(1 + coseccosh o) + 7 (cos e sinh o —sin e cosh o)}’
x {(1+cosecosh et~ sin e sinh o) — vy sin o cosh e}

By .
v) The numerator of -b—1 is

47”sin Bsinh B (cos Bsinh B—sin Bcosh B)
X {2(cosesinh o+ sin occosh er) —y (1 —cosecosh o) } 2
X {2sinecsinh o+ (cos e sinh o 4 sin e cosh o) }

+7°€ {2(cos eesinh ot - sin e cosh er) —y (1 — cos eecosh o) }
% [2(sin B —sinh 8)(cos 8 sinh 8—sin Bcosh B)
X {2(sin e —sinh o) 4 (cos e —cosh &) }
x {(sin o —sinh &) +y (cos e —cosh o)}
— (cosBsinh B—sin Bcosh B)*
X {2(cosasinh ot ++sin o cosh o) —y (1 — coseecosh er)}
X $(coseesinh et + sin eecosh o) + 2y cos ci cosh oz}
—2{2(cos Bsinh B—sin Bcosh B)* — (sin 8 —sinh B)*}
x {2(1 +coseacosh o) 4y (cosaesinh o2 — sin eccosh o)}
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x {2sinasinh o 4+ (cosecsinh o + sin e cosh ) 1]
—29E%(1— cosBeosh B){ 2(1 + cos e cosher) + 7 (cos eesinh e —sin occosher)
. x {(Sin B—sinh £)§2 (sin ez —sinh o) + 7 (cos e —cosh o) }
X {(sin e — sinh &) + 7 (cos c. — cosh )}
—(cosBsinh B8 —sgin BeoshB) -
X [{2(cos oesinh o + sin o cosh &) —y(1—coseccosh o) |
X {(cosasinhe + sin ecoshet) 4- 27 coseccosh e}
+{2(1 + cos cwcosh o) + y(cosersinh o —sin e cosh ) §
x {2sinasinh o +y(cosasinhe +sinocoshe § ]}
— £5(1—cosBcosh 8){2(1 + cos e cosh &) + 7 (cos awsinho —sin e cosh ez) I
x {(cosasinh e+ sin e cosh ) + 2 coseecosh ]
Vi) A1” =
vil) By'=B;

viii) The numerator of 7 is

—4n*sin Bsinh B (cos Bsinh 8 —sin B cosh B)

x {2(cosasinh o +gin o cosh er) —y(1 —coseecosh o) }

x {(coseacsinh e:+ sineccosh o) — (1 —coseccosh ) §

x {2(sin e —sinh o) -+ (cos & — cosh o) }

+nE[(cosBsinh B—sin Bcosh B)°

x {2 (coscasinh o+ sin e cosh ) —v (1 —coseccosh er) §

x {(14 cosc coshe)+1y (cosesinh e —sine:cosh e
% {2(sin e —sinh e) + 7y (cos e — cosh o) }

+4sin Bsinh 8(1 —cosBcoshB)

% 2(1+cos e cosh o) +y (cosecsinh oo —sineccosh er) }
x {(cosesinh e+ sin e cosh o) — (1 —cosecosh )}
x {2(sino.—sinh &) 477 (cos et — cosh ) §

+(sin 8 —sinh B)(cos Bsinh 8—sin Bcosh B)

% §2(1 +cosocosh o) + v (coseesinh o —sin e cosh o) §
x §2(cosasinh e + sin e cosh o) — (1 —coseccosh )}
X {(sinet—sinh o) +y(coso —cosher) ]

— (1 —cosBcosh B){2(1 + cosacosh o) 4y (cosersinh o —sin e cosh ex)}
% [(cos Bsinh 8—sin Bcosh B)
X {(1+cosccosh o) +v (cosesinh e —sinecosher) §
x {2(sine—sinh o) 4+ (cosoe —cosh er) §
+ (sin B—sinh B) §2(1 + cog o cosh &) +y(cos o sinh e — sin e cosh ez) }

% {(sine.— sinh &) 4 v (Gosee — cosh )]

ix) The numerator of B% is
)

7
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2n*sinh B(cos 3sinh B —sin B cosh B)
> {2(cosecsinh e+ sinocosh o) —y (1—cos e cosher) }
X [{2(cosasinh e +sinecosher) —y(1 —cosecosh o)} ‘
X §(sine —sinh o) 4 v (cos e —cosh &) }
+2cos B{(cosasinh e +sin ewcosh ) — y(1 — cos e cosh ox) }
X {2(sin ot —sinhet) +v (cosee — cosh ) } ]

— &[4 cos Bsinh B(1 — cos B cosh B)
X {2(1+cosecosha) + (cosesinh o —sineccosh o) }
X {(cosecsinh o+ sinoccosh o) —y (1 —cos e cosh o) }
X {2(sin e —sinh &) +v(cos o~ cosh o)}
-+ {2sinh B (1 —cos 3cosh B) +(cos Bsinh B —sin Bcosh B) cos B — coshB)}
X {2(1 4 cos accosh ) +y(cosacsinh oc—sin o cosh ez) }
x {2(cosersinh e+ sin et cosh o) —y(1 —cos o cosh o) }
X {(sinee—sinhe) +v(cosoc — cosh e2)}
+ (1 —cosBcosh B8—sin Bsinh B8)(cos Bsinh 8— sin B cosh B)
X {2(cosesinh e + sineccosh o) —y(1 —cose cosh ) }
X {(1+ cose cosh o) + v (cos eesinh o —sin ez cosh o)l
x §2(sin ee—sinh ot) +y(cos e — cosher) } ]
+&(1—cosBcosh B8)} 2(1 + cosaccosh o) + v(cos e sinh ot — sin o cosh o)}
X [(cos B—cosh i5){2(1 + coseccosh et) +1y (cos e sinh e — sin ot cosh o)}
X {(sin et —sinhet) + v (cos e — cosh et)}
+ (1—cos B cosh B —sin Bsinh @)
X {(1+4coseccoshet) 4 y(cosersinh e —sin ez cosh o) }
x {2(sine —sinh o) + v (cos e — cosh o) } ]

2

x) The numerator of % is

—27°sin B(cos Bsinh 8 — sin Beosh B)
X {2(cosacsinh e +sineccosh o) —y (1 —cos e cosh o) }
x [{2(cosecsinhie + sine cosh o) —y(1—coseccosh o) -
x {(sinec—sinhes) +v (cosa —cosh er) |
+2cosh B{(cososinh e + sincccosh er) —y (1 —cos e cosh ex) }
X {2(sin ot —sinh o) -y (cos e —cosh &) } ]
+n&[4sin Bcosh B(1—cosBcosh B)
X {2(1+ cosaccosh o) +y(cosesinh e —sin e cosh o) }
X }(cosesinh o 4 sin e cosh er) —y(1—cos eccosh ) }
X §2(sine—sinh o) + v (cos e —cosh ex) }

+ {(cosB—cosh B)(cos Bsinh 8 —sin Bcosh B) + 2sin B(1—cos B cosh B) }
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x {2(1 +cosocosh e) 4 B (cosesinh o —sin eecoshee) } -
% {2(cosetsinh e +sin e cosh o) —y(1— coseecosh ee) }
X {(sinee—sinh o) +v(cosc: —cosh er) }
—(1—cosBcosh B+ sinBsinh B)(cosBsinh 8 —sin Bcosh B)
X {2(cosesinh e+ sin e cosh &) —y (1 — cos et cosh o) }
X $(1+cosecoshoee) +v (coseesinhoe —sinccosh o) }
x {2(sine —sinh o) 4+ (cosoe — coshee) } ]

+&(1 —cosBcosh B){2(1 + cosecosher) +y(coseesinh e —sin e cosh er) §
X [(1 —cosBcosh B+ sinBsinh B)
% {(1+4cosccosh o) +y(cososinh e —sin cecoshee)
X {2(sinoc —sinh o) 4 (cos e — cosh o) }
—(cos B—cosh B)§2(1 + cosccosh o) +y(cos e sinh oe —sin etcosh o) }
x {(sin e —sinh ) + y{cosoe—cosh o) } ]

’

xi) The numerator of i%"’— is

— 2%°sin Bsinh B(cos Bsinh B8 — sinBcosh B)
% {2(cosesinh e+ sineccosh o) —y(1 — coseccosh o) }2
X {(sinet—sinhe) 4 y(cosor —cosher) §

+n£{2(cosasinh e+ sinocosh &) — y(1 —cosccosh ) |
x [(sin 8—sinh B) (cosBsinh 8 —sin Bcosh B)
X §(1+cosccoshe) +y(cosaesinh oo —sineccosh o)}
% §2(sin oz —sinh ) + 1y (cosoe —cosh o) }
+ §2sin Bsinh B(1 —cos Bcosh 8) + (cos Bsinh B8 —sin Bcosh B)*}
x §2(1 4 cosccosher) +y(cosasinh e —sinaecosh er) }
x {(sino—sinhe) + v (cosoe —coshe) } ]

—£(1 —~cosBcosh B){2(1 4 cosecosh ee) -+ y(coseesinh ee —sin e cosh o) §
«[(sinB—sinh B){(1+ cosccoshee) 4y (cosesinh oe — sine cosh o) §
X {2 (sinc —sinh &)+ (cosew —coshee) §
+ (cosBsinh B8 —sinBcosh B)
x {2(1 + cosecosher) + v (cosesinh o — sin e cosh o) §

X {(sine—sinhe) + v (cosee—cosh o) }]
/
xii) The numerator of IZ— is

2n°sinh B(cos Bsinh B —sin Bcosh B)
x {2(cosesinh e+ sin eccosh o) — 7 (1~ cosecosh ez) }
X [cosB{2(cosasinh et 4 sin e cosh o) — v (1 — cos ewcosh o) }
x {(sine—sinh &) + v (cose. — cosh &) }
4+ 2§(coseesinh ot 4+ sineccosh o) —y (1.— cos o cosh ex)}

~1
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x §2(sin o —sinh e) -y (cosee—cosh e) } ]
—nE[4sinh B(1—cosBcosh B) .
x {2(1 + coseccosh o) + v (coseesinh e —sin e cosh ez) }
x {(cosasinh e +sin eccosh o) —y (1 —coseecosh er)}
x {2 (sin e —sinh o) 4y (cose: — cosh ) }
+ {4 cosBsinh B(1—cosBcosh B) + (sin B—sinh B)(cos B—cosh B) }
x {2 1+coseccosher) + v (cososinh oo —sin e cosh e}
X {2(cosasinh e+ sinacoshe) —y (1~ coseccosh er) |
X {(sinee—sinh ) +y(cos e —cosh er) }
+ (cos 8—cosh B)(cos Bsinh B —sin Beosh B)
X {2(coseesinh oo+ sin eccosh o) — (1 — cos eecosh )}
% {(14coseccoshe) +v(cosesinhoe—sineccosh er) }
X {2 (sin e —sinh o) + v (cos e —cosh &)} ]
+&(1 —cosBcosh B){2(1 4 coscccosh o) + v (cosersinh e — sin e cosh o)}
X [(1 —cosBcosh B—sinBsinh B)
X {2(1+ coseccosh o) + 7y (coseesinh e — sin eccosh ee) }
X {(sinee—sinhe) +v (cose.—cosh ex) }
+ (cosB—cosh 8) {(1 + cosczcosh &) +y (coseesinh o —sin e cosh ) !

X {2(sinoc—sinh e) + oy (cos et — cosh o) } ]
14
xiii) The numerator of lzi is

— 27°sin B(cos Bsinh 8 —sin Bcosh B)
X {2(coseesinh e+ sin eccosh o) —y (1 —coseccosh o) }
% [coshB{2(cosasinh e +sin cecosh o) — oy (1 —coseccosh o) }
X {(sino.—sinh &) 4 (cos e — cosh ez) }
+2{(cosasinh e +sin eccosh o) — v (1 — cos e cosh o) }
X {2(sinoc—sinher) 4+ (cos e —cosher) } ]
+ 1[4 sin B(1 —cosBcosh B)
X {2(14cosecosher) +v(coseesinh et —sineecosh o) }
% {(coseesinh ot + sin o cosh o) — y(1 — cos o cosh o)}
% {2(sin ot ~sinh ) +v(cosoc —cosh ez) }
+ {4sinBcosh B(1 —cosBcosh B) 4 (sin B—sinh 8) (cos 8 — cosh B}
X {2(1 + cosezcosh ez) + v (cose:sinh ot —sin ezcosh er) }
X {2(cosesinh e +sinocosher) —y (1 —cose cosh ar)}
X {(sinee—sinh &) 4y (cosee —cosh &)}

+ (cos B —cosh B)(cosBsinh B —sin Beosh B)
X {2(cosasinh e 4 sin e cosh o) —y (1 —cos e cosh o) }
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% {(1 4 coseccosher) +y(cosersinho.—sineccosh er) §
X {2(sine —sinh ) +v (cosee—coshe) ]
+E(1—cosBcosh B){2(1 +cosacoshat) +(cosesinh e —sin eecosh o) .
% [(1 —cosBcosh B 4 sinBsinh B)
x {2(1+ cosocosh o)+ v (cososinh e —sin e cosh ) §
% {(sino—sinhe) + 7 (cos e — cosh ) §
—(cosB—coshB){(1+cosacoshe)+7(cosasinhe—sineccoshe)}
x {2(sino —sinhe) 4+ v (cosoe —cosh ) ]
The general expressions of the displacements of all members are
1= { A1 (cos myey — cosh myz:) + By (sin my —sinhimges) jeosp't,
y = { 4/ (cosmz,' — coshnz,') + By (sin ] —sinhmyy”)}cos p't,
"= { A" (cos myzy" — cosh myay'") + By (sin myay " —sinh myay”') { cos Pt
o= { A:(cosm.rs—cosh maws) -+ Bzsin maz, + Desinh maz: jcosp't,
v = { A/ (cos mars — coshmaz’) + By sinmezs + Dy sinhmer,’Jcosp't.

As an example of calculation we have taken up the case p [ =1,
oo=1 and plotted the result in the following figure. From this result,
it may be seen that the distribution of the displacement is the same as
that in the case of the framed structure with an infinite number of spans.
The transverse deflection of the beam is very small in comparison with that
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Fig. 36. 2=1, =1
P2
of the pillar. This fact has been found also in the case of the structure
of infinite number of spans. At any rate, it is not without importance
that the natural periods as well as the deformation due to forced vibra-
tion of a framed structure with two spans are the same as those of the
structure with an infinite number of spans. It is clear that the case of
three or more spans far approximates to that of the infinite number of
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spans, so that it seems that the treatment of the case of an infinite
number of spans covers practically all the problems of horizontal vibrations
of framed structures with any number (larger than two) of spang in
general,
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