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1. It is well-ascertained fact that the earthquake movement of the
ground at a distant station from the seismic origin is oscillatory even
when the motion in the neighbourhood of the source is of the type of a
single shock. The law that, the farther the epicentral distance, the
more increase the repetition of the oscillations and also the duration of
the disturbance, appears now to be quite established. ~Although a certain
part of this phenomenon may be caused by the vibratory motion induced
in the seismometrical instrument, yet the main motion of the ground
itself seems doubtless to obey the above law. Such a law will, of coarse,
be explained from several points of view. The most probable explana-
tion will be that the chief feature of the oscillations is partly due to the
ordinary dispersion of elastic waves in the stratified layers of the ground
and partly due to the echoing nature of the solid body” which has some
discontinuities in the distribution of density and clasticity. Professor
Terada and Professor Fujiwhara® appeared to have long ago somewhat
similar views on the above nature of dispersion.

As to the dispersive nature of waves, the problems of Love-waves®
and Rayleigh-waves® propagated along a stratified body are perhaps
striking instances. The cases which were considered by the present

% The principal calculation contained in this paper has been carried out by
G. Nisummura. (K. Sezawa.)

1) For example, Prof. Terapa’s & Prof. Fusrwmara’s criticisms on Sgzawa’s concep-
tion concerning the seismic radiation from multiple sources of land block type, Colloq.
Meeting at Seism. Inst., Oct. 1924.
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3) K. Sezawa, © Dispersion of Elastic Waves propagated on the Surface of Stratified
Bodies and On Curved Surfaces ?, Bull. Earthq. Res. Inst., 3 (1927), 1-18.
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authors® and others,” may belong to the similar problems. These
problems are, however, connected with the propagation of an infinite
train of harmonic waves and the criterion of dispersion in these enquiries
has its basis merely upon the velocity of harmonic waves, which is
proper to the wave length, but not concerned with the character of the
deformation of arbitrary waves progressing towards distant points. A few
years ago one of the present authors studied two cases of the deformation
of the arbitrary waves in dispersive elastic bodies. One® of these deals
with the transmission of harmonic disturbances of a limited extent and
of the displacement of Rayleigh-type waves when the velocity of propaga-
tion in the medium is assumed to vary as wave length in addition to a
certain constant, while the other” treats of the excitation of periodic
Rayleigh-waves due to an arbitrary disturbance in a body in which the
velocity of elementary harmonic waves varies as the power series of wave
length taken to the second degree. In the present paper the criterion
of dispersion has been taken to be based upon the deformation of a
single shock with the condition that the elementary harmonic waves
satisfy the velocity equations which can be formulated from the curves
compiled already by one of the present authors and indicating the exact
relation between the velocity and length of Rayleigh-waves on a stratified
body.

The phenomenon of apparently dispersive transmission of seismic
waves appears to depend also upon the echoing character of the elastic
waves when the construction of the crust is heterogeneous in regard to
the distribution of density and elasticity. The simplest example of this
problem is to take some discontinuous layers which are perpendicular to
the direction of propagation of elastic waves. The postulation of a train
of harmonic waves of an infinite extent with a constant period cannot
indicate any sign of the deformation of the waves, but, when a certain
arbitrary shock is applied at an assigned portion of the body, the shock

4) K. Sezawa & G. NisHIMURA, “ Rayleigh-type Waves propagated along an Inner
Stratum of a Body ”, Bull. Earthq. Res. Inst., 5 (1928), 85-96.

5) R. Srowmrzy, “Elastic Waves at Surface of Separation of Two Bodies”, Proc. Roy.
Soc., 106 (1924), 416-428,

T. Maruzawa, “ Propagation of Love Waves along a doubly Stratified Layer ”, Proc.
Phys.-Math. Soc. Tapan, [3], 10 (1928), 25-33.

6) K. Sezawa, “On the Propagation of the Leading and Trailing Parts of a Train of
Elastic Waves ”, Bull. Earthq. Res. Inst., 4 (1928), 111-116.

7) K. Sezawa, “Periodic Rayleigh-waves caused by an Arbitrary Disturbance”,
Bull. Earthq. Res. Inst., T (1929), 193-206.
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may be deformed into a complex form of waves in transmissipn through
the body and gives us an apparently dispersive nature of elastic waves.

It may be doubted that a clear distinction between the true disper-
sion. of elastic waves and the apparent dispersion of echoed waves can be
made from the seismic records. As the result of the present investiga-
tion which will appear later enables us to know many facts identifying
two cases, the obscurity which attaches to the analysis of seismic records
can be avoided to a certain extent. We think that, when a few other
cases of examples of the same nature as that in this paper were solved,
the determination of the significance of all the seismic records would not
necessarily be impossible.

In the first section of this paper the problem of the apparent
dispersion of a shock in echoing elastic body is solved, in the second
section the true dispersion of a shock in dispersive elastic body is dealt
with, while in the remaining section the comparison of the results of
both cases is contained.

Dispertion of a Shock in Echoing Elastic Bodies.

2. Let us first consider a éimplest case where there is one discon-
tinuous layer perpendicular to the direction of the propagation of waves
in an infinitely-extended uniform medium and let the waves be of pure
plane-type. Let the axis of » be drawn
parallel to the direction of the propaga-
tion, the origin being taken at a
houndary surface of the layer. The
displacements, the density and elastic

-
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The solutions of these equations can be denoted by

Up -ty = @V L0y T 3)
Uy = _B1 ciB’l‘(V’t"-’ﬂ)_}_Ol eiﬁh(V’H'Z)’ ....................... (4)
Uy = B2 GUL(Vt"w), .......................................... (5)

where C, By, Ci, B, are arbitrary constants to be determined from the
boundary conditions and

V:JM, poe (KA g [ OHZm 6
: =y o A Noa 1o (6)

At the boundaries z = 0 (and H), we have -
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From (7) and (8), we can determine C,, B, Cy, B in the forms:
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Decomposing (1, +uy) in (3) into the primary waves u, and the secondary
waves 4y’ and applying Fourier’s formula such that

95 (Q) _ X dh S‘ GD (O') g’ih(“"a)d(f’ ..................... (]0)

we obtain

WUy = 2— S dh S © (0-) eil‘(Vt"’“"’)da-, ..................... (11)
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These are the solutions of displacements for a given primary waves of
p g p y
the type

Again, we know the expressions
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3. We may now take a simple case such that

1 = O’ Uy = gp(q;) e 0, e (17)

then we find from (11), (127, (137), (14"),
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The values of w, %), w;, u. in a special case « = 14, =1, 2c = IT arc
plotted in Fig. 2. The similar values in the case a« =2, 3 =1, 2c = H
are given in Fig. 8.
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4. In the same manner of mathematical treatment-we can find the
solutions of the problem where a number of layers are assumed to reside
perpendicular to the direction of propagation. We must, however, notice
that, each term of the series of u, in (21) is essentially of the like form as
that of %, in (18), so that it will be rather convenient to suppose that each
term of the series of w, belonging to the first layer is the primary waves
of the second layer and hence we can apply the results in (18), (19), (20),
(21) to the problem of this second layer with a small modification in the
coefficients of the amplitude equations and the retardation of phases.
[n this case the reflected waves of the type (19) belonging to the second
layer become again primary waves of the first layer, though the direction
of their propagation is opposite to that of the first primary waves.
[n this way the multiple reflection and transmission of elastic waves
through and between two layers take place. The same process can be
available to obtain the solutions of the problem having any number of
layers. Ilig. 4 and Fig. 5 give us the case of two layers and Fig. 6 and
Fig. 7 indicate that of three layers.
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5. Tt may be seen from these diagrams that, even when the
primary waves are of a type of a single shock, the vibrations in echoing
medium or the waves through the echoing layers are oscillatory in
general. But when the range of the primary disturbance is wide
compared with the thickness of the layers, no periodic oscillation can
be produced. The periodicity of the usual pulsatory motion depends on
the size of the heterogeneous blocks as well as on their successive
arrangement. Again, in the case of one layer the repeated oscillations
are purely periodic and have the nature of decaying character, while in
the case of more than one layer the vibrations are composed of several
groups, each of which is a damped and periodic type. This feature of
the problem sometimes obliges us to imagine the seismic waves as if they
were radiated from multiple sources.”

The leading part of the train of oscillations is transmitted through
the heterogeneous medium with a definite velocity depending upon the
effective density and elasticity of the medium. This is perhaps the most
favourable fact, unless the medium is dispersive or viscous, for the
application of the conception of the time-distance relation to the analysis
of seismic records. The phase of leading part of the pulses is always
maintained, so that the law of pull-push is justified to hold even in the
case of the heterogencous distribution of the medium in the direction of
the wave transmission. The amplitude of the leading part of the train of

8) A. Iatamurara, Proe. Imp. Acad., 5 (1929), 330.
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oscillations is large compared with those of following waves. This
seems to conform with the usual character of all the earthquake move-
ments. It is also important fact that the initial motion in the soft
medium caused by the primary waves from the rigid medium and that of
the opposite case can be clearly distinguished in their type as seen in the
figures. The latter case is sometimes confused with the so-called waves
of tilting movements. It is to be added that the amplitudes of the
reflected waves are relatively small. This may become some guidance
to the recognization of the side of the original disturbance.

When the shocks is diffused in ‘a large extent, the amplitudes of
all the vibrations are exceedingly diminished, the principle of energy
being thus naturally satisfied. Tt is also to be noticed that the vibrations
in the neighbourhood of the source are oscillatory to the same degree as
that at large distances when there are many layers. This phenomenon
which is proper to the echoing waves is much different from that of the
ordinary dispersed elastic waves.

'Dispersion of a Shock in Dispersive Elastic Bodies.

6. We may now proceed to the question of the dispersion of a
single shock in a dispersive elastic body. We shall introduce the
relation® between the wave length of Rayleigh-waves and their velocity,
which was obtained by one of the present authors a few years ago.
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Fig. 8. Dispersion of Reyleigh-waves on Stratified Surface.
[From Bull. Earthq. Res. Inst., 3 (1927), p. 5.]

3) K. Bezawa, loc. cit., p. 321
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Lot us formulate the above relation for each /s in the following
form :

(Vo= M
a* + fz
where V7, V. are the least and the greatest values of 7, ais a constant

to be adjusted and f = 2z/L.
The vertical and the horizontal components of Rayleigh-waves on
the surface can be expressed by :

V="n-+

=3

1 5 cos fT/"t de 95(0-) COSf(.'U - 0-) (IO', .................. (28)

¢

i

P =

oo

w= {LS cos {11 (zfg () S [ (© = @) da, +reeeeneenneen 24
0 -0
where V is given by (22), ¢(o) is the initial vertical disturbance and ¢ is
the ratio of horizontal and vertical components of the elementary
harmonic waves.
7. TLet us take the initial disturbance of the form similar to that
in the echoing medium, i.e.

]

o) = 6’— TR RRTTRIRRLRETEE: (25)

then, in virtue of this and (22), v and « become

S s :
p = 21;;5 e [cosf{a:+(Vl Ve V1o t}
0

S
boos o = (v VB ag 26
=g “[S”‘f [ (nr )
P (= )

To integrate these expressions, we may introduce the idea of stationary
point of an oscillating function due to I’. Debye® and Lord Kelvin™.

9) P. DesyE, Math. Ann., 61, 535.
10) W. Trousox, I'roc. Roy. Soc., 42 (1887), 80.
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Consider
- _df o (T2~ V1)
A-:s e ef{ (Vl aef )} df,  ceeeereeeennnn. (28)
0
and put
_Jot
7t =0, ccorereiieieeeiin 29
af L E I (29)

where b = (17— Th)a’. Then the real possible root f; of the equation
(29) in f is expressed by

e O N [l V[, dt )

......... 30)
Again, if we write
& Mot V= _F208a* —fi i (_ D)y
(],f2 [f'b =+ fmt + a + f: ]f-fl (az + fl_)); {-— d 1_, 1, (31)
we have
B I .
4 = ‘/,glf;:; e ’L[fl{wi(Vl a>tfi? ) t_T
f' 20(1,) s i, (32)
N o
provided
%) &(f)
dfl / l: J df1 .............................. (33)

—
T

1 should be

is small. Tn (32), the upper and the lower sign of =+

2

taken according as — ;- df is positive or negative.

Now, substituting the result of (32) in (26) and (27), we get
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+cos[f1§”o—<V, +f1 )1_% ...... (34)
_ i
o By g o Pl + (i )5

cnfufe- ()= 1]

together with the value of f; in (30).

To find compiled results, we shall take three cases, ie.
i) =Y, ii) ¢/p =1, iil) ¢//p ="/ The original disturbance
is assumed to be

in cach case. From the diagrams in Wig. 8, we find with sufficient
approximation the following relations:

TABLE
i % % '
Vol i 1-51 168 210
o 1-30 171 1-48

Applying these 1e1at10ns in (34) and analysing the resulting cquation
with respect to «/IT, Vit/H. we obtain the vertical component of wave
forms of three cases i) ,u’/,u—é, i) o /jp=1g, iii) p//p="/s as shown
in the drawings in Fig. 9, 10 and 1i. The value of Vit/H has been
taken to be 50, 75, 100 in all cases. In these figures the mathematical
point representing the leading part of the waves should be excluded
from consideration owing to the dissatisfaction of the condition (33).
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Though the true displacement at this point can be evaluated by a certain
cxact manner, the process has been omitted here on account of the
reason that it is not so important in the present case. Such a calcula-
tion will be carried out in some future occasion.
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8. From these diagrams, it can be seen that, even when the initial
disturbance is of the type of a single shock, the transmitted waves at a
distance are of oscillatory and continually varying wave length. Accord-
ing as the cpicentral distance is farther or nearer, the repetition of oscil-

Fe)
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lations is greater or smaller and the extent of disturbed pertion becomes
wide or more narrow. The leading and the trailing parts of the
disturbed portion take their positions at distances Vit and Vit respectively
from the origin. The spaces outside the disturbed portion become
quiescent on account of the imaginary nature of f; in (30) and of some
other functions. .

It is to be noticed, moreover, that the portion of the longer wave
length resides nearer to the leading part, while that of shorter length in
the vicinity of the trailing part. This can be easily understood from the
physical sense that the longer waves have large velocities in the stratified
elastic bodies. The most dominent length of waves in the oscillatory
part is controlled by the dispersion-relation of the stratum as shown in
the preceding table, but not by the type of the original motion of the
source. This may be a very important fact on the problem of the
transmission of the seismic waves.

Although the absolute amplitudes of the vibrations depend upon the
amplitude of the initial shock and the value of ¢ which defines the-
sharpness of the shock, yet they are much affected by the dispersion
formula already cited. In regard to the sharpness ¢, there is its certain
value which makes the amplitude of waves maximum. The most com-
mon feature to be remarked in connection with the dispersed waves is
that, the longer the range of the disturbed portion, the more decreases
the general amplitudes of the vibratory motion. This phenomenon well
conforms with the law of the conservation of the energy of waves.

Tt appears also that the greater ratio of /' gives us the wide-spread
disturbed portion of transmitted waves and the frequent oscillations of
wave forms.

Comparsion of Both Cases of Dispersion.

1. The disturbed portion of the transmitted waves which are
dispersed by the echoing nature of the medium is not of a regular form,
while in the ordinary dispersed waves the oscillatory part is quite regular
and has gradually varying wave length.

9. In the echoed dispersion the leading part of the disturbed
portion is distinet and has a large amplitude, while in the ordinary
dispersed waves the leading as well as the trailing parts have their own
velocities of propagation, the amplitude of the leading part in this case
being also large.
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3. In the case of cchoed dispersion the disturbed portion may be
partially of the same wave length and of decaying amplitudes, while in
the ordinary dispersed waves even the partial equality of the wave
length is impossible.

4. In both cases of dispersion the general amplitudes of the oscilla-
tions are diminished as the disturbed portion is diffused in a larger
extent.

5. DPartial portion of the vibrations in the echoing dispersion is of

a gradually decaying type, while in the ordinary dispersion such a nature

cannot take place in general.

6. When there are a number of layers, the vibrations due to echoed
dispersion are repeated in a great interval of time even in the neighbour-
hood of the source, though the amplitudes of the succceding shocks are
relatively small compared with the initial shock. In the vibrations due
to the ordinary dispersion, the disturbances in the neighbourhood
of the source die away in a short time, but the vibratory disturbances
at a large epicentral distance do not cease for a long time,
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