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1. The present paper is the continuation of our research work on
the determination of the possible range of free oscillations of strata due
to seismic disturbances and deals with the case where primary seismic
waves are incident upwards normally to doubly stratified layers residing
on the surface of a semi-infinite body.

As to the thicknesses, densities and elastic constants of two layers
and the bottom medium, we have employed the results of investigations
due to a certain degree to Dr. Matuzawa® ete., and completely to Prof.
Imamura® ete.. These are approximated as follows.

Layer ’lhxckness l Dens1ty} 1 for P\\‘L\es i P f01 S-Waves

Upper ldyel (Gramtxc) I~ H= 20kn ! P’ i 50 km/sec ‘ 315 km/sec
Second layer (Basaltic) ' H=30km |p'=30 | 61 km/sec ‘ 3:70 km/sec
Bottom medlum(Ultmlmsxc) oo j p=35 } 75 km/sec | 445 km/sec

2. Let p,x, u be the density and elastic
constants of the bottom solid, p’,\’, p’ those of

the second layer of thickness H and p”,\", p* 7P /l/‘/// /

those of the first or upper layer of thickness X /l' \\ HE50km
H'—H. Again, let u,w’, v be the respective H= 30k'" N

displacements in the bottom medium, the 1

second layer and the fiest layer; then the Mﬂq‘/// W
equations of motion of each mediwm are written

as follows : Fig. 1.

I T ’\IATUAAW A, K. Yamapa and T. Svzuki, *On the Forerunners of Earthquake-
motions (The Second Paper),” Bull. Far rthq. Res. Tnst., T(1929), 241-260.

2) A. Imamura, F. KisaivouvE and T. Koparra, “The Effect of Superficial Sedi-
mentary Layers upon the Transmission of Seismic Waves,” DBull. Barthq. I'es. Insts T
(1929), 471-487, (in Japanese).
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where Fi=(\+2p)fp, Vi=(\'+2p)[p", Vi=(\"+2p")[p" for dilatational

waves and Vi=plp, Vi=p'[p, V%:/L"/p" for distortional waves. The
typical solutions of these equations are expressed by
'll':(fih(rll_z)+ACHL(V“+Z),
wW=BMVED L QM (2)
uu:‘Deih"(rns—x)+Ecm"(x'gz+m),

where 4, B,C, D, E are arbitrary constants and 7, 2’ and 27 have the
meaning such that

h=p[Vi, W=p|V: W' =p|Vs....c.c.....(8)
in which p[27 is the frequency of waves.
The boundary conditions at the planes, x=0, a=H, 2=H’ are as
follows :

2=0; wu=uv, (7\+2p)?—=()\'+2p')a—u,
‘ » |for dilata-
e=H; w=u", (\N+2u )a“ = +2u? Hional  (4)
T |waves,
T:H’; (7\‘11 _*_ 2#’//)&’___0’
ox
. , 8u , o’
’l::.O ; U=1u, = —,
av ox
p=IT: w=u’, W o _ M,,Zjuv_" ’ for distortional %)
o ox waves.
a 44
v=H'" w2 =0. J

Substituting (2) in (4) and (5) by means of (3), and using the fol-
lowing notations:

VP W) _l/p"ov' +2u") |
(M +2p) W)

..(6)
:l/ P2 V POV +20)
NV +2u7) PN +2u)
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for dilatational waves; and

YT Vi
al/PM’aI/P#’

)i oY%

for distortional waves, we find finally

(1—0e) (1 + o )GRAERC~ID) 2BRIT 4 (1 +- o)1 — e’ Ye¥BEMUI'~ID) - (1 — o) 1 — o ) 2B 4 (1 + o)1+ o)
(1_,_0‘)(1.;_0‘ )cQIﬁﬁfn(H'-H)g?LﬂhH+(1 o) (l—ce')e"[ﬁﬁ'h‘(u’ H)+(l+oc) 1-¢ )ezlﬂlzll+(l oc)(1+o¢ )

(7

2{(1 + o' )e2BBMI! 1 (] — o' )o2BLIT}
(1 + fx‘(l +o! )6 nﬁﬁ’h(ll'—ll}enﬁhu_f. (1 “)(1 —c )e-nﬁﬂ'n (Hr=1) + (1 +Ot)(1 —c )cfiphll +(1 — oe)(l + (x') ’

0{(1 o )e‘.’tﬁﬂ’h(ll’-ll) +(1+e' )}

O oX Lt o YR~ T 0 (1 = e L—oF )e2PE I =D 4 (14 o)1~ o' ) e2Bh 4 (1~ e X1+ o' )’

. .(10)
42IBBIN i BRIN(L— ")
(1.,.0,)(1_,.0‘ V2B = H) 2B 4 (] — cr)(1 — o ")UEBRU =) - (14 ce (1 — ') 2 BRH 4 (1~ )1+ er') '
...

42iBLII(1-B")
_(1+oe)(1+oc')e5’555'"(’1’—11)e 2UBRH (1 — o )(1~ o' Ye2BBRUI ~ID) - (14 o)1 — ¢ )e?iﬂ"”+(1 ee)14e') ”

.................... (12)
In the special case where o’=1, 8'=1 we find
—(L—e)+ (1+o)o " e (®)
(o) (1—o)e
2 o
:(1+oc)+(1—oc)c‘“ﬁ"”' y e (9)
o Q=B | ’ ' (10')
(14 o) + (1L — o)~ 2B00
= 2 e (AT)
(1 +a)+ A —aye 2"
9p-2iBNI . (12,)

Qo) b (g
These are coincident with the result which one® of us obtained a few
years ago.

Decomposing v in (2) into primary waves u; and reflected waves us,
and applying Fourier’s integral we get

3) K. Sezawa, “Possibility of the Free-oscillations of the Surface- -layer excited by
the Seismic-waves,” Buill. Earthq. Res. Inst., 8 (1930), 1—11.
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= f “dh f Ho)e O e, L (13)
2m —o0 —00

1o [(L—oe)(1+oe)e2PENAN =D 2IBMH 4 (] + o)1 — — o )2BB NI =1 (] — ¢ )(1— w')eQ’B’L”+(1+oz)(l+oc')]
U= o) o (Tt a1+ o YRIBBIUL = HDGBRTT (1 — ce)(1 o' Jo2 BB =D (1 + oe)(1— ') XM A-(1— oe)(1+oe')

% f f(o..)eih(l’lt-px-l-u),[o-, (14)

, 1 (e {(1+ 02BN (1~ oo’ )e2BLIY (]
W= o1 o)1 4 o' YeRBBRT T 2RI (1= o)1 — o )BT (1 oo )(1—or' ) eHiBM T (1~ ee)(1 +¢')
x f f(U') cfﬁrt\l'zt-x+F)(10
-0
1 [ {(1— NGB =D (140} A

T r ) (T o)1+ o )RR = H0G2BRE 4. (1 — )1 —o YRR =T 4 (1 4 er)( 1= Y EP ek )
% f f\a') eiﬁh(v’gf+;r+‘-ﬂ‘)do, (15)

.2 (e BB BN -8 ],
U o1 oL o )GHPE I QBT {(1 — oL o' )oHPRTCH =) (14 0eXL = o) P 4-(1 a1+ )
x fwf(o-) JRh V“‘"“EE’)(IO'
)
2 f > elBAII-B)],
o1 oo XL+ 00! )oBPRC 13 GAE §(1 = ce)( 1 — o )eMBBIY =10 4 (1+ e X1 — e )M+ (1 — oeX 1+ or')

x fmf(o') ;BB (I'3""m+?27)(la', (16)

where the initial condition
t=0; wo=flz) ... (A7)

for the primary waves is applied.
Again, the integrand under the first integral sign of cach first term
of the right-hand side of (16) is transformed as follows

CHBBIATL BRI~ B7)
(1)1 _Hx')cfiﬁﬁ'h,(n'—11)6‘_’13/:,/14_(1_w)u_oc VBRI =11) 4 (1 + oe)(1 ~ o' )2 B (1 ~ e 1+’ )
oBRIFB =1)
T (o)1 o)+ (1 = ceXT— o Je= 2Bl 4 (1 + )1 — o' )= 21BB R =10 4 (1 — o)1 -+ o' Yo = 2HBHBI 111 =Be 11 1) ?

elBAIQ-p7)
(1 o)L+ oo BB = 021 4 (1 — o)1 — o )aBBBMC" =11 +(1 + o)1 — e )eHBRIT -+ (1 — )1 + ')
oIBR (B I =28 11"~ 11)
(It oeX T+ o)+ (1 — )L —ce’ o= 2B 4 (14 el L —oe' o= HBBNUI = 1) 4 (1~ (1 +of' Yo~ HBMB 117 =BrH+ 1) *

The proper expansion of the factor corresponding to the denominator of
the above expressions becomes :
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I+ )1 +e)+A—ea)(d—o)e B 4 (14 a)(L—o o =0pmer-in
+ (1 _ oL)(l + a/)e.—zlﬁnrﬁ»lﬂ- ﬁ'm-m} -1

n

< 2 !
() ) (=1

M=) ne=0

7

> ! (A=) (A= )" ™" opetpomyrrangr 1= vy (20)
ey 1) ! (‘n __p) ! (1 + a)m—p(l + a/)rn-{-p—n
When we put

m

M :(1+oc)“(1+a')‘1§:(—1)’;”>_:—””—2 ! ..(21)

— = nl(m—n)l E)v!‘(n——p)i '
the expression (16) of the displacement of the upper layer becomes

- 2 fm (l—a‘lm—p(l—04’))IL+))—ncll4ﬂ:(2')-2m—l)Il+(211+1)B'll-2nﬁ'l]')dh
= AR G _ .
7dee (L) (L)

X f off(o-)cfﬁﬁ ""(r“'—”'é)da-

o

(o™ (1 4ol
Xfoi,j(o-)ciﬂﬁ’/r(l's’,+r+*ﬁ*ﬁj)do_' B (22)

—-00

2 %0 1 — a Ne=-p 1 _al m+p—-n . e .
+. Af ﬂ[&_ h ) o ,,(_ - ) e (,'h,ﬁ\(.’p—';’m—1)II+(2n+1);3'1[-2(n+1)5'l[ )dh
T oo

3. Let the form of the primary waves when t=0, that proceed
upwards, be

U1 == COS CX,\ [—a<z<0] ’
=0, [0>2] . (29)
=0; [—a<a] [
. then, integrating (13) and (22) with respect to o, and again integrating

with respect to ., we obtain the expressions of the displacement of the
primary waves for any time and of the vibratory movement of the upper
| layer as follows :

wm=cos ¢(Vit—2), [(Vit—a)<z< Ifl”’

=0, [Tht<w] 5» e (29)
‘ =0; [(Vit—a)>2]
=, m |
"=d(14+ o) (14 a)! —1)" o om!
K (L+e) ) Zﬂ’( ) _Zn nl (m—mn)!
TLﬁ v/)'L! ) (l—a)1ﬁl—))(1—a’)711+11—7l f({))l, 71,]3)

= 2)!(n_17)1 (1+oc)m,—p(1+ur)rn+p—n
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xcoscB{B (Vit—a)+2p—2m—-1)H+Cn+ 1) H-228'"H’}
I
+4(1+ o) (1 + m > M
( L +a) Z( ) ;n!(m—n)!
% n! (L — )™ 2(1 — o/ )+e-n
1:4—-0'19! (,n —P)' (1 + a)1n—17(1+ al)m+p-n
x cos ¢B{B (Vit+z)+(2p—2m—1)H+2n+ 1) I —2(n+1)8 H’},

9

p(m, n, p)

o ..(25)
where flm,n,p)=1 H Pt 4 (2p —2m —1)H+ (2n+ 1) H—- 2/1/3 H’}
) ’ BI
. { - {(gp —2m—1)H+2n+ 1) H—-208H LH
' g BB’
=0, [{ Vg (Zp=2m—1)H~+ (?él + DBH‘_QJLB;II} < m]
o, [P 2D DI 20Ty )
i i ks
@(m,n,p)=1 [ — { Vit + (2p —2m —1DH +(2n+1)8H—2(n ,"T!)B’I_I'}
3 ) 3 )8'
<g { Vg (2p—2m—1)H+(2n+1)8' 1T —2(n+ I)B'Hf__L}]
B BB
-0 [ { Vt+(2p—‘7m —DH+2n+1)8H—2(n+1)8 I['} ]
b Br
—o [~ {2 DI DI 20 £ DS _ ) )
B, [33,

The values of uy at =0 and " at x=H" (free surface) are plotted
in Figs. 2, 3, 4, 5, 6, 7, 8, 9, 10, 11. In these figures Figs. 2, 3, 4, 5,
6, are related to the transmission of dilatational waves so that the values
77="7-5km[sec, Vo=6"1km/[sec, 3=50km/scc were used in these cases;
while Figs. 7, 8,9, 10, 11 are concerned with the propagation of distor-

tional waves so that the values V3=4'45km/sec, Vo=370km/sec, Vo=

. . 2ar
815 km/sec were employed. Fig. 2 gives the case of wave length L=="
c

=10km, and similarly Fig.3 L=40km; Fig.4 L=60km; Fig.5 L=
100km ; Fig.6 L=150km. The remaining figures correspond with the
propagation of distortional waves and Fig. 7 gives the case of wave length

—27 _Gkm; Fig.8 L=24km; Fig.9 L=36km; Fig.10 [=60km;

¢
Fig. 11 L=90km. In all cases we have assumed that a=2L.



Part 2] Possibility of Free Oscillations of Strata. 279

4. Lect the form of the primary waves when ¢=0, that proceed
upwards, be

2

W=C it .. ..(26)

then, integrating (12) and (21) with respect to o, and again integrating
with respect to h, we get the expressions of the displacement of the
primary waves for any time and of the movement of the upper layer as
follows : ' '

_(Tt=-m)2
wWw=e¢ % ., i (20)

and

s\ - < mn < !
v =414+ o) (1 +) 1‘Z:(—l) Zn—'(:—;—_?)—’

% > n! (1 _ oc)m-i)(l . al)m-i-p—n
= I) ! (7L __p)l (1+oc)m—p(l_i_oc')m-)-p-n

- BB T3 =)+ (2Zn—2m— l)7[+(2n+1)5'I/—-?nﬁ'"';z

Xe 2

cf_‘ m '
FA4L+e) A +e) D (=) > T
( ) ) ,,,Z_U'( )n._ZU"v:,!(ﬂL—n)Y

n nl (1__06)711-1) (1 . d')m-i—p—n

X,,;Q pln—p)! A+e)" (L 4o/ )"
—B2B/ (Vat+2)+(2p—2m =DIT+ {20+’ [T-2(n+1)B7 11732
Xe c2 . (28)

The fact, that the expressions of displacements in (25), (28) are of
series forms, is not only due to mathematical convenience, but also due
to the nature that the series forms indicate the successive formation of
the groups of waves by the multiple reflection at the discontinuities.

The values of w; at =0 and «” at a=H" (free surface) are plotted
in Figs. 12, 13, 14, 15, 16, 17, 18,19, 20, 21. In these figures Figs. 12,
13, 14, 15, 16 give the cases of dilatational waves and correspond respec-
tively to the cases of ¢=5km, 20km, 30km, 50 km, 75 km ; while Figs.
17,18, 19, 20, 21 those of distortional waves and correspond respectively
to the cases ¢=8km, 12km, 18 km, 30 km, 45 km.

5. It will be seen from these figures that, even when the primary
waves are of a regular harmonic type or of a type of a single shock,
the movements on the surface of the ground are oscillatory in complicated
forms as in the cases of preceding papers. These complicated oscillations,
however, may be separated in successive groups, each of which corres-
ponds to the effect of reflection of waves at each discontinuous surface
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of the layer. Thus, the periodicity of occurrence of the successive groups
depends on the thicknesses of the strata and on the proper velocities in
these strata. In the present case, too, the successive groups become
smaller and smaller. The intermittence or overlapping of the groups of
oscillations according with the ratio of the thicknesses of strata to the
length of disturbed portion abides also by the same law as shown in
preceding papers.

When the primary disturbance is of a regular harmonic type of a
finite extent, each group of the oscillations at the surface may be
gencrally identified by the small steps superposed on the principal oscil-
latory movement, while in the case of the primary disturbance of a type
of a single shock, all fluctuating amplitudes at the surface may be taken
as the respective groups. Irom this consideration it may be concluded
that, though in the case of the primary disturbance of the type of a
single shock the vibratory movements on the surface indicate the sign
of free oscillations of strata, the oscillations on the surface due to
primary waves of some oscillatory type are by no means the consequence
of self-oscillations of the strata, but each interval between small steps
superposed on the principal vibrations corresponds, indeed, with the
period of free oscillations of a stratum or of strata.

In actual seismic waves the primary disturbance, cither of a pure
harmonic type or of a single shock, is of rare occurrence and some
intermediate type of disturbance between the above two cases are expected
to take place, so that the category belonging to cach individual case
would not be of a perfect use. As, however, the two cases give critical
types of the free-oscillations of strata, it seems possible that the moving
type of the ground in general may also be intermediate between the
above two. :

6. This article is not directly connected with the main part of the
present paper. The problem of the transmission of dilatational disturbance
of a harmonic type of a finite extent in a body having a single surface
layer was dealt with as a supplement to one” of our preceding papers.

Let the axis of  be drawn upwards from the lower boundary of a
surface layer, and let « be the displacement of the bottom medium and
p, N, p the density and Lamé’s elastic constants of this medium. The
similar displacement, density and elastic constants of the surface layer of
thickness I are to be expressed by «/, p', N, #/. In the same manner

4) K. Sezawa, loc. cit., in foot note 3).
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of mathematical treatment as in the preceding paper” we arrive at

111—9— dh-[_wf(o')cm”"”_“”)da, B ¢21¢)]

g

m+1 o
Z ( 1)m<1 OC> f /_2imﬁhlldh/‘ f(o_)clll,(l'lt+x+a)da

~77"m 0

e o I I o S0 da, fasa]. (30)

IIL 0

u”z‘LZ( )m (1 OL)m fw/—‘-’lmﬁhlld]] f(o*)clﬁh Jat- "’+*‘) do

T =0 (1+°[’)m+]
n (1 u) © sl I Iﬁll,(l’zt+:r+»‘.’.)
( 1) (1+ @)™ ¢ dh f(o‘)c \ #ldo, [a<1]
T =0 e
..(8D)
m4+l o0 ©
Ug= — c)l Z(%%) f e dR f(")Clh‘an“ﬂ)d‘T
LT me=o o — 00 -
1 ov—1\" SICER Y ” (Vyt+z+a) N 171(82
smilag) LT T, (11 62)
T m=0 - -

u':—%——%%{l—“ j: me_z“"‘s’""d]z[ mf(o-)clm(w"“'ﬁ)da

_L j (05—1)m lfwc—zi(mﬂ)ﬁhlldh f( ) 15"\P2'+x+' )dzr, [OC>1] (33)
T =0 (05’*‘1)”“- -

VIZI/H%, szl/_%’ﬁ?#f_, h=p|V:,
P P

o= )ERTD, o[0T
PO+20) PV +24)
w is incident waves, u, reflected waves in the bottom medium and flz)

is the type of the original waves. Now we take the initial disturbance
of the type,

where

.. (34)

t=0; fla)=coscx, [—a<x<Q] ............(35)
then, substituting this in (29), (30), (31), (32), (33), we find

w=cosc(Vit—z), [(Vit—a)<a< Vil]
=0, [(Vit<z] .. (36)
=0, - [(Nt—a)>=] ]

5) K. 8Ezawa, loc. cit., in foot note 3).
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Us —Z, f(m)( 1)’”(1 a) cos ¢( Vit +o—2mBH)

m=0

—I—Z(pm) 1)m( a) cos o] Vit +z—2(m+1)BHY,.. .. ..(37)

M=0
where

fm)=1, [=(Vii—2mB8H)<z< —(Vit—2mBH —a)]
=0, [—(Vit—2mBH)>x]
=0, [—(Vit—2mBH—a)<z]
pm)=1, [—{Vit—2m+1)BH}<z<—{Vii—2(m+1)BH—a}]
=0, [—{Vi—2(m+1)BH}>x]
=0, [—{Viu—2(m+1)BH—a}<z]

70:92_,.7”(7”)( 1)m(1 =) o 08 ¢B( Vot —x—2mH)

— (1 )m+1
+‘)Z(p(m)( 1)"1((11 °;2n+1005 o8 Vet +x—2(m+1)H},.. ..(35)

where

fm)=1, ~(V.ﬂs—zmlﬂr)>x><1/215—2771111—.%)]

=0, [Vii—2mH)<x]

=0, (Vzt—‘ZmH—C—L> x]
L B

gn)=1, [—iVi—2m+1)H}<z< - {V,t—Q(mH)H—E”
=0, [—{Vzt—2(7n+1)H}>x]
=0. [— { V;t—?(m-{-l)f[—%} < ’L]
A few numerical examples are shown in IMigs. 22, 23, 24, 25, 26,
27. In Figs. 22, 23, 24 the cases of II:%, H=L, H=2L, besides the
condition that oc=—;4 B=1, ¢=2L in common, are plotted respectively,
while in Figs. 25, 26, 27 the cases of H—%, H=L, H=2L, besides
the conditions that e=2, B=1, @=2L in common, are illustrated.
In conclusion we are indebted to Dr. Nasu who has shown us the

proper values of the constants due to Prof. Imamura and Prof. Matu-
zawa concerning the strata of the ground.
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Fig. 2. V=7-5km/sec, V,=61km/sec, 73=5'0km/sec, L=10km.
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Fig. 3. T1=7"5km/see, Vo=61km/sce, Vi=50km/sec, L=40km.
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Fig. 18. V,=7-5km/sec, V,=61km/sec, V2=50km/sec, ¢=20km.
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