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1. "In this paper I am going to show how Rayleigh-waves are generated
from a splitting or a sliding surface in the interior of a semi-infinite solid
body. The theory is based upon the conception that the splitting or the
sliding surface is equivalent to a sheet of internal nuclei of disturbances.
Although the ordinary treatment of the elastic waves under the assumption
that they are transmitted from a point source can never violate the general
mechanism of the generation of the waves and rather such a treatment gives
us the rigorous and incomplex confirmation of the problem, yet this estab-
lished manner of the treatment acquires frequently various objections from
the side of the practical seismologists. To answer to the consideration of
these practicians T have introduced the thought of a sheet of internal soureces,
which may, from the practical point of view, resemble the splitting or the
sliding surface in the solid body.

An assigned distribution of energy at the surface of the crack may
be obtained by applying the various strengths of the intensity to each
elementary source which forms the sheet.

Tt may be questioned whether the waves in the neighbourhood of each
source are transmitted with the veloeity which is proper to the generation
of the waves from a point source. A little consideration will enable us’
to know that the velocity at every point about the crack is not to be constant.
It depends on the conditions at the boundary of the erack. A special case
of this will be seen in onel of my papers where the propagation of elastic
waves from a small elliptic or a spheroidal source of some regular form is
investigated. ’

In the present case the crack is supposed to be so long compared with
the wave length that the general form of the crack has no muech effect on
the motion of the solid body in the neighbourhood of the aperture. The

1) K. Sezawa, ‘‘Propagation of Elastic Waves from an Elliptic- or a Spheroidal
Origin,?’ Bull. Eartlq. Res. Inst., 2 (1927), 29-48.
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criterion of the sheet of the sources seems to be based upon a most suitable

reasoning.

I. Two-dimensional Propagation.

2. We shall take the free surface of a semi-infinite solid to be z=0
and also that the positive sense of the axis of 2 is directed downwards. Let
the sheet of the sources lie in a straight line making an angle § with the
horizontal line and suppose that the dilatational disturbance at the depth
& is to be
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where %= ’f é , p is the density of the solid and A, w are Lame’s elastic
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The expression (1) gives us an element of the sources in a splitting line
denoted by
g=xptanf. ... (2)

The generated dilatational waves are then given by

iot poo . o a (2—§)+ik (‘Z—E cot 8)
do' = (-;TS f (£) dE cosec 98 eha—— dle.oooo .. (3)
0 —o0

In this expression use has been made of

—ee 7/ o e-aZ-(—ik.z:
HP (hy «? 4 2%) =~S e (4)
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where a>=k>—h2.
Superposing the effect 4y of the reflection at the free surface, we obtain

2) H. Laus, Phil. Trans. Roy, Soc., 203 (1904).
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The corresponding components of displacement in - and z-directions
are written in the forms:
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These waves give no tangential stress on z=0, but they give us a certain
normal stress. We may superpose on these some free waves (without
tangential stress) accumulated in the neighbourhood of the surface to annul
the normal stress on that surface. The free waves are expressed by
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The resultant displacement on z=0 is thus written by
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where  is the real, positive root of (k) =0 and ey, 81 are the corresponding
values of o, 8. These lead us to the results that

ISR 166 B1j %« cosee 0 rf(‘g‘) e~ cos k (x—E& cot 6) dE,

§ 2 E (k) 0
w —w cosee erf(‘g‘) e sin g (z—& cot §) dE.
2 F (k) 9
These expressions are suitable to the transmission of waves of a finite

extent of a harmonic train. To get the progressive waves of an infinite
train, we must remember that the above expressions give a combination of
two systems of progressive waves. The analysed waves are thus given by

.. (12)

o —SBLIK oo 95 F(E) et cos fu (e—E ot O)F ot} d, |
hﬂlﬂ,(K) 0 ‘
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e —H2 =07 oo eg F(E) = sin {x (z—E cot 6)$at§d§.J '
R2F (k) 0 .
In these the negative and positive signs should be applied to each system
of waves progressing towards the positive and negative directions of z-axis.
3. Let us suppose that

f(&)=constant=vc, .................... (14)
then the surface displacement at any time, say t=0, is expressed by
. el eoS xx +cot @ sin xr 1
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The absolute values of { } for different values of § in the above equa-
tions are given by the lines named n=1 in Fig. 1 and Fig. 2 and the lines
named ¢=0 in Fig. 3 and Fg. 4.

The fact that the amplitudes of the generated surface waves in an
incompressible material are independent of the inclination of the splitting
surface is apparently curious.

4. Next, consicer that

FE)=C"EY v (16)

then the surface displacement at ¢==0 is written by
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where tan w=cot 4 / o
K

The absolute values of §{ } of the above expressions in the cases n=1,

2, 3, 4 are plotted in Fig. 1 and Fig. 2. Fig. 1 is the propagation of the

waves in a medium whose Poisson’s ratio is 1, while Fig. 2 is that in an

incompressible solid body. Tt will be seen that the amplitude of Rayleigh-

_waves has the maximum value at §=90° and it decreases as the angle @
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is diminished. It will also be noted that the decrease of the amplitude with
the diminution of the angle 8 is conspicuous for the greater values of n. -
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5. Now we suppose that
FE)=ce™™, ..o (18)
then we find
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The absolute values of { } of the above expressions in the cases a/k=0,
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0.5,-1.0, 1.5, 2.0 are plotted in Fig. 3 and Fig. 4. Fig. 3 gives us the case
A=p and Fig. 4 gives us that of A=o00. It will be noticed that the greater
the value of a/e becomes, the more diminishes the amplitude of the resulting
surface waves, This can be easily anticipated from the assumed functions
of the origin. The more remarkable fact is that, for a large value of a/«
the displacement is diminished as @ is inereased, while, for a small value of
-a[;c, say a/k=0, the displacement is enlarged with the increase of 8. This
conforms with the result of the preceding section, in which the displacement
increases with @ for a greater value of n.
6. If we put

f&)=c, E1<E<Es }
fE)=0, 0<&<E and Ea<E<oo

we get without any difficulty the following result:

___8B1j%c  coseed

29 2
) (Y, ¢ oo

K

[cos KL {e““& (cot 0 sin  cot H&=

— %1 6o ¢ cot H’g’z)
K

—emuh (cot @ sin x cot &, — % ¢os « 0otd EI)}
K

—sin ;w;{ gt (cot 0 cos x cot 0Fs + = sin « cot 1962)
K

b (cot @ cos k cot GE1+ 21 sin k¢ cot 951)}] ,

K .



494 , K. SEzAwA. [Vol. VIL,

452 (2k2—j%) ¢ cosec 4
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The same expression"
w=—

sin ;cac{as that in the first
bracket of the above

The same expression) |
+ cos xxd as that in the second
bracket of the above)

................................

The numerical computation of the above equations has been omitted in
the present paper.
7. 1If the source is at the depth » from the surface and if

FE=c, (—bEi<E<E, 0=0)................. (22)

then we obtain
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8. When the disturbance is of a sliding type, the method of the analysis
is somewhat modified. In this case we should consider the distortional dis-
turbance as an element of the sources. Let the intensity of an element be

—ie' H® {jY(x—E cot 02+ —E)2 F(E), vvvvvvinnnnn. (24)

where jg___&ﬂ'_" then the general distortional waves from the sliding surface
Pb

z=ztan @, ... e e (29

are expressed in the forms:

2mo'=£tr f (€) dE cosec 8 S

w

0 gB (z- )ik w=Ecot §) _
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where B>=k>—j>. .
Superposing the effect of the images, we obtain finally
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The normal stress at the surface due to this displacement is nil, but

the tangential stress is in existence. To cancel the tangential stress, the
following surface waves should be superposed :
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The composed waves gives the surface displacement of the type
2 fo Q12 __,
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Proceeding in the same manner as before, we arrive at
_8e (22— )
oot AT
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u
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which are, too, of the same forms as those of the splitting origin, exeept
the interchange of «; and 8. Though the compiling of the above equations
has been omitted, the generated surface waves will shew the more pronounced
characters in the direction of the case A=y than that of A=oo0 in the
splitting disturbances.

II. Three-dimensional Propagation.

9, We shall take the free surface of a semi-infinite solid to be 2==0,
and its positive sense downwards. Suppose that the sheet of the dilatational

sources lies in a straight line in a three-dimensional space. Then the element
of the sheet is expressed by -
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Now by means of Lamb’s formula :3
e—im/m—m ooe—a:J (kP) kdi . (31)
(" G
we get the total dilatational waves from the splitting sources in the form:
0 0 Lo (2-85) a I
AJ:@MS 1 () d cosee 05 e Jo(kR) kdk - ...(32)
0 0 o

Adding the effect of the image to (32), we get

. 0 0 5 p—af A T
do= 4 + do"—_—26“”5 [ (&) dE cosec oS choz o™ Jo (kR) kdl: (33,
0
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The corresponding values of the components of the displacement in
radial, azimuthal and vertical directions are expressed by

o= — 227" Qr f () dE cosec 95“"&"‘_’3 ¢ Jo (kR) kdl, |
h= OrJy 0 O
- iat oo o
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h2r Qw Jo 0 o
ot oo o > i
wy=—2"29 § f () g cosecﬂj oh o2 -t 5, (kR) kdk.
h* 2zJ), 0 o

3) . Lams, Phil. Trans. Roy. Soc., 203 (1901).
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The expressions of the superposed waves are given by

_2e
=20 271 ) g cosee 1
XS (2;%“(76)20‘_5) (2k2—j2) e~ J o (kR) kdk,
0 [24
2¢let
n="C awj 1 (£) € cosec 8 - (39)
Xg (_2192__;_(;;2&3) (2k2—j2) ¢~ Jy (kR) kdk,
0 olf
_26(7! ® ] Zﬁ;—_‘]_) —af 1 J
W= o So f (§) dE cosee HSO o) Jo (BR) kdk.

The resultant displacement on z=0 is denoted by
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The method of contour integrations applied on the above integrals gives
us '
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Now we know the relation

Yo (kR)=Y (k1) J o (k£ cot 8)
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=1
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Substituting from (38) in (37), we get
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To get the progressive waves, we superpose on the above type of solu-
tions Bessel’s function of the first kind, and after the same operation as
in. the two-dimensional case, we get finally
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et 2 (% J)Kcoseceg f(£) g e—«xs[ﬂgm (1) To (€ cot 6)
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These equations give us the excited Rayleigh-waves on a boundary plane
of a semi-infinite solid, when the sources are distributed in any assigned
~ manner on a straight line.
10. For an example, suppose that -

f(&)=constant=¢, .................... (42)
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then the surface displacement is given by

=47ro“" Bij*e| cosee 8 OHP (k1)
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The absolute values of [ ] in the equation of w multiplied by TET

for different angles of g are expressed in Fig. 5 and Fig. 6. In these figures
the curves marked a/x=0 give the result of the present examples.
11. Next, let us take

FE) =6, et (44)
then we obtain
iof ;2 S__ 132 B
‘2,7,2271'6 ]J"ﬁ’c ANk cosez& HE (er)
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and similar expressions for % and v. The absolute values of [ ] in this
equation multiplied by ‘/ Eé‘_’ for various angles @ are plotted in Fig. 5 and

Fig. 6. Fig. 5 gives us the case A=p and Fig. 6 gives us that of A=o0.
It will be noticed that for a greater values of a/x the amplitude of the waves
* takes a smaller value. As already stated, this is self-evident from the nature
of the assumed distribution of the sources. A most noteworthy fact is that
there is a miximum value of the displacement at a certain angle between 0
and 7/2 for each value of a/k. It will also be seen that the angle @ which
gives the maximum of the displacement changes for different values of a/«.
The maximum of the displacement when a/x=0 and A=p takes place at
@:=65° and the similar maximum in the ease A=po occure at §=45°, while
for a larger values of a/x the position of the maximum shifts more and more
in the sense of the smaller angle 6.
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12. Let us take
F )= ™ (46)

then, by means of the formula

Sooc_alaf Jn(KE cot 9) Em—l dE
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e B x)_1+Z st vr+D). . (7+s—1)

.............................. (48)
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° iat a2 n n
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(9 (e - AN
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a?" 2 2 Oy
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2
T T )
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2 2 oy
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and similar expressions for v and w.

13. When the sheet of sources forms a plane surface, the problem can-
be analysed in the same manner. The process is, however, too complex and
we will leave the problem to the future occasion.

14. The case where the source of the disturbance is of a sliding type,
the direction of the slip being in the sense of the line of the sheet, can be
treated first by solving the problem of a point nucleous and then superposing
a number of such solutions.

1) WatrsoN, Theory of Bessel Functions, (1922), 385.
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Let the intensity of an element be
glot G-quesz‘
B
then the general distortional waves generated from the sliding line
z=xtand, ... (27)
may be expressed by

P9 Jo (BR) kdk.

Dl = &' g 10 dg cosec 95 .......... (51)

Superposing the effect of the image, we get

=2 j 1 () dE cosec Geos(ug sin B2 ¢ J, (kR) kd,
g2

0.
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0

Adding to these displacement some free displacement (w5, w1, 1)
accumulated on the surface of the solid to annul the surface stress, we find

e o2 —
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.................... (53)
at the surface z=0. »
' Proceeding in the same manner as before, we get finally
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+2 Z HP (er) J, (£ cot §) cos nw sin w] ,
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These integrals can be evaluated in a very simple manner.
15. Thus, in the case
7 (&) =econstant=c, ...... e (55)

the results of evaluation are of the forms:
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From these it may be concluded that Rayleigh-waves propagated from
a sliding source of the present type have not the component which is
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- symmetrical about a vertical line r=0, but they manifest the nature of the
polarity with respect to the azimuthal angle .

Concluding Remarks.

16. We may now review some results of this investigation from the
general consideration. Although the sliding or splitting sources are of sheets
of nueclei, yet we may believe that the theory is some guidance for the
acknowledgment of the generation of Rayleich-waves from a sliding or a
splitting origin. .

The prineipal results obtained in this paper are enumerated as follows:

1. Generated surface waves are bestowed with more energy in a com-
pressible solid than'in an inecompressible solid.

2. In a two-dimensional motion, the amplitude of the surface waves
generated from a line source of inereasing intensity downwards reaches its
maximum value at the upright position of the line of the source.

3. When the intensity of the element of the source is constant at any
depth on the line of source, the displacement of the surface waves is con-
stant for any angle of inclination of the above line.

4. When the intensity of the line source decreases with the depth,
the amplitude takes its maximum value at a certain angle @ between 0
and /2. :

5. The angle @ of the maximum displacement in the above example
changes with the rate of the decrease of the intensity in the downiard
direction.

6. In a three-dimensional motion, there is a certain angle @ corres-
ponding to the maximum displacement even in the case of the constant
intensity of the elementary portion of the source for all depths.

7. In spite of the existence of the:component of displacement which
is symmetrical about a vertical line in the ease of the splitting sources of
any inclination, there is no such component in the case of the sliding source.

In conclusion I am much indebted to Mr. G. Nishimura for his laborious
assistanee in all the numerical caleulations and the preparation of this paper.
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Part 3.] Rayleigh-waves from a Sheet of Internal Sources. 43

2 HNHOBFEILY D v ~v -FEDERK
mumgenr Bk B 3% I

- DI RERRO AROBBT ST s HaCRgEI s gkl s v - v WAgeT 2 E
@E%kLtt@{bboW%K%W&%®$ﬁb012h#BN%&@&H%Tbﬁﬁﬁéﬁﬂ
%fbvﬂﬁﬁﬁ%ba%féaﬁkg<®%§%ﬁﬂbiUZ@%»T%&&%KEuht#B\
Bx LOMATECTIRETCDH 5, : .

mﬁwﬁﬁm%ﬁ@ﬁ«mﬁﬁfﬁm&ﬁﬂy1%#5&6%%&%mﬁwmhﬁﬁemaﬁﬁ
LN T—FT A EIC TR LT

PO BERFHRRFETIL.

1. EERIHRAIEONE X v L RAES D 5O BRFCRE O N RN 5o
2, @@wwﬁﬁﬁﬁan%vﬂk%wt@{n@ﬁﬂﬁﬁ@%nim&n—ﬁkﬁa%h

P~ 25, » .
3. SRR I 3 [FTE OB OBERT) U S BIRONHT sk IR E O
bR L L Be @

1 BEOBOEERNR TR 3 BACHHOBEHOFIE L 90 1 L Onlic AR
Pofi~ B MIERD B o

5. L OMECBOES CRVERIBRET 2 HAc O TROLTUE 2,

6. ZHIEOWAICEIHREEEEDICH 3 FOMOFRNHBE S IKMHHEOEC L JFT O
MBEDEBMAT TR E 50

7. WAL S hoasE. BE O 2B EFo%aCh e gk A Ak ic B U CERE
&HT&ﬁﬁ#ﬁTaﬁ\Eﬁt6%%&@%L1%6@9%ﬁmh5&ﬁ$ﬁnwo

[y




