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1. Quite recently Dr. H. Nakano? gave a problem of Love-waves in
cylindrical coordinates and pointed out that there is a clear distinetion
between cylindrical Rayleigh-waves and eylindrical Love-waves. The pro-
blem has also attracted my attention sinee the occasion? of studying the
propagation of Rayleigh-waves having azimuthal distribution, because of the
fact that the second constituent of the general expressions of the displacement
obtained at that time, namely (us, v, w2), both in two-dimensions and on a
spherical surface had no any significance on Rayleigh-waves but the forms
of us, v, wo resembled those of the distortional waves.

As highly appreciated by European seismologists,® Love-waves are
much important, indeed, on the problem of the surface waves which are
propagated to very long distance. From this consideration I have taken
the case of Love-waves on a spherical surface and for the point very near
the epientre I have taken into account of the depth of the origin. The
azimuthal distribution is not, of course, to be taken uniform.

2. 'We shall take the origin of the disturbance to be at the portion of the
axis, §=0, of the spherical coordinates, and suppose that the waves are
transmitted in the direction of the colatitude. The radius of the free surface
is to be @, while the thickness of the surface layer is to be taken ¢—b.
Let s, vs, we be radial, colatitudinal and azimuthal components of the dis-

1) H. NARANo, ‘‘Love-wave in Cylindrieal Coordinates,”’ Geophys. Mag., 8 (1929).

Added Nov. 1929.—1I regret that I have been informed of Dr. NAkANo’s death on
Oct. 3, 1929. He is one of the mathematical seismologists to whom I have paid many
respeets. I have never expected that this paper would become my condolence on his death.

2) K. Sezawa, ‘“Propagation of Rayleigh-waves having a Certain Azimuthal Dis-
tribution of Displacements,’’ Proc. Imp. Acad., 4 (1928), No. 6, 267 ; and also ‘‘Further
Studies on Rayleigh-waves having Some Azimuthal Distribution,’’ Bull. Earthq. Res.
Inst., 6 (1929), 1.

3) B. GUTENBERG, H. JEFFREYS and similar eminent seismologists.




438 K. SEzawa. [Vol. VIT,

placement which are of no use on the problem of Rayleigh-waves, then we
have from my preceding paper® that
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where k2=pg?|u, in which p is the density and p is the modulus of the
rigidity. o is a number, whose value is constant for a given n and m and
which is to be so adjusted that P (cos @) and Q7 (cos §) may have enveloping
curves in common, excepting near the antipode and the origin. We take
that the above expression (1) applies to the inner core of the sphere. For
the outer layer we may write the expressions of the displacement without
any difficulty such that
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where k’?=p'c?[p!, in which pf, p’ are the density and the rigidity of the
outer medium. When p/[p'<plp, we find at the vicinity of b<r<a,

n+%— n +i
(=coshr) >1,  — 2 (=cos7)<Le oo (3)
o r

In applying the formulae (1) and (2), we should exclude the epicentral
}vand the antipodal regions from the econsideration because of the divergence
of Q%-functions at such regions.

As the boundary conditions, we should put

4) K. SEzZAWA, Bull. Earthq. Res. Inst., 6 (1929), 14.
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From (4).and (5), we obtain the equation to detérmine the velocity of
propagation as in the following form :
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IS " wob bE > 20 5

Jury (K'D), Yy.1 (K'D), Iy (kD)

To solve this equation, we take the asymptotic expansion due to P. '
Debye, namely
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Yp(w)——z 4 [(n-i— )
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where cos r<1 and

1 4 B . T o, 385
1,=1, A;j=—4 "cot’r, 4 cot?
A=l A=t oot n Ao= ot o Ot T a5t L...(m)

Taking each first term of these asymptotic expansions, we get

'%! (sin 7/ —' cos 7'
pE (sing' —7'¢ T):eotk'

o (sin 7/ — 7 cos 7/)=b (sin +' — 7/ cos )},
ph(r chr—sh ) o (sin mi' =it cos ) = b A

............................ (11
where
n+—1— n+-§~ ' n-i—%
, — r— ol
cosh 7= o cos 7 = o eos /= o ....(12)

in which 2zn/k is the wave length of Love-waves.
‘When the radius of the sphere is very large compared with the thickness
of the surface layer, we may put

sing ——sin g, .o i (13)

so that we obtain in place of (11)

Wk (sin v —7' cot 7)) _

=cot k' (sinz' —+ cos7N.......... 14
k(7 ch 7 —sh 7) 7l (sin 7' =" cos 7) (14)

This expression is quite equivalent to Liove’s formula® to determine the
velocity of the propagation of the long waves of the plane type, sinee the
exponents in the expressions of displacements (ve, we) and (vs, ws) in the
present case are

rk(rch v—sh7); 2B/ (sint'—7'cosv’) ...l (15)
respectively, which may be taken as the exponents of the factor defining the

vertical variation of the displacements in the ordinary Love-waves.
The velocity of the propagation, thus, ranges between those of both dis-

5) . Cf. Love, Some Problems of Geodynamics (1911), 162.
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tortional waves peculiar to the upper and inner medium. The expressions
of the displacements are given (1) and (2).

From the expressions of (1), (2), (14), we may easily arrive at the
conclusion that, besides the ordinary transverse component of the displace-
ment, Liove-waves having azimuthal distribution on a spherical surface have
large co-latitudinal component of displacement, and that this component
cannot disappear as the waves proceed towards the equatorial cirele. It
appears that even at the equatorial circle such long Love-waves as affected
by the curvature of the earth have the longitudinal and transverse com-
ponents of comparable magnitudes. - The vertical component is not existent
as at the plane surface. ‘

3. Though in the preceding section we have studied the propagation -
of Love-waves on a spherical surface, the vibrations at the epicentral and
antipodal regions have been excluded. To get the solutions of the problems
at these regions, we should take the case of a plane surface and suppose that
the waves are causd by the disturbance at a certain point in the solid body.
Hence we will treat of a simplest case where Love-waves are excited due to
the oscillations of a point in the interior of the solid body. In this section
we shall study the excitation of Love-waves due to a disturbing origin at the
bottom medium.

‘We shall take the boundary surface between the upper layer and the
bottom medium to be z=0 and also that the positive sense is directed down-
wards. When the axis of each element of a multiplet is vertical, the primary
waves generated from this multiplet can be easily written by

p=2m » m An
O i > (:nl!) [zpé%.mn,, %] % [z, y) dsedsy, ... ... (16)
in which f(z,y) is the mean strength of the source at the point (z, y), 2m
is the number of the sides of the equiangular polygon made of the horizontal
elements of the multiplet, 1, m, are the direction-cosines of the angular point
p of the equiangular polygon, and » is the degree of the vertical elements.

- ds; and dss are the radial distance of the equiangular point and the vertieal

length of the multiplet. The sign of the strength of each source at the
equiangular point of the polygon changes alternately.
If the source is of a simple-harmonie type, we may write
e~ tre+(z-62
Tev=reer
where £ is the depth of the origin below the surface z=0 and j*=po>[p.
Now by means of the formula

...................... (17)
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and omitting the constant factor e'*ds,™ds,", we get [0<z<E]

9, =2 (=1)" (1—co's2 l) cos mwre-ﬁ € T, (kr) 8% Em dk, i >2]
m! n 0
.......................... (19)
with the exceptions that
2%, = Swe‘ﬂ(f'z’ Jo (kr) 8™ kdk, [m=0]....... (20)
0
U= —2 cos(uS e BED I (p) B k2 dk. [m=1]....... (21)

775,
AR

These rotations «, are always accompamed by the corresponding =,

and =, , as the displacements of the material point necessitate some relations
among these rotations.- The relations are as in the forms:

9, =L QL_DV g _Br_Dw om= (ZU-2Y) L (22)

r 9z Oz P = oz Or or 24

where u, v, w are the radial, azimuthal, vertical components of displace-
ment. We can, thus, write down the expressions:®

2(—=1y
2= (=1 (1 _cosz T €03 Mo
m! m :

XS e~RE-2 aJail“) BrE™dk, [m>2]....(23)
0

2w,:S ¢-# &= DJo(Fr) 9‘70(’“) 8kt dr, [m=0]....(24)
0. \

6) Here use has been made of the result of my caleulation on Rayleigh-waves,
Bull. Earthq. Res. Inst., 6 (1929), 4-5.

o
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2, = —2 c03 wre-f“f-” B_J‘jd(f_")ﬂn ak,  [m=1]....(25)
énd '
2, = _2(=n" (1-—eos2 —7"-) m sin o
m! m
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2, =0, 0 - [m=0]....(27)
O, =2 Sl o SWG_M_Z) ‘L(r’i’ﬂ Bridk. [m=1]....(28)
0

The expressions of displacement corresponding to these ., @ =, can
be written by
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w= _2(=D" (1— cos? l) m sin mmS e PE=D Tn(r) Bt dEk,
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m! 4 0
w=0,
e e e (29)
=0,
v=— Sw e P2 oJolkr) B kT dE, b [m=0]........... (30)
v or :
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u=2sin Swe“* e-n 1 (kr) gt dk,
0 r
=2 c03 wre_ﬁ 6-2 o1 (k1) g1, [m=1]........ V.. (31)
0 or .
w=0.
The reflected waves at the surface z=0 can be denoted by considering
the image point (r=0, 2= —§) in the forms:
_1\m
2mz':u (1-0052 1) COoS Mew )
m ! m
X Sw./lm e BED I (kr) B E™1 dk,
0
2, = _2(=0 (1 —cos? l) €os M
! m
X Sw flm e—ﬁ(£+z) aJm (]“') Bn Jm-1 (lk,
0 or
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2, = 2(=1)" (l — cos? L) m sin me
m! 1
X SWAm B E+D I (ZH‘) Bn fpm-1 dk,
0 r
w= _2(=1) (l—cos2 —'"'—) m sin me
m! m
X SWA"" 6-3(€+z) Jm (IM) ﬂn-l -1 dk’
0 r
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m! m
X SOOAM e—ﬁ(g-l-z) aJm (k?") Bn-l km-l dk,
0 r
w' =0, J

where 4, is an unknown faetor to be determined presently.

cases of m=0 and m=1 can be written down similarly at once.

In the stratum of the upper layer the waves are reflected

[Vol. VII,

[m>2]..(32)

The special

multiply and

in effect they may be imagined to be equivalent to the stationary surface

waves, the expressions of them being written by
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X r (B cos B'z4C,, sin B'z) ¢ %(M) B Emt dE,
0 r
w”:O,

The special cases of m=0 and m=1 can be obtained in a similar manner.

In the equations (33), it should be remembered that

pglr=j"2—Fk2, jszP g

where u/, p' are the rigidity and the density of the upper layer.
Now we have the boundary conditions:

wt+u =u', 7

v+ =0,

1) ()
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where # is the thickness of the layer.
Substituting from (29), (32), (33) in (35) and (36), we get
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pBA=A)=p! B Cry  F el

B, cos B/ n+C,,sin 8/'9=0,
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The reflected waves in the lower medium is therefore given by
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w’=0. ’
Awam the displacement at the surface layer can be expressed in the
forms:
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To evaluate the integrals in the above expressions, we should apply the
formula:

T (mg:.fr_g“’sin (kreh f_"_;lf) cosmfdf. ... (45)

The final results of the evaluation of the surface displacement are
- written by

u,”:M <1

o i
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In the above expressions « is the real, positive root of

P (k)=sin B"’_% €05 B p=0y e 47
©

where ,8':1/,7"2—],:2 and ,8:1/};;2— J%; while By and By’ are the values of 8
and & corresponding to g.

The special cases of m=:0 and 1 can be at once written down by putting
m equal to 0 and 1 respectively and afterwards replacing (1—cos?n/m) by
14 and unity in each case. ,

As in the case of Rayleigh-waves, the propagated Love-waves can be
expressed by

4 (=1 . sin By’
u”nl'(—) 1—cos2 ™ \m smmco—M

m! m () *
x 6-51§B;1—1 K‘m—l 'Hg) (Iﬁ') 6“",
r N
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m! m F (x)
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i 'n - -1 -1 Oy (k1)
'1)”52 m e B1& on-1 1 0 eitﬂ m=07..(49
T F () B« or ’ ok 1..(49)
w!'=0, ’
s _4arsin o sin By/y) (- grt H,(er) oot
70 N
vl = —M emPrE gu-1 OH, (k) ¢iot [m=1]..(50)
' (x) or ’
w''=0. )

It is important to notice that L (k)=0 is the equation to determine the
velocity of Love-waves and hence the excited surface waves are transmitted
with such a velocity. As this veloeity depends on the wave-length, the
dispersion of waves is quite possible. Again, in all cases the vertical com-
ponent of the displacement does not appear, while the displacement com-
ponent in the direction of the propagation of the waves is consistent in
the meighbourhood of the epicentre. This component, however, quickly
disappears as the distance from the epicentre is inereased. The fact, that
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the surface displacement decreases at the rate of ¢~#¢ as the depth of the
origin is increased, is not without significance in the sense that the transverse
surface waves have a large amplitude compared with that of Rayleigh-waves
whose amplitudes are propotional to ¢~**. ‘

4. We now proceed to the case where the origin of the disturbance is
situated at a point in the upper layer. ’ ’

LA,
RS

'z

If the source is of a simple harmonic type, we write

C—ijlv/rz-l-(zq-g)z

f Z, y) = ee————————y et e ceseeas et (51)
N e
so that the original disturbance is written by
21,:5:2__——(—1)71”71 P (1— cos? —1) oS Mw W
m! m :
X Swe"ﬁ"“f) Ju(Er) B k™ dE,  [(E4+2)>0]
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0 J

in which e/ ds™ ds? is omitted as in the preceding case.
The corresponding values of @y, wa, 4, v, w are denoted by

. 2
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r
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. o T .
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[m>2]..(54)

r[m>2]. . (55)

Xfwefﬂl (24§ M'@m—l -1 dk, [(E+2)<OJ )
I

0
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o rem»ma k1) s gon-r g, (g 45 < 0
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w=0,

r[m>2]. . (56)

The case of m=0 and 1 can be obtained by putting m equal. to 0 and 1

respectively and afterwards replacing (1—cos?n/m) by %
each case. .
The stationary oscillations of the layer may be expressed

. mw ]
20, =2(—1)" "1 (1~ cos? ——) COS M
n

X r Ay ¢4 B,y 0#9) T, () -1 I g,
0 .
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and unity in

in the forms:

: Xsw(Am eiﬂ'z_‘Bm 6'@'2) _a’rgﬂ Bm Jom-1 d]v‘,
) ”

0
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2, = —2(=1)™ "+ (1 —cos® l) m sin mw <0
’"‘L‘ }[2< ] .(57)

i . , i [m>2]"
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m

% ‘wmm ¢FF 4+ B, 7P %ﬁ Bkt dk,
PR I r

w! =0, J

and similar expressions for the case m=0 and m=1.

The bottom medium should make some oscillations in accordance with
the disturbances in the superficial layer. The expressions of the motion
of the bottom layer are thus given by

. T
2,1 =2 (—1)y" ¢+ (1— cos? —) €os Mw
m

x r O =P T,y (k) @7 T i,
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m
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8 y 1 dk
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wl=—=2(—1)" " (1— cos2 T ) m Sin Mme

m

0’ k "
X S C’m e~ B Jm( ! ) Bm—l fom-1 .dk’
0 r o
» | B
= —2(=1)m i (1— cos? 1) cosmo i
m ’
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X Swom e~ B* o (K1) Bm-l Em-1 gk,
0 87*

w!' =0,

together with similar expressions for the cases m=0 and m=1.
At the boundary #2==0, we should have

wtu =u", S vt =0,
W2 ()= 2 g W2ty R [ (59)
0z C oz oz
At the free surface z=—y,
(2] ' 2
— (v+2")=0, —(u4+u)=0,.......0c...... 60
2z ( ) Bz( ) (60)

Substituting from (52), (53), (54), (55), (56), (57), (58) in (59),
(60), we get ‘
(—l)n e—iﬁ’e'i'Am'*'Bm: Cm:
WA T(=1)"1 5 6 4 i (dy— Bp)]= — uBComs b oo (61)
(=1 ¥ Em L 4, 1B g,

from which we obtain

{eiﬁ’(f-n)+€—iﬂ’(f—n)} (l—i&'LB_,) |
Am:—(—l)n ! Qf [i /MB ’
(1+@"_l'_é) eip"’-l—(]_—iﬂ) e
rB 7]
! of ! o e (62)
(1 +i’i) oiﬂf(f—n)_(l_i,tb_ﬁ_) o~ E+m
Bm=(_1)n V’B [L,B .
(1+iz:ﬂ) o8 +(1_i;ﬂ) J. J
B ]

The displacements at the free surface are now written in the following
forms:

w=—4(—T)m+n g+t (1 —cos® 1) m sin me
m

,LL’ 18’
o sin B’n—ﬁ’e— cos 87
F” ,8’

of cos B E+ rB sin B/ ¢
% j‘ ( ) Jm (7vl) Bm-l m-1 dk,

1
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,U=_4(_1)m+n g+l l-—COSz-E')COS mow L..(GS)
m

w8 ) O (k)
or

w(cos,e'§+”‘—6 sin B'E
Xj B’n—l km-l dk

: ' _I":B !
o smpB'n mcosﬁn

[m>2, z=—n]
Integrating these in the same manner as that of the preceding section,

we get finally

1~ 8 (— Lym+n (1 — cos? l) m sin me
m

cos B4/ -i——’ﬂ sin B,/
E ﬂ" Bli ' E 6!{1—1 P ngf) (KT)
7 () T

V=8 (= L)man g+l (1 — cos? —"’l) oS Mmw
m

cos By E+ ”’21 sin B3y £

! ! H@
If’b’ (fc; e ang(Kr)
w=0. (m>2, = —gy]
................................ (64)
In the above expressions « is the real and positive root of
F(k)=sin 8'g— #’f_g c0s Bn=0,.......... e (65)

where &' =1/j’2—k2 and B:Vla‘-’— 4%, while B; and By’ are the values of 3
and A’ corresponding to «.

The special cases of m=0 and m=1 can be obtained by the same opera-
tions as before. )

It is worth noticing that in this case the surface displacement does not
decrease even if the depth of the origin is inereased, but the displacement
varies as certain harmonic functions of the depth. The other natures are
quite similar to those of the preceding case where the origin of the dis-
turbance is resident at the bottom medium.

5. We have now arrived at the results which have some importance
on the. practical seismology. We may enumerate them in the following
conelusive forms:
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1. Long Love-waves having azimuthal distribution on a spherical
surface have the large colatitudinal ecomponent of displacement, besides the
ordinary azimuthal component, and this colatitudinal component cannot dis-
appear even at the equatorial circle.

2. The vertical component is not existent from the start.

3. The velocity of the propagation of Love-waves on a spherical surface
is approximately equal to that on a plane surface, even though the waves
are relatively long.

4. 'The dispersion of Liove-waves is possible also on a spherical surface.

5. The growth of Liove-waves towards the antipode is also possible.

6. The azimuthal variation of displacement of Love-waves is main-
tained towards the antipode. ‘

7. In considering the neighbourhood of the origin, the longitudinal
component of displacement of the short waves beecomes quiescent as the
waves are propagated towards infinity. When the waves are generated
from an internal source, the displacement at the free surface conspires with
the modes of the oscillations at the origin.

8. In this case the azimuthal variation of the azimuthal displacement
at the surface conforms for all radial distances with the type of the oscilla-
tions of the internal source.

9. When the source is resident at the bottom medium, the amplitude
of the surface waves decreases with the depth of the source in the bottom

medium at the rate of ¢=1%, It is interesting to compare this with the case of’

Rayleigh-waves in which the amplitude of the waves is proportional to
e~ ¥ (et > B)).

10.. When the source is situated at the superficial layer, the amplitude
of the surface waves varies as some harmonic functions of £.

In conclusion I have to express my sincerest thank to Mr. G. Nishi-
mura. who has assisted me in preparing this paper.
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