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A few years ago I studied an important problem? of the dispersion of
Rayleigh-waves on the surface of a stratified elastic body. The problem
gave merely the theory of the dispersion of an aggregate of trains of
harmonic waves of an infinite extent, but did not involve the propagation
of a train of waves of a finite extent. Although some cases of the transmis-
sion of a train of Rayleigh-waves of a limited extent in a dispersive medium
have already been given in one of my papers,® yet the law of dispersion
which was assumed in that paper was very simple and hence the results are

ar from being fulfilled in the actual waves at the ground.

It has in recent times been questioned by many seismologists that the
regularity of the periods of the pulsatory motion of the ground may depend
on the time intervals of the disturbances or on the restitutive nature of the
eground itself. Prof. B. Gutenberg® and others pointed out that the con-
tinuous actions of the breach and the frost are the causal disturbances of
the unceasing pulsations. Dr. K. Wadati ascribed in a former time the
periodic pulsatory motion of the land surface to the effect of the free oscilla-
tions of the upper layer of that ground, though he does not seem now to care
for such a problem. These theories will apparently account for the periodic
motion of all the pulsation and, indeed, for each of the original disturbances
the idea of Prof. Gutenberg seems to be most excellent; yet the explanation
of the ordinary pulsatory motion can be made in another way. We know
that the eontinuous periodic pulsation can be observed.even beyond a certain
distance from the shore or even at a season which is free from the frost. The
superficial layer as in Dr. Wadati’s sense is effective for the periodic oscil-

1) “‘Dispersion of Elastic Waves propagated on the Surface of Stratified Bodies
& ete.”’, Bull. Earthg. Res. Inst., 3 (1927), 1-18.

2) ““On the Propagation of the Leading and Trailing Parts of a Train of Elastie
Waves,”” Bull. Earthq. Res. Inst., 4 (1928), 107-122.

3) B. GUTENBERG, Zeits. f. Geophys. 3 (1927) and a number of his other papers.
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lations under the condition that the rigidity of the bottom medium is ex-
tremely great in comparison with that of the layer, so that the arbitrary
disturbanee can be multiply reflected at the upper as well as at the lower
boundaries and therefore the apparently periodiec motion will be felt at the
surface. This phenomena which takes place at such an extreme case is no
more than the free oscillations of the vertical type of the layer and gives no
explanation to the periodic waves propagated on the surface of the body.
To understand such a nature of the propagated waves, it seems to be
best to take some dispersive character of the waves eaused by the outer dis-
turbances. The postulation of the superficial layer is not meaningless in the
direction that the dispersive character of the waves depends on such a layer.
The formulation of the dispersion of waves propagated in a solid body is
seriously complicated. Even if we could assume the law of the dispersion,
such law would not apply with exactness to the solid of a eertain geometrical
form, as in the case of a stratified body. The difficulties, however, can be
avoided by assuming that in the case of the surface waves the velocity of
the phase of the harmonic waves is equivalent to that of Rayleigh-waves on a
stratified body and that other treatments are quite analogous to those of the
ordinary surface waves. This attempt is, of course, a first approximation'-
but, as far as the neighbourhood of the upper surface is concerned, the
method seems to be rather correct than otherwise methods are employed.
Apart from the above problem, there is another fact to be noticed. The
long trailing train of waves of the harmonie type which follows the main
tremors may have some connection with the preceding problem. Though the
periods of the oscillations are quite different from those of the ordinary
pulsations, the character may be thought to be entirely similar; and it may
be assumed in this case that the effective layer to cause the dispersion is of a
larger scale, besides the path of the transmission of the waves whieh is
long enough to excite the secondary or the sub-secondary trailing trains of
waves. .
The formula of the phase velocity which may be imagined from the
results of my calculation in a preceding paper? is too complicated due to the
inflexion nature of the velocity curves to apply the method of integration on
such a complex formula. Owing to this reason, we shall assume that the
veloeity of the propagation of the phase of waves depends on the wave
length to the degree of the square. The more complicated cases will be left
to some other occasion.

1) Loe cit., 193.
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1. We may first consider the two-dimensional problem of Rayleigh-
type waves. The axis of  being taken on the undisturbed surface, the axis
of z is drawn vertically downwards. If we assume the effective elastic con-
stants 2/, u” to be functions of the wave length such that
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in which L, H are the wave length and the effective depth of the layer

and ¢, c2 are dispersion constants, then the equations of motion of a semi-
infinite body may be written in the forms:
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and u, w are the components of displacement in z- and z-directions.
From (2) and (3), we get
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where 2z/k is taken in place of L.
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The displacements corresponding to (4) can be easily written by
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The typical solutions at z=0 are thus written by
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where « is the real positive root of the equation (10) and «,, ff; are the cor-
responding values of a, 8, while V. is the velocity of the propagation of
certain distortional waves of the form Yu/p.
To" generalise (10), we use Fourier’s double integral theorem, the
generalised forms of 1, w being as follows:
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for the initial conditions that w=f(x) and awlai:F(x) at z=0.

4) These expressions are most suitable for the condition that the surface is
always free from the stress.
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In (12) and (13) we have used the notations such that
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When the disturbance is very sharp and is concentrated in the neigh-
bourhood of the origin, @ and b will be negligibly small and therefore it
will be sufficient to take each first term of the brackets. Taking, thus, such
an extreme case and putting k+m/2=%" and n*—m?2/4=-n'2, we obtain
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These may be transformed to
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London, [2], 7 (1907), 122; aud also 8. SaNo, Dull
Centr. Meteor. Obs., Japan, 2 (1913), 13.
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Sinee jVa/k is the veloeity of propagation of the ordinary Rayleigh-
waves transmitted on the surface of a semi-infinite elastic body whose elastie
constants are A and g, these results shew that the leading part of a train
of waves is transmitted with the velocity of Rayleigh-waves. It appears,
moreover, that, in spite of the concentrated and impulsive type of the original
disturbanee, the propagated waves are of the harmonie type with gradually
inereasing periods and decreasing amplitudes. This fact is in agreement
with the nature of the trailing waves which foliow the main shock of the
carthquake movements.

It is casily scen from the forms of the equations (22) that, though the
period increases with successive oscillations in a train, each period is of a
certain order of length depending on the values o H, ¢; and ¢.. This fact
well accounts for the curious nature that the the pulsatory motions with a
certain range of periods will frequently be obserbed at a given station.

It is also to be remarked that the factors

)2 ey 1 . .
cf)s’}_—l in the expression

sin

of (22) -give us the abnormal regions of the carthquake movements at certain

periodie distances from the epicentre. This depends on ¢;, H and the

epicentral distance x. Such a special nature disappears when ¢; is nil.
The above investigation is taken substantially from the forms of the
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Fig. 1. Space-distribution of displacement
at t=t (Two-dimensions).
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equations (22). To understand the nature more concretely, a few draw-
ings have been illustrated: they will probably admit of a variety of
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Fig. 2. Space-distribution of displacement
at t=t (Two-dimensions).
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Fig. 3. Time-variation of displacement
at =21 (Two-dimensions).
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Fig. 4. Time-variation of displacement
at =21 (Two-dimensions).
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interpretations. Fig. 1 is the distribution of the displacements in space at
the time #; due to the initial surface displacement at z=0, while Fig. 2 is
the similar distribution due to the initial surface velocity at the origin.
Fig. 3 is the time variation of the displacement al the point xy due to the
initial surface displacement at =0, and Fig. 4 gives us the like problem due
to the initial surface velocity at the origin. In these figures V1 is the
iVa
veloeity of certain Rayleigh-waves, i.e. ive
K 5
2. Secondly, we shall introduee the three-dimensional problem, whieh

¢an be treated by a similar method as in the preceding section. The axis of »
is taken on the free surface and w, w are the radial and the vertical com-
ponents of displacement. The equatians of motion can be expressed by
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As the boundary conditions we put
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The typical solutions at =0 are written by
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3) These expressions are most suitable for the econdition that the surface is always
free from the stress.
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Assuming that the initial disturbance is of the sharp nature and also
that ¢, =0 specially, we find the vertical displacement of the form:
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6) H. Laus and 8. Savo, loc cit., 198.
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In this case, too, the leading part of the group is transmitted with the
velocity jVs[cand the train whieh is caused by a single disturbance is also
of a harmonic type with the amplitudes more quickly disappearing than in

the case of a two-dimension. The nature of the successive periods and other

characters are the same as those of the two-dimensional problem.
The annexed figures are illustrated as examples of the propagation in

w-
40+

R0t

Fig. 5. Space-distribution of displacement
at ¢=1; (Three-dimensions).
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Fig. 6. Space-distributicn of displacement
at t=1: (Three-dimensions).
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Fig. 7. Time-variation of displacement
at r=71 (Three-dimensions).
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Fig. 8. Time-variation of displacement
at r=1; (Three-dimensions).

three dimensions. Iig. 5 is the distribution of the displacements in space
at the time #; due to the initial displacement at the origin, while Fig. 6 is
the similar distribution due to the initial surface velocity. Fig. 7 is the
time variation of the displacement at a certain point » due to the initial
surface displacement and TFig. 8 is that due to the initial surface velocity
at the origin. In these V is written for jV./e.

SUMAIARY.

The principal results which have some importance on the seismology
are enumerated as follows:

1. Tn spite of the application of a single disturbance at the origin of a
semi-infinite body of a certain dispersive nature, the generated surface waves
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are of a harmonie type.

2. The leading part of the train of these waves is propagated with the
velocity of a special Rayleigh-type waves.

3. The periods of the successive oscillations of the harmonic displace-
ments are of a gradually increasing nature.

4. The amplitudes of the successive oscillations are, in the case of two
dimensions, of a gradually decreasing character, while in the three-dimen-
sional problem they are more quickly decreasing.

5. The order of the length of the periods depends on the dispersive
nature of the body, i.e. the clasticities, the effective thickness of the layer
and some dispersive constants.

6. In certain dispersive waves there are abnormal regions of the
earthquake movements at certain periodie distanees from the epicentre.

* In coneluding this paper I wish to express my thanks to Mr. G. Nishi-
mura for his kind assistance in preparing this paper.
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