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In a previous paper,” one of the present authors had the occasion of
studying the problem of the transmission of Rayleigh-waves from an
internal source of a doublet-type. Very recently Mr. T. Sakai® and Dr.
H. Nakano® have attacked independently similar problems probably
without knowing the paper cited above,® though they have given more
fully the detailed explanations on the evaluation of the integrals involved
in them as H. Lamb® had done in his paper on the generation of Rayleigh-
waves from an internal singlet. The present paper which was written,
rather earlier than even those two other writers, as a continuation of the
preceding paper,® deals with the more extended case where the source of
waves is a multiplet, say =.

Very simple problem where the oscillations of mutiplet-type are trans-
mitted through an elastic body extending to infinity in all directions has
already been studied” and it was found that the waves generated from
such an origin are of two kinds, ie. dilatational waves and distortional
waves. Since we have already seen that both kinds of waves are partitioned
at the origin with the prescribed conditions of stresses or displacements
there, we can treat of each kind of waves separately for any point outside
the origin.

We shall take the free surface of the semi-infinite solid to be z2=0
and also that the positive sense of the axis of z is directed downwards. In
a three dimensional problem the primary waves generated from the multiplet-
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source (=0, 2:6) may be expressed by
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in which 7*=pa?/(\ +2p), j2=po2/u and @ is the inclination of the axis of
the multiplet, while 4, is the dilatational waves, " is the rotation about
the axis perpendicular to the axis of the multiplet in the plane of zz and
w, s the rotation about the axis perpendicular to zz-plane. The ratio®
of A to B can be easily obtained in the case of polar coordinates by the
conditions of stresses at the origin. Since such «determination is not im-
portant in this problem as we have explained, we will consider independently
the respective cases of the generation of the surface waves due to 4o’ and
due to the resultant of =,” and =,’. In the present case we will deal with
the problem concerning to 4,’» given in (1).
Now we know the expression
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in which e is the azimuth angle in cylindrical coordinates.
Thus, the primary waves can be expressed by
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It is convenient to consider the image at the point r=0, 2= —&. The
dilatation due to the image is expressed by
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o= — 1 94y
e
Mm=n n ’
—_— 6wt ( ) n: $1'nn—m H cos™ 6
2R (n—m) !
s .
m
X{ —11’\(305 m—2p) w
; (=1) (n—p) Ip ( P)
x chh oz 67 M ot il g
. 0 8]"
TG
+(~1)" 2 S ch oz g-o¢ 9o (k1) oMol ol dk}, [m:even]
{m 7)’ o %
3
m=n l)n al o
— c’o’t ( Sllln m 6 CJS"L 6
MZOV?"‘- W (n—m)!m!
p_m 1
x ~ 1) ; cos m—2p) ®
Z (m p)' (
X chh oz ¢~%F M et et g [m:o0dd]
0 or
1 24
Vo= — ——

n2r 9w



Part 1,] Generation of Rayleigh-waves. 45

m=n
Z -1y n! .

ia't ( ) gin®-m 9 cos™ 9
m=

Ym-2 J2 (n—?n) I'm!

m=1
p=—0
x Z (— 1)” m' ) - (m—2p) sin (m —2p) o
=0
X j ch oz 67 Tm-zp (1) T Em dk, [m:even)
0 r
‘ m=n _ n Y
— ¢lot ( 3—)‘ 3 n! sin™ ™ @ cos™ 2]
L=t O"=2 2 (m—m) ! m!
m-l
X 1Y—  (m—2p)sin (in—2p) ©
Z( P wp,( ») D)
X S ch oz e Tn=p (k1) o L [m:0dd]
0 P
Wo— — ,L ado .
h® oz
m=n _ n ' R
= —¢' (=1) n: sin®~™ @ cos™ 8
L=l M2 h2 (n—m)! m!
pats?
2!
X { 1)”——— cos (m—2p) w
; (m=—p)!p
XS sh oz €7 Iz (B1) o™ ket dl
0
z ! oo . y e
+(=1)° _m_g sh oz e7°F Jo (hr) ot gt dk}, [m:even]
m \Jo 2
Tz' .
. m=mn _ n ’ i
[ elat ( 1) . Slnn—m 6 COSm 0

o 22 hE (m—m!) m!

p—-—

X (-1 — . cos (m—2p)
P
X YOSh a2 e I oy () o™ K dE. [m:odd]
0
............. P € -

We may superpose on these some free waves'? accumulated in the

11) The free waves in this ease ave specified sueh that they give no any tangential
stress, but they give some normal stress.
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neighbourhood of the surface to annual the normal stress on that surface.
The free waves are given by the solutions of the type, such that
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in which o>=k*—h2 B2=k2— j2and J*=pp?|u. The above solutions give no
any tangential stress, but give us some normal stress on z=0.

The condition of no-stress on the surface can be satisfied by summing
up the solutions of the type (9) in the forms:
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and it is to be remarked that vy is taken to be unity e*{ceptmg the term,
p=m/2, in which case y=1/2.
The evaluation of the integrals of the forms:
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In these, « is the real positive root of F (%) and a;, 1 are the corres-
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The above evaluations, which are obtained directly from a simple process
similar to that of H. Lamb, are sufficient for our purpose. Yet we shall
here give the more close investigation of the evaluation to find the residual
disturbance, though we owe to H. Lamb the method of investigations
thoroughly as described above.
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Z=—j+1Y, and in each second, Z=—Nh-+1Y. Approximate evaluation of

the above integrals can be easily performed. They give the expressions of
residual disturbances whose veloeities of propagation are limited to two
kinds, one of them corresponding to that of dilatational waves and the
other to that of distortional waves. It will be noticed that the terms cor-
responding to these waves quickly disappears in virtue of the factor e~'"<",
so that we disregard these terms hereafter for the investigation of Rayleigh-
waves. Thus we arrive at
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Now we return to the original problem. The expressions of ?,, and
¥, which we have written in (15) thus take the forms:
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Substituting these values of @,, and %, in (14), we find

15) Warson, loe. cit., p. 180.
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where the first term in each bracket should be taken for even value of m
and the second for odd value of m. These expressions are suitable to the
transmission of waves of a finite extent of disturbances. To get progressive
waves of an infinite train, we may combine two systems of different standing
types. Though the method is somewhat conventional, it must be borne in
mind that, as we know from Fourier’s integral theorem, half the,amplitude
of the standing type is effective for the actual progressive waves. Thus, the
final solutions, when » is large, can be expressed by

umieim(_l)nn!"r B1* e ]
52 e
<~ n-m m n=m M4l
X 1™ Sln 19 COS 9 ol K
mZ=0'( ) 23 (g —m) !
¥ (=108 (M=2p) 0 DHEs, (x7)
=0 (m—p)!p! o ’
RS e (=Dt Bt 1§
]L2 P (k)
m=1a Sllln-m 6 cos’ln 9 OC;Z_W' K:’""'l ~
X (L ST
MZ( ) Q-3 (,n__m/) 1 (24)
% ZV( 1y (M=2p) sin (m—=2p) Ho ()
=0 (m—p)!p! 7
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o e (=1 w2 (22— )
h# 28" (k)
m=n  SIN" @ cos™ @ o™ pis
( l) m—3 e
“~ 2m-3 (p—m)!
o ”207( 1y €08 (m—2p) & (m—2p) HO (e,
2p
p=0 (”’ —p) ! p ' J
corresponding to the primary disturbance at (r=0, ¢=§&) in the form:
Ny ViTE e
4 =t (005924.“7 10 9)31;; .............. (1)
ox 02/ yri4(z—E)°

In the expressions in (24) g should be taken at m/2 or (m—1)/2 according
as m is even or odd and v is taken to be unity excepting the term p=m/2 in
which case y=1/2.

In a special case where #=0 and n=1, we have

Jiot 4i7r cos w 7° k2 Ble-als oH® (K”

u~
e F' (k) or
v —e dmsin @ e B ae HP (wr) S (25)
h? B (k) r
W — ewt2 7 08 w j° k* (267 —7°) g~ € HE (xr),

h*? I (k)
which is the same form as what one!® of the authors has already obtained in
a preceding time, though the negative signs in % and v in this are introduced
during the superposing operations.
If we take the case where @ is not zero but » is unity, the expressions
of displacement are given by

u= —L elcrt i4l7 Bl j2 K e_alg ol Si]l 9 8H62’ ([{1‘) W
T (o) T
oHP (xr)}

»

— K CcoSfcos w

v:—z‘e[”‘ﬁ‘gﬂe‘"‘fcosﬁsinm{JM, b (26)
ne (k) ro
w=1i et 2T 277'? (2/‘:'-—7 ) K —axe{ocl sin 6 II(Z) (K?)
71“ ,1/ (.‘C)

—k cos A cos o HP® (/cr)‘-,

16) K. Sezawa, loc. cit. p. 41.
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corresponding to the disturbanece at the origin,

4 = efﬂ(sm 02 +cos 0 _> o (27)

ox/ V24 (2 —E)*
Let us next consider the case n=2. The displacements can be written
at once in the forms: ‘

H® R

w—i gt 2T Bk ‘“lf{(rol sin® @ —«? cos® 6) OHL” (xr)

h: T (k) or

2 (2) g
~4o; 1 8in 0 cos G cos w M+/e- cos? @ cos 20 %‘5_(_"’_)].,
r r
12 (2) .

vei oo 2T BL e'“'f{4a1 sin § cos 0 sin o 2 (<7

i I'(e) r L. (28)

©)
—x c0s @ sin 20 H—‘M},

r

— — plot l'n' '“(2/{5 _'J )IC "-'-lf 9 2 @
T R T e ¢ {(QNI sin® §—«* cos? §) H (er)

—4ou1 i sin 6 cos feos o H® (kr) + K2 cos? 6 cos 20 HP (/cr)} ,

corresponding to
e-ihVi2E(5-£)2
Vit (z—£)?

These two cases, where n=1 and 2, have been computed in all details
and the results are illustrated in Fig. I—IV. In these U is the maximum
displacement at the radial distance B from the focus and I is the wave
length of the bodily waves in the interior of the solid. Some general notions
on these result may be gathered. In the case of a doublet having the hori-
zontal axis, there are maximum displacements of the type of Rayleigh-waves
at the azimuth angle w=0 and z while at w=n/2 and 3n/2 there are no
such displacements but the prevalence of the horizontal movement at right
angle to the direction of the propagation, indicating the appearance of Love-
waves. This azimuthal component of displacement quickly disappears as
the distance from the epicentre increases, in spite of the persistence of the
nature of the vertical and the horizontal component of displacement in the
radial plane. The above facts'™ have already been pointed out by one of
the authors in the investigation of Rayleigh-waves due to an internal doublet-
source. When the axis of the doublet is inclined, the amplitude of the

A’—e“"<sm6§+co ea) B (29)

17) XK. Sezawa, Bull. Earthq. Res. Inst., 6 (1929), 12,
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surface waves is modified. The chief feature of this case is such that
there is superposition of the movements of the type due to the horizontal
doublet and those of the ordinary annular Rayleigh-waves. It is to be
remarked that the displacements at w=0 and at w=a is the same in their
magnitudes in spite of the inclined axis of the doublet. If the axis of the

~ doublet is vertical, the movements on the surface are completely symmetrical

with respect to the vertical line passing through the origin.

If we proceed to the case due to a quadruplet, more complicated evi-
dence will be observed. 1In this ease the motion at all points of the surface
represents no more the type of the pure Love-waves. This is interpreted
by the fact that Bessel’s functions of zero order are involved in the solutions
of u and w. We observe that even at a certain inclination 4 of the axis of
the quadruplet the amounts of amplitudes at w=0 and = are the same; it
will, however, be understood that this is not unreasonable when the analysis
is closely examined.

The foregoing remarks are given for the sake of simplicity on such
simple cases as the doublet- or quadruplet-nuclei. Some particular tenden-
cies of them, the authors think, will exist even in more higher multiplets.
The fact that the azimuthal component of displacement decreases more
quickly than others is valid in any case. It also appears that the azimuthal
distribution of the amplitudes (excluding the azimuthal component of the
amplitude) is maintained for all radii, so that the disturbances having the
azimuthal variation eannot be diffused in their wave fronts progressing out-
wards. It must be remarked, in addition, that the deeper the origin of the
disturbances, the more quickly deerease the amplitudes of the surface waves.
The rate of the decreasing amplitudes is proportional to ¢~*'* and there-
fore a small increase of the depth of the focus obliges much decrease of the
surface displacement, as seen in the appended figures.

The present paper deals merely with the formation of Rayleigh-waves
due to dilatational waves from a multiplet-source in the interior of the semi-
infinite elastie solid body. This is equivalent to the problem of the genera-
tion of the surface waves due to the body waves from a multiplet composed
of pure compressional and dilatational sources. The problems concerning
distortional waves from multiplets of the type similar to the present case
and of the pure distortional type will be left for the future study.

In concluding this paper the authors are indebted to Prof. K. Suyehiro
who has allowed them to proceed with this problem.
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