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1. Due to Professor M. Ishimoto,” there arc mauy pockets of
magma in the interior of the crust of the carth and these cavities play
an important réle on the occurrence of an earthquake. Thus we think
that it may be some importance to investigate the strength of these
pockets or cavities under the gravitating body force of the crust.

Professor N. Yamaguti” studied the stress distribution in the vicinity
of a horizontal circular hole in a gravitating elastic solid for the pur-
pose of investigating the strength of a horizontal tunnel. Recently Dr.
T. Sugihara® also studied the stress distribution in the neighbourhood
of a shaft or of a inclined drift in a gravitating solid with some ap-
proximations. But the problem referring to a spherical cavity has not
yet been studied.

We shall study, in the first part of this paper, the stress distribu-
tion in the neighbourhood of a spherical cavity in the interior of the
gravitating semi-infinite elastic solid. In the second part the stress
distributions in the neighbourhood of a spherical cavity in a infinite
elastic solid under the uniform shearing force are investigated.

2. In the present study, the spherical coordinates (r, 8, ¢) are used.
The density and the gravity constant are taken to be p and g. Let the
origin O of the coordinates be at the centre of a spherical cavity of the
radius @, and the distance from O to the upper horizontal surface of
solid be z. TFig. 1 indicates the relation between the spherical coordi-
nates (r,8,¢) and the rectangular coordinates (x,%,z). Let u,,w be the
components of displacement in the directions of radius 7, co-latitude
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0, and azimuth ¢, and oA), 0’9 ¢>’<¥>
the normal components of traction,
76 oq,'>, 0¢> the shearing components of
stress with regard to the spherical
coordinates. Again, let «’,v,w be
the components of displacement in
the dnectlons of z,y, and z, and w,
Y, ~z the 1101111‘11 components of stress
and xy, yz, Zwthe shearing components
of stress respectively. -

Now the top surface (z=2,) of the
solid is horizontal, and therefore there
is no variation of the azimuthal com- x
ponents of displacement and stress. Fig. 1.

Then the stress equations of the cquilibrium of the solid in the gravi-
tating field are e\pressed by
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The normal components of stress, 'rr, ee,qsgb and the shearing com-
ponent of stress 78 are expressed in the following forms :
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where A and p are the Lamé’s elastic constants of the solid.
In equation (1), we substitute for the components of stress the ex-

pression (2); and we thus obtain the following equations :
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where
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Among the particular solutions satisfying (3), we take the following
particluar solution which is favourable to the present study :

(r*u sin 9)+——(m sin 6) }}
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.. (5)
2w=0, J
where Pi(cosd) is the Zonal Harmonics of the first order.
Next we must obtain the complementary solutions of (3) which are
necessary to satisfy the boundary conditions of the solid. Now we obtain
the following equation, using the equations (3), after some reductions :
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We obtain the following solutions of (6) casily :

4= {Ao + —A:“:}Po(cos )+ {Aw + %}Pl(cose)

+{on +*}P(0036)+{Ag7+ lP;(cosﬁ), D

where do, A, 41, AY, sy A, A5y A/ are the arbitrary constants, and
Py(cos 6), Pfcos8), Ps(cos ) are the Zonal Harmonics of zero, second
and third order.

Using (7), we obtain the following forms of 2= which are the
particular solutions of (8):
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Now we find the following two differential equations in relation to -
u,v, 4 and 2z after some reductions from the relations expressed by (4):
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Substituting the relations (5) for the expressions of 4 and 2z in
the equation (9), we obtain the following particular solutions of (9):
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Next, substituting the expression '(5) of 4 and 2=, and v expressed
by (11), for the expressions of 4, 2w, and 7’y in equation (10), we find
the particular solution #vsin @ of (10) in the following forms :
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Substituting (7) and (8) for the expression of 4 and 2= in the

right-hand term of the equation (9), we obtain the following particular
solution of (9):
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Substituting (7) and (8) and (13) for the expressions of 4, 2% and

ru in equation (10), we obtain the particular solution v sin 6 of (10) in
the following forms:
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As the complementary solutions of the equation (9) we obtain the
following expressions of s*u which are favourable to the present study:
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ru= —Cy Pycosd) + [0114";%01']131(0059)

+[2?~3 3-20/] (cos())+[3;4C; 64} (cost), . (15)
P T

where Cy', Gy, €Y, Co, C7, C; and Cy are the arbitrary constants which may
be determined by the boundary conditions.

Corresponding to 7% expressed by (15), we obtain the following
particular solutions of rv sin6 from the equation (10):
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For obtaining the solutions of u and v expressed by (11), (12), (13),
(14), (15) and (16), we used the following relations about the Zonal

Harmonics :
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The general solutions of u and v expressed by (11), (12), (13), (14),
(15), (16) satisfy, of course,. the equation of equilibrium of the elastic
solid (3). Using these general expressions of dlsp]acement we find the
general expressions of the compounents of stress 77, 60, ¢p and 78 as in
the following forms :
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The general expressions of the components of stresses thus obtained
satisfy, of course, the equations of equilibrium of the elastic body under
the gravitating field expressed by (1).

Using these general expressions of displacement and traction, we
shall study the problem on the effect of an internal spherical cavity
on the stresses of the gravitating semi-infinite elastic solid.

Next referring to Fig. 1, we have the following expressions of the
components of displacement and stress which are the solutions of the
gravitating semi-infinite elastic solid having no cavity in its interior :

C=v'=0, w=—"%_ (—22 .. ... .. ..(22
(2 ) 2()\.—{-2/1:)( 0 )J ( )
WYY = o pg(z0—2), l
zz=—py(a0 —2), J

=yz=zr=0.

These expressions satisfy, of course, the following conditions : the normal
and the tangential components of stress zz, yz, and zx vanish at the free
surface z=z, and the stress at any point in the gravitating solid
increases according to the increase of the position from the upper surface
of the solid. .

‘When we transform the components of displacement and stress
expressed by (22), (23) into the components of displacement and stress
in the polar coordinates (r, 8, ¢), we have the following forms of them:
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The expressions (24), (25) are favourable to the study of the equili-
brium of the gravitating semi-infinite solid containing no cavity as we
have previously stated.

Now, the boundary conditions of the present problem are as follows :

1. The surface of the spherical cavity is free from traction.

2. The displacement and the stress at the whole space far from the
spherical cavity in the solid are equal to the ones expressed by (24)
and (25).

These are denoted by

re=a; =0, $0=0. .. .. ... .. ............(26)
r=00; wu=u expressed by (24),
sl
PP=1r ” 5 (25),
G- . ) (”) ; .(27)
r@=v8 noon

Using the expressions of displacement (11), (12), (18), (14), (15), (16)
and that of stress (18), (19), (20), (21) which are the general solutions of
the equation of the equilibrium (1) or (3), and also the conditions (26)
and (27), we find the following values of the arbitrary constants :

From (26) ;
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Substituting these values (28), (29) for CY, 45, Y, A/, €Y', C/, A's, Ci,
Cuy Aoy dyy 4ay A3, Csy A, in the expressions (11), (12), (13), (14), (15), (16),
(18), (19), (20), (21), we obtain the final results which are favourable to
the present study as follows :
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~ Using these formulae, we rewrite the final solutions (30), (31), (32),
(33), (84), (85) in the following forms which are more or less convenient

for the study of the natures of the equilibrium in the interior of the
solid :
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+ [ o 15wpgzead’ 15p(N + plpgzoa’ ‘]00s29
A+ ‘m) (9>\ +1dpl® | (- 2m) (N + 14p)’
of o SBwegar  _ 85eO+m)pga’ ]co 36, ... (41
[ 2+ 2) (19N + 261)r" 20\ + 2u)(19N 4 261)s° > ()
i [ e ppga’ (26N +19p)pgd’
20 + ‘)/L) 3(>x+2/»)r'" GO+ 20) (19N + 26p)5*
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15#(7\+#)P(}((7 ] . [ " 5#(37\4_2“)[)0%“3
: sin@+ - - F —pgzg4 2FA2L T 2E)PTz
20+ 200 A9+ 2600 ] [t 20 O 2O 4 L)y
_ 24pO - mpgze” '_]Smgg + [_,, B g TSN+ Tuogd”
(N4 2p)(ON + 14ph? 2+ 20) T 2004 20) (19N + 260 )
TSpN+ p)pga’ ] .o
——[sin36. .. ... 492
200+ 20) AN+ 26| - (42)

These equations shew wus the distributions of displacement and
stress in the solid of two kinds: one of which is in a plane-symmetry
with respect to the plane §==[2, and the other is unsymmetrical about
that plane. The former corresponds to the distributions of displacement
and stress in a elastic solid having a spherical cavity due to the
uniform compression pgz, at infinity, and the latter corresponds to the
different distributions of displacement and stress.

For asertaining the distributions of displacement and stress in the
solid, we take the following numerical example. In this example, we
tentatively assume that A=gp, the poisson’s ratio=1/4, and «fz=1/5.
The units of displacement and stress are taken pgzi/5p and pgz, respec-
tively. Under these assumptions, we have the six tables in which the
displacement and stress corresponding to the values of 7ja« and 6 are.
tabulated. (Table I, II, III, IV, V, VL)

The values in these tables are also illustrated in six figures. (Fig.
2, 3,4, 5,6, 7.) The parameter of each curve in these figures is 7/a,
while the abscissa of the same figures is the angle of the colatitude 6
and the ordinates of the curves represent the magnitude of components
of displacement and stress of which the units are pgzi5u and pgz, respec-
tively.

From these figures it may be seen that the tractions in the solid
are distributed symmetrically about the vertical axis (=0) and unsym-
metrically with respect to the plane z=0 passing the origin, and thus
the tractions on the surface of the spherical cavity is largest on the circle
of r[a=1, §:=100°. It may also be seen that the component of stress 59,
which is the compression on the surface of the cavity in this case, is
larger than the other components of the stress on this surface. In this
numerical examples, all the components of stress have the negative sign
(compression), but in the other cases where zfa is small and the pois-
son’s ratio is less than that of this example, the stress in some portions
(at the regions of #=0°, §=180°) of spherical surface of the cavity has
the positive sign (tension).
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As we have discussed, 66 on the surface of the cavity is the important

component of stress on the failure of the cavity. We shall sﬁldy the
properties of the component 66,.. in detail.
We write 89, when A=g, on the surface of the cavity in the follow-
ing form :
00s101= — 0-979 pyzo+0-44dpga cosh
+0°870pgz, c0s20—0-778pga cos36. .. .. ....(43)

Using this equation, we get the result as in the {following table (Table
VII) which gives us the magnitudes of 66,..in cases of z/a=3, 5,7, 9,
and 10, the unit of the magnitude of stress being taken pga.

Table VII gives us the following two figures. (Iig. 8 and 9.) The
unit of stress 0’5,.56, in these figures is taken to be pga. N

Irig. 8§ and 9 indicate us that the maximum magnitude of 66,., occurs
in the vicinity of §=90°—~100°. Again, 86,., increases linearly with the
increase of depth of the centre of cavity from the upper surface of the
elastic solid. The rate of increcase of 66,.. with the depth, therefore, is
maximum at =90°~100°

Table 1. Table I1.
Magnitude of the component) of Magnitude of the componentz of
<displacement w. Unit=92C . ) (displacement v. Unit=2%". >
5 5p
~_ rla o S rfa
| 1 2 2 4 N,‘ 1 2 3 4
0 027 012 | —-0-18 | —0'39 o ! 0 0 0 0
10° 027 012 | -012| -037 10° - —0(4| -005| —002 0
20° 028 015 -009 | —034 20° —008| —010| —005 | 001
30° 0-29 016 | —0'05 | —0-29 30° | —=015| —017{ —009 | —003
45° 029 0-21 003 | —017 45°  ~027 | —029| =019, —010
60° 027 0-21 010 | —004 60° | ~045| —046| —036 | —0-26
70° 019 018 011 002 700 —0'59 | —0'59 | —050 | —0-42
80° 0-09 012 009 004 80° —073 | -073| —-067 | —062
90° —-003 0-01 001 0 90° | —0:87| ~086| —085| —085
100° —020| —015 | —0-14 | —013 100° —-099| -098| —102| -108
1107 —-041 | -036] ~035! —0'35 110° —~107 | —-1:05 | —1-16 | —1-29
120° —064 | =059 | —062| —064 120° | —109 | —108 | —1'23 | —1'43
135° =102 | -104] —-105 | —1-2 135° -101} —-101}| —-1-21 | —145
150° —-133| --135| —154| —1'77 150° —0:78 | ~079 | —098 | —1-20
160° ~150 ; —1'53 | -178 | -2:07 160° —-056 | —056| -071| —088
170° =160 | —166 | —-194 | --2:28 170° —029 | 029 | —-037| —-046
180° -164] -170 | —199 | —235 180° 0 0 0 0
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Table IIT.

and T. TAKAYAMA.

stress #r. Unit=pgzo.
~Z 'r/a

o | 1 2 3 4
0° 0 —040 | —0'33 | —0-17
10° 0 —040 | —0'34 ! —0-18
20° 0 -040 7 —0:35 | —021
30° 0 —-040 | —036 | —024
45° 0 —039| —036 | —028
60° 0 —037 | —0384| —030
70° 0 —035| —0'33| —0'30
80° 0 —035| —033| —0-31
90° 0 —036 | —035| —0'34
100° 0 —039 | —040 | —041
110° 0 —045 | —049 | —0'53
120° 0 =054 —~063 | —069
135° 0 —072 | —090 | —1'02
150° 0 —-087| —1-19 | —1.38
160° 0 =097 | —1'85 | —1-57
170° 0 -105 | —146| —1-70
180° 0 —108 | —150 | —1'75

Table V.

(Md«nitude of the component

@tresg ngb Unit= pgm

=
0\\ 1 ’ 2
0° | —010 | —0-28
10° | —011 1 —028
20° | —0'14 | —0-24
30° | —019 | —025
4° | —028 | —(-26
60° | —0-89 | —028
70° | —046 | —0-30
80° | —051 | —0-32
90’ | —054 | —0-34
100° —0'55 —0'37
11° | —053, —0-39
120° | —048| —042
185° | —0:87 | —0-45
150° | —024 ! —048
160° | —018 ! —0-50
170° 1 —013 | —051
180° ‘ ~0~11i —051

0

4

51 —008

—0:08
—0-09
—0-11
—015
—0-20
—0-24
—0:29
—~0:33
~0-38
—043
—047
—052
—0'57
—059

- —060

—061

Table IV.

[(Vol. X,

(Magniggde of the component of)
stress 6. Unit=pgzo.

ey 2 3 4
RN o

0° | —017| —028| —0'15 | —0-07
10° | —021 ! —095 | —016 | —008
20° | —030 ! —029 | —019 | —0-11
80° | —047 | —0'87 | —026 | —0-16
45° | —081 | —052 | —040 | —0-30
60° | —121 | —072 | —0'60 | —0-51
70° | —~148 | —085 —075| —068
80° | ~171| —097 | —089 | —0-85
90° | —1:85! —1:06 | —1:01 | —1:00
100° | ~1:89  —111 | —1-10 | —1-12
116° | ~181  ~111 | ~113 | —1'18
120° | ~161 | —106 | —1:10 | ~1-17
185° | =115 | —091 | —097 | —105
150° | —062| —072 | —0-78 | —0-85
166° | —0-32 ’ —06l | —066| —0:73
170° | —0-11 ‘ —053 | —058| —064
180° | =004 —051 | =055 -0l

Table V1.

<’\Ia"mtude of the ¢omponent of)

shesq 76. Umt pa‘o

9
00
10°
20°
30°
45°
60°
706°
80°
90°

100°
11¢°
120
185°
1500
160°
170°
180°

S 7/a i

OOOOOOOO:

—
<

OO OO OO0

I o

o

008
015
0-21
027
026
0-21
012
001

—012
—0-25
--0'36
—0'45
—0-41
—031
~017

4

0 0
005 003
010 006
0-15 010
0-20 015
021 018
018 016
011 0-10

0 0
—0-18 | —013
—026 | —0238
—~0'38 | —041
—048 | —0'52
—045 i —0-49
—0'34 1 —0-38
—018 . —021

0o | 0
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~1

Table VII. (The magnitude of 66,... Unit= pya.)

\0\\—\?\"{‘\’ 3 5 | 7 9 T
e I I

o —066 —0-88 - 110 — 182 — 142
10° —072 —1-04 — 182 — 169 — 185
20° —091 —1-54 — 216 — 278 — 309
30° —1-25 —2:34 — 342 — 452 — 506
45° —2:07 —4-03 — 600 ~ 795 — 893
60° -394 | —607 — 890 —1172 —18-14
700 —411 | =740 —10-70 —1399 | —1563
80° —492 ~852 —12:16 ~1571 | —17'50
9° | =555 —9:25 —12:94 —1664 | —1849
1000 | —585 —945 —~13:09 —16'64 ., —1843
110° —576 —905 —12:25 —1564 | —17-20
120° —~52 —807 —10-90 —1372 | —1514
185° —380 —~576 — 772 - 968 | —1065
150° —2-02 —311 — 419 — 52 | — 582
160° —0'97 —159 | - 221 —284 | - 315
170° | —025 —057 | — 084 —- 121 | - 138
180° —001 —0-21 1 — 045 — 065 i — 076

-—0 —0
06 30 6y o on /50 /180 aa&’ i 60° 0 /20 150" /8
= I— 3
by, m— -06 %

/.
\\/Z/
-0€ 1.2

\ Fig. 3.
2

; Conep Gl P
_/8 3 [Mag_,mtude of v, A=p, P unit= 5 ]
4
-24
Fig. 2.
. _ a 1 ., _ POEOE
[Mngmtude of u, A=p, = unit= i ]
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3. When the gravitating solid is incompressible, the displacement
and the stress are formulated in the following forms :

ap \r )’

.. (44)
p=_PI% ls1n€
6p v
and
— r a/ﬂ
rr=pgz| —1+ ( > ] +pgzo[-—- —- ]cos(),
L 2o 20’1
8=y oo,
pgeo| —1 ( >]+P97 cosé . (45)
(ﬁ’%: ngo —1'< > ] -+ Pg’)’cose, j

70=0.

It can be seen from the equations (45) that when the gravitating
solid is incompressible, the interior of solid is maintained in hydrostatic
pressure. The stress on the surface of cavity is compressive, and when
the depth of the centre of cavity from the top surface of solid is very
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deep, and @<z, the stress components on the surface of cavity are
approximately expressed by the following

equations : <

9’5,,2,!: —%P‘(/z“, " ]/\/v\/\’\ K((Z/
e .. (408)

¢’;br=f,b"—" _%P{/ZO- [

4. In the preceding sections, we have
studied the stress distributions in a semi-
infinite elastic gravitating solid having a
spherical cavity in its interior. Now, we

shall study the case where the semi-infinite
gravitating solid containing a spherical
cavity is subjected to a uniform simple shear.
As the problem in this case becomes natur-
ally free from gravitating body force, it is sufficient to study the case
where the body is strained by the uniform shear. We can obtain the
problem of the acutual case by superposing the results thus obtained
on those of the preceding sections.

Referring to Fig. 10, we assume that the solid having a sphirical
cavity of radius « is subjected to a uniform simple shear :*

CY=S. 4D

The equations of ecquilibrium of clastic solid referring to spherical
coordinates arc as follows :

Tig. 10.

a4 or 3(sinfmy) 2u O
A4 2u) Il 2 O Eely o T
( # dr »sin@ 80 psing o¢

104 2u Om,  2u A(rmy)
Apop)t 04 2w Ome 2w Hrm)
( #) ¢ 00 rsing o + P or

/ . Q .
1 94 _ 2p80m) , 2 9w _ )

rsing o or 90

bl

...(48)

S U

(A +2u)

where

4) Professor Love studied the same problem, using the rectangular coordinates, yeb
I have fully studied the problem in spherieal coordinates in order to get the solutions
congruent with that of the preceding sections. Love, The mathematical theory of Flus-
ticity, 4th ed, 252.

-1
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4= jné’p —(: 1w sind) + () v 51116’)+ :}5 (r u)]
1
Qmp=- T [ (;wsm())——() v)]
7in @

» . (49)

2,70_ ‘1_ [ 91( ? (r;"u! Sil'l 9)] 3
7 sind ?gb or

24 :_[__( )__0_” ] '

Using (48), (49), we have to obtain the general expressions of dis-
placement and stress which are favourable to the present study.

Now we can obtain the following two cquations concerning to 4 and
rm,. from (48) after some reductions :

2 - 2
R i(SmHa—"—) A dde, L (s0)
or't o or  ¥sing 90 20/ 1%ind 84)‘
2( o 2 Iy . ,
6’(7&3,)+_3(7m)_{ 1 0 (Slea()m)> 1 ) =0. (51)
or' r ar | 1'sind 20 20 ’sin 9(}5

The solutions of (50), (51), which are necessary for the present study,
are expresed by

= [A‘r'z +f—1:f]l)§(cost9) sin?;b,.v. (52

9"
5 - b) B’ 2( na . . =0
_’,mr——[])?' -|———‘4 ]P.g(cose) cos2p, .. ... 0 ... (B8

where P2 (cosf) is the associated function of m™ order and »™ degree,

and A, A’, B, B’ are the arbitrary constants to be determined by the
boundary conditions.

Substituting the expressions (52), (53) for 4 and 2=, in the equations
(48), we can obtain the following forms of 2z and 2wy :

dg= 2NN (A e }P{(ggsﬁ) 0526
M L3 27} sind
(i g o2, G
2
V= — (A +2u) { _}% }8]’ cosO) i, o s
122 b3
+ {L"r—3 n }1 o009, (53)
3 ¢t} sind

Now, we can find the following three equations concerning rw sing,
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u, v sind, 4, 2m,, 2my, 2my :
9 {7.2,9,(?‘30_5,199)} PR S {gmg 2 (rwsind) } _1_&(rwsin)
or

or sin @ 90 a0 sin"d  o¢*
—W%-}-»j:lb-ﬁ(sm 0 w,) — 2<1n9* (r"me), ....(B6)
62 2 d { . 68(9"%) 1 (%)
ey 's1n€ 20 U 20 } P sin*0 ¢
2/ 3&7,; Grd
——— —-(sind — L (BT
o ( 4 sin 0 H(Qm me) + sind aqb (57)
_3_{,)_28(%- s1n9)}+ ’1 i{sinﬁ aﬁ(ﬂ;ﬁsig@} 1
o1 or sind 00 o0 sin’0 34>
(%) 20w,
2 cosf—~— = 04)—2 2 9— S
+2 cos P sm9 39( in*0 4)—2r ¢+ sin (r°mg). (58)

Substituting (52), (53), (54), (55) for 4, 2@, 2uwe, 2w, in the equations
(56), (57), we obtain the particuhr solutions concerning 7w sinf and % :

rsingd = {(57\'4‘ /PL) Y + 1 4 }P (COSQ) COS‘)¢‘

21
{Br + = B }sneap (CQ§——co $2¢, ..........(59)
20
ru=—{2 s ("’l‘:'-'ﬁéf)—A'}P:f,(cose)sin %. ......(60)
7 (7

For obtaining these solutions, use has been made of the following
relations concerning the associated functions :

2
J_ {sine an(COSG)}: 4

P3(cos) —6 sinfP3(cosf),

20 20 sinf
2o It i o L)
+cosf Pﬁ(cose)} —}-EQS—HPZ( ).
The complementary solutions of (56) and (57) are of the forms :
720 sin€=2{0r2 +%—}P§(cos€) cos2p, ..........(82)
{20@ OC} HcosO) sin2p, .. ..........(63)

were (, C’ are also the arbitrary constants.

-
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Substituting (52), (53), (55), (60), (63) for 4, 2@,, 2z, and 7* in the
equation of (58), we obtain the following particular solutions which are
favourable to our present study:

ppsinf= — {(57\'—+'7E2A74 ‘J- }Sll’ 19 A AC0RY) aPz(COSG) @in ‘)¢
42p ()/ 00

{l) P+ Jz_} ¥(cos6) sin 2p

+ {mn%} sin 9?1~210(9°59) V2 o (6d)

Using the general expressions of the components of displacement
(59), (60), (62), (63) and (64), we formulate the components of stress
7, 66‘ ¢¢, 90 9¢, 0¢ in the following forms”

= {%7'211 + (9?\-‘:,10#) : f{ ~+4pC+ 'A—“C’ '} P3(cosh) sin 2¢, .. (65) -
9‘ ”

{ (3]

(9?):{5’7&117-2 K. 1' L dp0— Gf‘c }Pz(cose) sin 26

_{(,5};51 ”)1 b 2#0—2—,5’“0’}"'—9'55,’959—)sin 2, (66)
21 r 7 o0

¢’$ — { %\;_ At — 4, L+ ApC— GI‘:? }Pfj(cos{?) sin 2¢

P3(cosh) .

4(5x+zp,) E 4# A —8uC—8p Y| L8O o
+{ 21 * 7 o"”} sin0 sin 2¢
+{_§M)4A B4 0+““0'}cowa£§(——c°59)sinz¢
21 99
. .(67)
o (AT 2 ("xg?“) a~2u0t5p 0 }"'P oPeost) o4
.. ..(68)
f"(; _ {2(7?&1'_7’_1'_)_‘1 +('~’7\'+ 2"") 1’ O+,1§MV_O’}EE(_C_9§Q_)COS 2¢)’
21 P sin@
.. (69)
— = - ’ 2
P { 21 " T3 A rou0 4 ~’}ae sing )52

+{(o7\+lﬂ') At + F' A 2#0__2_&}&’50 (cosf) cos 2¢
21 7 ) sinf

5) In these expre«smns we omit the terms concerning to I3 from the nature of our
problem.
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[ M)
~I
N

(BA+Tu) (2, p A ') 1 aricosh)
_fOAETB) b A oo _}__ (C086) s 9p.
{ o1 ATty UGG e
L (T0)

Now the boundary conditions which arce necessray for the present
case are as follows:

r=a; =0, 10=0, rp=0, .. .. ... ... ......(71)
r=00; rr=Ssin‘@sin2p,
6= cos0 sin 2,

bp=— 8 sin 2,
f)”r9=~§—sin 26 sin 2¢,

5

7°

o':l\) =S sind cos 2¢,
0}: =8 cosd cos 2¢.

The conditions expressed by (71) mean that the surface of the
spherical cavity is free from tractions, and the conditions (72) has the
significance that the portions in the solid far from cavity arc subjected
to the uniform simple shear expressed by (47).

We find the following values of arbitrary constants in the expres-
sions (65), (66), (67), (68), (69), (70) from the boundary conditions (71),
(72):

_ S
12u°
o OFmSe sy
ou(In+14p) O+ 14p) )

B=1"=0, 4=0, C

Substituting these values in the general expressions of displaccment
and: stress (59), (60), (62), (63), (64), (65), (66), (67), (68), (69), (70), we
obtain the final results as follows :

o 5 (Ba+b5p) 8 3 (A+p) @) e . ~
,,ZAS{L+;7(‘MAE77—~“-—777*- -wf«w--}Pg cosf) sin 2, .. (74
! 6p 6 pw(ONF1dp) * 2 w(ON4-14p) 4 (cos6) ‘ 12, - (7)

7 5 1 « 1 (A4+p) ) oP3(cosh) . -
,.:S{_’_ L _} 2 sin 2, .. (75
! 12 6 (On4+14p) +* 2 p(ON 4 14p) 44 20 qS (7

. ~ - 3 n 2 .
rmzs{ v 5L ) ‘—‘}J??QQQEQ)cos %, ....(76)

G 3 (ON+14p) 2 w(ON+14p) +') sind
— 5 (0 - 3 ) ' 5 . . —

Pr= S’%i—'—) (% + :10/—‘) £ ;—1—5(7\'———"- #) i;}Pé(COSG) sin 2, ......(77)

3 S (ONF14p) +* (IN+14p) +° 4
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679:9‘{1 10 l 60 +p) aﬁ}slnoﬁb
(O +14p) +* TN+ ) P

~ 1 5u @ T +p) « .
s{-L, o @ PicosO)sin 2, . (78
+ { 5 VSNt ) 7 (O 1dp) 7 i Hcosb)sin 24, . (78)

~ 10x (/" GIN+p) )
:s{_1_», O in 2
e (ON-+14p) 2 (9N 14p) o}“l ¢

«
(On+14p) +° (ON+14p) #

} HeosB)sin 2¢, .. ......(7T9)
=s(Ly S t2w) o AOER) PO 004, .....(50

S{ bp ((”_ 5(n+p)

6 6(9N+14p) o° (9>\+ 14p) »
b — S{ S(BN+2p) @ SA4p) a
13 39+ 14#) 7" (())\.+ 14/.0) 7
5 o1 Su o (A+p) o) 1 aP: H(cosh) 5
0bp—=S{ "~ £ + LA e0s 2 52)
? { + SOn4-14p) +* (‘n +14p) ¥ } poo

Pieosthoosop, ... ... .(51)
sinf

sinf 90

We understand from these final expressions of displacement and
stress that the displacement and the stress are expressed by Tesseral
Harmonics of second order and second degree.

Tor the purpose of knowing the distributions of stress more fully,
we take the following numerical example. Putting A= in the expres-
sions (77), (78), (79), (80), (81), (S2), we obtain the results in the tables
in which the displacement and the stress corresponding to different values
of #[a and @ are tabulated. (Table VIII, IX, X, XI, XII, XIIT, X1V,
XV, XVIL)

These tables also indicate us the following figures. (Fig. 10, 11, 12,

184, 18b, 14a, 14Db, 15a, 15b, 16a, 16b, 17a, 17b, 18a, 18b).

Trom these tables and figures, we understand that the region
effected Ly the presence of a spherical cavity is limited in the boundary
region of that cavity and the effective radius is approximately 4a from
the centre of the cavity, and stress component 66,.. is larger than the
other components on the surface of cavity.

The values of 8 on the surface of cavity, when A=y, is of the fol-
lowing form :

1()

60, .. S%ln 2¢ —r~ AS c0s20 sin2¢. .....(83)

The expression (%) gives us the results shown in the following
tables, in which the magnitudes of 99 -a are tabulated for different values

of 8 and ¢. (Table XVIIL.)
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At =0, $=45°, or =0, $=225° the tension stress is 1.957 §, and
at =0, $=185°, or =0, ¢ =3815° the compression stress is 1-957 S.

Table VIII. Table IX.
(Magnitude of u, unit=% sin 24, A= ;1.) (Magnitude of =, unit=% sin 2¢, A= ;t.)

rla S rfa
0° 008 0:03 0-02 0-01 0° 0 0 0 0
10° 010 0-07 006 007 10° 017 018 026 034
20° 0-18 017 020 0-25 20° 0-32 0-34 049 0:65
30° 029 0-32 0-41 0-52 - 30° 0-42 0°46 066 0-87
45° 0-49 060 0-80 1-03 45° 049 0-53 076 1:00
60° ! 070 088 1-19 1.54 60° 0.42 046 066 0-87
70° ‘ 0-81 1-03 1-40 1-81 70° 0-32 0-34 0-49 0-65
80° 0'88 1'13 1-53 1-99 80° 0-17 018 0.26 0-34
90° 1 090 ‘ 1-17 1-58 205 90° 0 0 0 0
Table X.
(Magnitude of w, unit:%z cos 2P, A= ;z.)
~_rla o
9 \\" 1 2 3 4
0° 0 0 0 0
10° 017 0-19 027 035
20° 0-33 037 052 069
30° 049 053 077 1-01
45° 0-69 076 1-08 1-42
60° 085 093 1°32 175
70° 0-92 1-01 144 1-89
80° 0-96 1-05 1-51 1-99
90° 0-98 107 1-53 2:02
Table XT.
(Magnitude of ;;, unit=Ssin 24, A=p.)
\9\3"(“ 100 105 | 11| 12| 1-25| 1'5|1:75| 20| 251275| 80| 851375 40
0° 0| 0 0 0 0 0 0 0 0 0 0 0 0 0
10° 0 002 0-03 003
20° 0 007 0-70 0-11
30° | 0 015 0-22 024
45° 0 | —005{ —0'08 - 0.07|—~0'04] 0°10 | 0-21| 0-29| 0-:39 | 0-41 | 0-43 | 0-46 | 0°46 047
60° | 0 044 0-65 070
70° 0 051 0-76 0-83
80° 0 0-56 0-83 0-91
90° 0|-010—016{—013 —0'07 0-19 | 0-42 | 058 | 0-78 | 0-82| 0-86 0911 093] 0094




Part 2,

] Lffect of Cavity on the Equilibrium of Solid. 377
Table XII.
(Magnitude of 51\9, unit=Ssin 2¢, A=pu.)
\97\/“ 1o | 11 | 1es | 15 | 175 | 2o | 25| 30 | 85| 40
0° 196 1-65 139 | 119 111 107 | 1003| 102 | 101! 101
10° 1-88 104 0-99 098
20° 1'65 095 0-90 089
30° 1-80 0-81 077 0-76
45° 065, 066 065 060 058 0-56 | 053 | 052 | 051 | 051
60° 0 030 027 0-26
700 | -085 016 014 013
80° | —0-58 0-07 005 003
90° | 065 ~033 ~010 | 001 005 004 | 003 002 | 00l | 001
"Table XIII.
(Magnitude of ¢’n}>, unit=Scos 2¢, A=p.)
;\3{‘\‘ 0 | 11 | 12 | 1% | 15 | 175 | 20 | 25 | 80 | 85 | 40
0° | =196 | ~1'65 —1'46 —~1'39, —1-20' —1-11 —1°07| —1-08 —1-02| —1-01] —1-01
10° | ~1-98 | —107 —1-02 —1-01
20° | —208 L —-107 ~1-02 —1-01
30° | —2412 I —1-06 -1:01 ~1-01
457 1 —228 | —181] ~154 —14 —1-19, —~1:09, —1:05| —102] ~1:01| —101| —1:00
60° | —245 | —104 ~1:00 —1:00
70° | —253 | —1:03 -1-00 ~1-00
80° | —259 1 -1:03 —1-00 -1-00
90° | —261 | —1-97| —1-61 _1'491 —1'18 ~1:07 —103| —1:01} —~1:00, —1'00, —1-00
— - — L | — ————— - ,,7‘,,, —
Table XIV.
(Magnitude of 7":\9, unit=Ssin 26, A=p.)
gl o S T s e y
9\\ 0| 11 12 | 19 | 15 | 175 20 | 26 30 | 35 40
0| 0 0 0 0 0 0 0 0 0 0 0
10°| 0 018 018 017
20° | 0 | 035 033 33
30° | 0 ; 046 0-45 044
451 0 026 040 04| 052 054] 054 053] 052 051 051
60° | 0 ! 046 045 044
70° | 0 i 035 0-33 033
80° | 0 ; 018 0-18 017
90° | 0 0] o 0 0| o0 i 0 0 0 0 0
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Table XV.
(Magnitude of vr’({:, unit=_Scos 24, A=p.)
e lio] 11 1-2 15 175 | 20 |25 30 35 | 40
0 1 - R 1
0 |0 0 o | 0 0 0 0 0 0 0
10° | 0 ; ' 019 | 0-18 0-18
20° 0 } 0-87 ; 085 0-35.
50° | 0 ; 051 | 053 051
45 | 0] 082 | 056 | 074 | C76 | 076 | 074 | 073 | 072 | 072
60° | 0 1 0-93 0-89 088
700 | 0 101 | 097 096
80° | 0 ' 1-06 1-02 L 100
o | 0| o052 | o079 | 105 | 108 | 107 ‘ 105 | 108 | 102 | 102
Table XVI.
(Magnitude of 97;(1, unit =S ecos 2p, A=p.)
> V}W ) '\ - i - "
) el 1o 1] 12 1 15| 20 | 25 | 80 z 85 | 40
o | 1383 | 103 08L| 077 | 057 | 045 | 041 ‘ 039 | 03 | 038
10° 1-82 | 0-44 L 039 038
90° 125 042 | 087 0-36
30° 115 0:39 } 054 0-33
15° 094 | 075 | 059 | 054 040 | 031 | 029 = 098 | 027 | 097
60° 067 0-22 L0020 019
70° | 046 015 L 014 013
80° | 023 008 Y007 007
90° | 0 0 0 0 0 0 0 0 0 0
Table XVII.
(Magnitude of 00,2a)
:i\i\:” e f 7 ”760" 7 90 ﬁlfzo*ﬁ
= 1
0° o ! 0 0 0
45 19578 | 0 —078 0
90° o | 0 | 0
185° —1-0578 0 078 0
18(° 0 :‘ 0 | 0
225° 19578 ! 0 -078 | 0
2700 | 0 0 0
|
315° —1-957 0 078 ! 0
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6. We have studied the stress distribution in the neighbourhood
of a spherical cavity in two cases; onc of them is the equilibrium of
the spherical cavity in a semi-infinite gravitating elastic solid, and the
other is the cquilibrium of the spherical cavity in an infinite elastic
solid due to the uniform simple shear. The one may throw some lights
on the mechanisms of the occurrence of an carthquake, and the other
may give some clew to the investigations of the effect of a cavity in a
semi-infinite gravitating elastic solid under dynamical forces.

‘We will mention some results obtained from the caleulations :

1. The stress distribution in the neighbourhood of the inner surface
of the cavity in a gravitating semi-infinite solid is different for diffcrent
depth of the cavity from the top surface of the solid, and is affected by
the dimensions of the cavity. The poisson’s ratio is also effective upon
the stress distribution in the solid.

2. The magnitude of stress at a point on the surface of cavity is
proportional to the depth of the centre of the cavity from the upper
surface of the solid.

3. The rate of increase of stress with depth of the cavity is different
at different point of the surface of the cavity. The rate is maximum at
the cquator of the surface of the cavity.

4. At the equator of the surface of the cavity, the stress is com-
pressive and is larger than the other components of tractions at the
surface. :

5. Some components of stress at the top and the bottom portions
of the surface of cavity are tensile in the case of shallow cavity and
small poisson’s ratio, though their absolute magnitudes are very small.

6. When the gravitating semi-infinite elastic solid is incompressible,
the interior of solid is maintained in hydrostatic pressure. The stresses

on the surface of cavity are compression only. When the depth of the
centre of the cavity from the upper surface of the solid is very deep,
the stress components (68, ¢pp) on the surface of cavity are approximately
expressed by —3[2pgz.

7. When an infinite solid having a spherical cavity is subjected
to a uniform simple shear, the traction is accumulated on the surface

“of cavity, and the region cffected by the presence of cavity is limited
in the boundary region of that cavity, and the effective radiug from the
centre of the cavity is approximately four times the radius of the cavity.

In conclusion, the present aunthors must express their sincere thanks
to Professor I{. Sezawa for his kind guidance.
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