Formation of Deep-water Waves due to
Subaqueous Shocks.
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The problem of the propagation of deep-water waves in the ease in which
-the waves are caused by some disturbing shocks acting on an interior. point

.of the water, has the important bearings on the tsunemis as well as on the
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eeneral oceanography. Yet this problem has not been much studied for the
reason that it involves mathematical difficulty and more probably has received
very little attention from mathematical physicists in general. The problem
itself, however; has been oceasioned to be considered by a few students sueh
as Prof. K. Terazawa,® II. Lamb,* K. Sano,™ and R. Nomitsu,"® though
it is difficult to say that they have given the full satisfaction both in process
and in result. The methods of analysis employed by Prof. K. Terazawa, II.
Lamb and K. Sano seem to be some extensions of the problem of the ordinary
water waves travelling horizontally from the start, while that appeared in
Nomitsu’s paper may be regarded as giving the flow of water from a source
of stream. A conceivable problem arising in connection with the present
investigation is-on the wavy surface of water due to a submerged obstacle in
running stream or eonversely on the formation of wafer waves propagated
with the same velocity as that of a sabmerged body moving uniformly. The
case of the running stream attracted Lamb’s attention,™ and in a recent
paper by T. H. Havelock,® the wave resistance of submerged moving body
was considered from the same line of argument. Although it appears that
our problem is related to these papers, they ecannot be applied entirely to the
present case. Becaunse the nature of the original disturbance in this is quite
different from those of Lamb and Havelock and aceordingly the problem has
been treated «b initio by a different method.

In the present analysis, an attempt is made to study the way in which
the waves of the disturbing shocks acting on an interior point of the water
are transmitted in all dirvections and in which these primary waves tend to

exeite the gravity waves travelling on the surface of the deep-water.
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The paper consists of two parts; the first part is on the propagation of
shocks in two dimensions and the remaining part on that in three dimensions.

The metlhiod of analysis employed in this is to apply thoroughly the
formulae which the eminent mathematician . Lamb originally obtained
by means of Green’s theorem for the purpose of solving some problem of
seismic waves. When the depth® of the poi;lt on which the disturbance acts
is very small, the solution may otherwise be obtained approximately; when
the depth is relatively large, it will be found that the transmission of shoeks
in the water wholly depends upon the waves of compression of the water

and in effect the formulae quoted above play their important roles.

Part I. Two-dimensional Problems.

1. Among different types of motion at the origin special importance
attaches to the simple harmonie type, by means of which the mathematical
treatments are easily earried out. Generalising this type using Fourier’s
double integral theorem, complex cases such as the wave motion due to some
arbitrary disturbances at the origin ave obtained without diffienlty. We
shall take the free surface of deep water to be y=0, and shall suppose
that the positive sense of the axis of y is direeted towards the interior of
the water.

Again, in two-dimensional problems where there is symmetry about a
point, we must first find the solution of

ot* or* "R oR/ T N
where 4 is the dilatation, p is the active density of the water and «

is the volume elasticity of the water such that

For the ordinary water at 15°C the value of # is 2.046 %10 dyne/em*”.

T the case of simple-harmonie waves, the time factor being ei?t, the

(1) The ease of shallow-water waves due to bottom-shocks, in which the effect of
the inertin of water is neglected or is not neglected, will appear in Bull. 7.
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equation (1) takes the form

VAN 02 =0, (3)
provided
ht= Bi’f ............................. (4)

The expression of the primary waves are, thus, expressed by

Yr=—g e HP(WR), ... .. .. (5)-
where . ’
R=~a2 oy (6)-

The radial displacement near the origin is given by

1o
h:oR

Uy

so that the real form of displacement is approximately written by

1 9 < . T
Upiz— = __cos )t—]zl’»{-—) ................. 8)
R 1/’7T/LR ! ) 4 ’ )

Now we know the expression

Y l‘ 13- e —-al P Fifr §
HY (hR):—g Rl (9).
7)o o

which is first diseovered by II. Lamh® using Green’s theorem and 1'ecent]yi’
renewed by 1. Nakano™ in proving this expression by means of the contour-
integration. »

In the expression (9), £ of ¢¥¥* should be taken for a-positive and. .

o 15 taken such that
a=~2— 02 or NTE—FE. (10)
according as f*Z A%, the radical being taken positively.
In the case of an internal source of disturbance, resident at the point
=0, y==§, we may conveniently ccnsider an image at x=0 and y=—£&

The dilatation is therefore expressed by

(1)  Exuet solution at the origin will be scen in Lawmh’s paper, <“The Early Stages.
of a Submarine Explosion,’’ Phil. Mag., 45 (1923).

(2)  Prof. H. Lamb, ‘“On the Propagation of Tremors over the Surface of an Elastic-
Solid?’, Phil. Trans: Roy. Soc., 203 (1904).

(3)  Dr. H. Nakano, ‘“‘On Rayleigh Waves??, Jap. Jowrn. Astr. § Geopliys, 2 (1923)..
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The expression of displacement is thus written by

__ 1o +2_—1.3im(w choy e~ eT T d]

Ug—= — — - ",
° Ii® ox Th*)_ o (y<E] (13)
o y<lE&l ..., :
D] ipt peo .
Vo= — l E\V: — ‘—C——g sirouy ¢~ *F e, |
n* y Thi) o J

where 1, v ave components of displacement in .- and y-directions.

The pressure-components at the surface arve expressed by

[Dalyes=0, [DPoly.o=ud= R (14)

2K011;t§\m b.—as e:ifx
—ce

™ 22

Now, for gravity waves, the velocity potential ¢ will satisty the equation

of continuity sueh as

the solution of which may be written by

p=CcWe!MF (16)
the upper and the lower signs being taken for r-positive and -negative
respectively.

As the displacement (1, v1) is conneeted with ¢ in the near forms,



24 K. Sezawa

om__2é Qv 96 . am
ot oz = Ot oy '
we find
W= _i‘i— (,Yre—fyci(mxfn),
O S (18)
V= — i(-‘c‘f"a’ PEELE) I
p J

The integral of the equation of motion of the fluid is expressed by

Pr_9 o B, (19)
p ot ‘
where p; is the pressure and F(¢) is the integration constant which may

A
be supposed merged in the value of gi At the surface, we have

ot
BJ:(%‘ E GV e (20)
o ot ')g,=o gt |

in which v, is the surface elevation.
The kinematical relation at the surface is given by
ovy__ ’9¢>)

ot \ QY

with the condition that the normal to the free surface makes very small

’
y=0

angle with the vertical.
Ditferentiating (20) with respeet to ¢ and subsituting from (21), we

obtain

1 %Pt_lz( —D2H[g)Clem Vypet®Fn (22

the integral of which is written by

[1]y-0=ipC p—%f-‘! g (23)

The surface y =0 being free from traction, we have
[the element of pol, o+ ([P1lyeo=0, - ..o n... (24)
" from which we find

B —af
C=-2¢__UP (25)
7 aip(p*—[g)
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Thus u; and v, at the surface in the expressions of (18) can be written

by
,m:_-'_;gff — G—jg - PUGESL) )
w oip(p*—fq) | 26)
226 e, l(
7w ap (p*—1Y) /

Multiplying these by df, integrating from —w to « and afterwards

adding to ue and ve, we get

) ipt poo o i
"=+ Uy = e S (Pp IJ )+ eh® g -aEFIE —f—(?f, )
71'7L p) —fg o
-)k ipr . ~a§$ifa‘, (e o oo s e (27 )
v=vg+ vy =2 S L Ldf- ' J
mp ) D=9 o
These expressions may be written by _
ipt oo A2 2 . £
u_'—zwl H f_’ﬁl"._fg)_”*'_"l"_ e L gf )
whEp —fg o |
_ S”fiﬁi&&ﬁ’_ﬂ?c—«fﬂ : f_df] R (28)
, o Py o -
< int o .—afFifs o, —aftifs -
,0:2/60 [S _CT_:__Ldf.—\s (—'_’f_dfl
mp Lo p*—T0 o o PTG o -

These are the expressions of the wave motion on the surface of the
water, when symmetrical shocks having the displacement expressed by (8)
act on the origin (z=0, y=§).

To integrate the expressions in (28), we consider the integrals,

~

S P(p'—JZ)-i-hh‘ _g\//z ~n2isz Z __dZ,
—gZ NS

¢ -EYze-ieFize ”
S V Z v/ &

P*=9 SR (29)
S p(P* 4+ gZ)+ kI* _eymmmize L gy

pi+yz N

..g 72— h2+l?z [/
S v 4 —d7Z,

pi+gZ N ZLE—RF .

taken round some eclosed contours. In the present case, the first two

integrals in (29) should be taken round a contour represented by the left
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of the anmnexed drawings, while the remaining two should be taken round

that of the right-hand side.

Equating each sum of the integrals taken round the contour to zero,>

we find
oL T e |
HZI—J‘, (,”)'[ /', ¢ 8 /f)_‘h» %
]/ i ( 9)
2‘(/ g O(p .’*_ Jf)‘*'/(’h -lfl/f’+l:.~+fc /ﬂi.,_.(lf],
o (DP+1gf) AR (30)
o - .. oo o
P= i’f cnit [\__Jgf —3 (’,—gJ%‘ ILQILZ—_ x
oy 1 (")
pf.!
_g{!j —I§}/f—+h s ] f d ]
i Vel

in which the upper and the Iower signs ave taken according as =0,

In this the “principal values’” due to Cauchy are taken for the integl.'a—r
tion of the form,

S B g R (31)
o P*—fyg

which is indeterminate in the ordinary semse of infegration. TIn such a
case the indeterminateness is avoided by inserting in the equations of motion
small frietional terms proportional to the velocity and finally making the
coefficients due to these terms vanish. In the present investigation this pro-
cedure has been omitted.

As the second terms on the right-hand sides of the expressions of w and

(1) Correction due to the branch point has heen omitted in this deep-water pr oblem'

such effect will be considered in Bull. 7.
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v in (30) tend to vanish as the distance on the surface from x=0 is increased
in virtue of the factor ¢™* we may disregard these second terms for large
distances. .

Thus we find the expressions of the horizontal and the vertical com-

ponents of displacement of the surface of the water in the forms:

w1 et/ 5 cos (pf+£ m)
gp 1/1 (Ilg) : g

p-

) ' i . [12>hg) ....(32)
K 1 -£ I
S e v \/ 5111(pt+-a:),
" 1-(2) |
p* /
and
D . ne
mn =K ) sin (pt—T-—p—a;——{:l he— E)
g g-

[p2<hg] ....(33)

Q)--—_._,

! ws(m_g«_g/h 7

g g-

JP‘ (h) 1 i 0"

corresponding to the displacement near the origin

These eive us the nature that the surface waves are propagated from
= =

¢os <pt— hR+ %) . [RE=zt4-(y—6)...... (34)

7-/1 R

the disturbed portion. The motion of the water particle on the surface is
parfectly cncu]m The amplitude depends on the period and the depth of
the focus. The figure in next page shews the ratio of the amplitude at » and
that near the disturbed origin.

2. In two-dimensional motion wheré' there is Inot symmetry about a
point, but where the origin of the disturbance is a doublet oseillating hori-
zontally, we must find the solution of the equation :

P ( 19w, ‘a"’) ........ ..(35)
P "\Zm " Ror " R o8

where g is the agimuth at the origin of shocks.
In the case of a doublet oscillating horizontally, the primary waves may

be written by
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y=—iguld R e (36)
ox

=ihe'" I[P (WR)cosB. ................... (36")

\7&— Ag

N1 A : /’{, = Ax

-

o0k
o [R:a—f’]—b]
Q00t

=— 1 (sec.)
14 16 13 20

~ The radial displacement in veal form is approximately writted by

\ 9 . 377- .
Up= — = _cos|{pt—HiR ——) COSH. o o
==/ 2 cos (pt—ntes - (37)

4-0

X

T et |
A

og
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Modifying the relation written in ( 9); we find

0—a3/.T.ijz )

WH® (hWR) cos 0= TF gw
J o [>4

Superposing the effect of the image for the source (x=0. y=§&), we

obtain

w o

- ipt poo .
\If=$2?ezg e -atmmepaf,  [y<E]

S (PP (39)
O ipt poo
‘P‘:: $Zle ? 5 chactf C—ay:'m"fdf. [?j >§]
T —o0
The expressions of displacement are
Mo= ;’,1* %\f_?e]'ﬂg chay o o —atzits f2 g7 '
W2 Dx  wh* o 4
1 oy 907t [y<E]...... (40)
G . I — ‘-‘ § ;—-af"ffiz o la
YT T e oy  wh® S mShdy( LY
The stress-components are given by
it poo —afFifr
[Daylyeo=0.  [Poly=o=r} = "27’: S ¢ - fdf, ......(41)

s

the upper and the lower signs being taken for z-positive and -negative
respectively. »

Now, for gravity waves, a similar treatment as in section 1 being earried
out, the results of the calculation of the pressure on the surface ean be
written b\

[pidyaa=ipC TG graemmy L (42)
D
Putting (41) and (42) in the surface conditions, we find
O=+2¢ e A (43)
7 op (P> —19) '

The displacement due to the gravity waves is therefore expressed by
_ 2« ’—agf: o T |
w ap (0*—fg) J)

i oS ot o)

e ap (p*—fy)

Ki2]
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Multiplying these by df, integrating from —ow to o and afterwards

adding to wu, and vy, we get

U=

geil)rgec P(p_ f(/)-l-,c/l —a‘+'f:c f I

Thip p*—fg : o
Qike ,int —-u§__lfx f o

— '..|__. S LAy

T Joe P°—[g o

Following the same proeess of integration as in the former case, we find

o o - 5
2ie = 1 s / S
w=== [2——-::%: N il

g Ly ,/1_(h_g>
pe

_ 2% rp ) (P2 +iaf) ¥ ey, [P
mhik p‘~’+igf -V f~+lz

= 4= e’m [_. - ._,
v /1 (7”/) ’

_%!!Smc—ifvg‘?ﬂi«ffn ’f"' (if] .
prragf AP AE J

(lf'
. (46)

iy
n which the upper and the lower signs are taken according as x=0. The
principal values have been taken as in the former case. As the second’
terms in (46) become negligibly small as x tends to -, we obtain at

:such a point,

S N S ‘f\/——’“sm(pt+ p? )

gp g ]/1 (hg)

o . v 4 [p*>hg] .. ..(47)
p=E P ! =8\ 512 cos (pt+£—x ,

gP g g

and

[p3<hg] ..(48)

D p2 R 2 T4
S Y Y )
. g g~

-eorresponding to the displacement near the origin,
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COs(pt—hP+ 4)0053. [R*=z*4(y—E)*]....(49)

Up= —‘/

whR

These give us the nature that the surface waves are generated from the
disturbed portion. 'The motion of the water particle in this case, too, is
on a circular orbit. The amplitude at a large distance is p/gh times that
of the former case, when the horizontal displacements at the origin are taken
the same for both cases.

3. In two-dimensional motion \_vheré. the disturbing origin is a doublet
oscillating vertically, we find the solution of (35) for the primary waves in
the following form:
= — e 2UIP(LR)

Oy
=ihe® [IP (W) sin @ B 61118

The radical displaeement in real form is approximately written by

cos (pf—hli-{—:’%) me. ..., (51)

Up= —1/

whlt

Considering the effect of the image for the source (z=0, y=§); we find

(o]

Y= ~2, mg choy = P Af, [y<E] oernnnn... (52)
w Jo—co

so that the expressions of the displacement are given by

‘)1: . S —;
Mo=F— c“"i ch oy ¢~ “F ff,
ah? -

o - ly>E] ..ot (53)
vo=——— c”"’g‘ ash oy e~ EF TS,
mh* ) _w
The stress-components are
-)-' —afFifx 3
[Pelrco=0, [Dolyo= "S P A (54)
T J-o

Again, pursuing the same line of argument for the gravity waves as
before, we find the value of the constant in (16) in the form:
v 2K £ p -
C=""e (55)
w ipwr—Tg)

The surface displacement due to gravity waves is, thus, expressed by
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=+ — e“‘,————asf ¢HPFD,
w ip (p*—19)

2 e f o ) J
7 p(p*—1f9)

The resultant displacement, when the contour integrations ave per-

formed, is expressed by

© o —_ .
n= ?'fc et ['ZL "—E]/—;_;‘hzxi -z—z.n
gp -9 '
—_ 2g SNP (p2+igf) + «<h? e..if]./]"'v%h?_,—.fm f(lf] ,
i), pEitigf .
......... 5
21 i 2 WA e (
Q):—_f (),mt [_Z_)_ 0_51/72‘—1'2;1711‘ '
ap - g
9 o p—
_f‘(ls o iE YT neTs fdf—l '
1o |

Neglecting the second terms for a large distance, we find

9 2 P 2 <
we =5 2 c'g‘/z,—:-”? cos (p2‘$£— .r> ,
" ! [p*>hg] (5%)
o s S , o, T (B
q;:“_'c ﬂ-e—f l/—g-nz sin ( pt$£— x) ,
gpg ) Ty -
and
i+ 2K P cos<p1$—:x—gl/_4_h:)) A
gp ¢ g i
9 /P‘,'J , o F[p2<hg] e (d9)
= - 4
=P gin (pliﬂ z—{ '/21_/&1) ,
gr g g 7

corresponding to the displacement in the neighbourhood of the origin,

Up= — l/ 2 cos (pt —hR +§Z) sinf. [Ri=z24(y—§)]..... (60)
mhR 4

We may conclude that the amplitude of waves at a large distance,

when the origin is a doublet oscillating vertically, is ]/ 1—(h—({>—timesthat of

former case where the doublet prosecutes the horizontal oscillations. In

these both cases the absolute amplitudes at the origins are taken the same.

Part II. Three-dimensional Problems.

4. We shall take the free surface of the water to be z=0, and shall
!

*



Formation of Dcep-watez: Waves due to Subaqueous Shocks. 33

suppose that the positive sense of the axis of z is directed towards the
interior of the water.
Again, in three-dimensional problems where therel is symmetry about
a point, we must first find the solution of
Y (8 v, 2 a\p) ................. (61)
ot OR* K 2R

‘When the motion at the origin is of a simple-harmonic type, the

P

equation (61) takes the form,

Y 20%  gay
e A Ml 0, i 62
oRk* R OR ey (62)
provided
hﬂ;%‘ ............................ (63)

The expression of the primary waves are, thus, given -by

where R~~/m~ +y24e.

The radial displacement near the origin is written by

' 19y ‘ -

! T 65
, T wor’ (85)

so that the real form of displacement is approximately expressed by
1. -

Up=———sin(pl—=hR). /..., 66

r=—1 (» ) - (66)
Now we know the expression
—ihR oo ,—aZ

e S CToUNFAfs e, (67)

R 0 O )

which is due to H. Lamb.®® 1In this R=~r2422 and ¢, has the same mean-

ing as in (10), i.e.
a=NT2mh2 or WRE—fZ ... (68)

according as f2=h?, the radlcal being taken positively.

(1) Prof. H. Lamb, loc. cit. p. 22; also Math. Tripos Paper (1905).
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In the ease of an internal source of disturbance, resident at the point

r=0 and z=E, the dilatation is expressed by

- ooea (z=§) . ooe—u (z+§) N '.
= ("E 0 gar+ | To(n faf |
0 (24 0 o
‘=ezlm5°°‘3h°‘ze-ﬂfJo(fr) Faf, [e<El.ieiiii (68)
o o
and similarly
w:zcmri}%‘f e o) faf.  [SE]e e (69)
0

The expressions of displacement are given by

ipt moo 5 »
o=~ L 0¥ _2¢" S Ch 2 ety (£1) f201,
o

2ok Rh?),
1 o4
Vo=———7 =9 . A 70
vo I 9w (70)
O it oo ’
wo — L ¥ _ _2¢ S sheze™*¢Jo (f1) fdf,
h? oz h? ),

where o, v, wo are radial, azimuthal and vertical components of displace-

ment respectively.
The stress-components at the surface are expressed by
[pzr]z=0 =0, [P zw]z:o =0,

[Po]z=o=/c'\P=2x 6”"5002;—qu nyfaf. .o (71)

Now, for gravity waves, the velocity potential ¢ will satisfy the equation

of continuity such that
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o 194 22 ' -
R P (72)
or* ¢ 9r 09z

the solution of which may be written by

d=Ce T Jy(fr). ....... e (73)
As the displacement (uq, v1, w;) is connected with ¢ in the near forms,
om__op On__9¢ Own__09¢ (74)

ot o’ o Qe Ot 2z '

we find ’
==L e (i),
D

v, =0. [ .................. (75)

W= —i Ce"f“‘l’”Jo (f?'). J
p
The integral of the equations of motion of the fluid is expressed by
Pro9b_ B, e (76)
p ot

where p; is the pressure and I'(f) is an integration constant whieh can

be merged in the value of % At the surface of the water we have

ﬂz(a_qb> 0y e e 7
o= \ar ), gwi, (77)

in which w, is the surface elevation.

The kinematical relation at the surface is given by

aau;l: _(%‘i)zzu, i (78)

with the condition that the normal to the free surface makes very small
angle with the vertical.
Differentiating (77) with respect ¢ and, substituting from (78), we
ohtain ‘ '
1 %L?:(_ P VA YL ¢ W (79)
p 2 .

the integral of which is written by

»[Z)Jz:o:ipcl)_—;m ¢V o (1) e e (80)
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e
(o)

The surface z=0 being free from traction, the equation,

(element c¢f po)+pi=0 ..o (81)
must hold on that surface. Thus we find
C=—2cC0 L (82)
N , a ip(p*—Tfyg)

The displacement given in (75) becomes

.’ul_ 2[Cf c” ithl(f7)
ocP(p~—; J)
=0, (83)
2P g )
ap(p*—7iyg)

Multiplying these by df, integrating from 0 to «w and afterwards

W=

adding to o and w,, we get

it 2 2
u=uo+u1—-——2~j p(p? M et J, (f’)idf;
o

i- [
' P. =t e L (84)
2[{6”" = a—l
w=wo+ W= S (ﬂ)———df
P Jy pP—fy

These give us the oscillatory motion of a standing type at infinite
distances, so that we may be justified if, following H. Lamb, we superpose
on these some similar formulae of vibratory motion, whose phase only
differs a quarter period from that of the expression in (84). This pro-
cedure, when » is increased, is not unreasonable. Thus we take the fol-

lowing formulae, in which a system of standing vibrations is superposed:

W wlS &:f_ﬁj;’m —me(”)(f,) clf,

h* 2—
Fow wefe o e ol (85)
=2 j g (g )Ldf
p Jo pi—Jfy
To integrate the expressions in (85), we consider the integrals,
S P(pﬁ—‘gZ)-{-Kh -§ 72t HO® (r2)—2__ 4z,
¢ pr—gZ a/ IL~
......... (86)
—E]/d? —-h2
j e (r2)
p*—gZ J

taken round some closed contours. In the present case the integration is
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to be taken round the contour below

s 8T
.

Equating each sum of the integrals taken round the contour to zero,®
we find

9uce“"[20“ i B H(’)(—— ,) 3
R (’“) o |
(TP o g (i) L]
th’k Jo p-’+1gf N L (sT)
:2“6’”[2}2 et fB H<~>(p- )
ap V 1— (hq)

oo elﬁl/‘ﬂ+hz

) 2 if]
I 1 ‘ ].ll. S tlle

integrations.

HP(—

m)x/f 7 )df. ]

principal values’’ has been taken in the proeess of

As the second terms on the right-hand sides of the expres-

sions of v and w in (87) become negligible, as # is increased, in virtue of
0 > 1 s

b
HP (~1ifr) and H®(—ifr), we may disregard these second terms
Thus we find

LR R
sin (pt Py 3—77)
g 4

/ e ’
29

\/ e

Fp2>hgl (88)

(1) Correction due to hranch point has been omitted; such effect will be considered
in Bull. 7.
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and .
cos(pz‘-—ﬁr+§7—r-—‘g‘l/h‘-’_p_4)_ ]
n‘:,g'mﬁ2 ———1 : - g ’
gp g l/(ly_)__l R TP
v % [p*<hg] (89)
Z . sin (pt—»—-; +—-—§‘//L-___)
w= KT P ,
“p g l/(lu) . ]/wé)___o : J
q

corresponding to the displacement in the vicinity of the origin as written
by
Npim —7_11? sin (pl—RB), [RE=ri4 (=E) .......... (90)
W[

The motion of the water particle is perfectly circular. The amplitude
depends on the period of oscillations at the origin and the depth of that
~origin beneath the water level.

5. In three-dimensional motion where there is not symmetry about
a point but where the disturbing origin is a doublet oscillating horizontally,
we must find the solution of

pa_ﬁgzx(aﬂw+2 ov, 1oy 1 v Lote) ....... (91)

ot R R OR E‘a’aT R* o0

where g is the co-latitude at the origin,

A

Bl

Z

In the case of a doublet oscillating horizontally, the primary waves

>

may be written by

. a e-Ih,R .
= 92
¥ % T ; (92)
ihR
=eeosd O (927

R E
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The radial displacement in real form is approximately written by

uR:-l— cos (pt—hR) cos 6.

Modifying the relation in (67), we find
= —cos mrﬁ J1(fr) f2df,
o

cos § -
oR R 0

.............

—ihR

where o is the azimuth with respect to z-axis.
Supposing the effect of the image for the source (#=0, z=§), we get

[2<£]

= — 26 o3 @ S chaz —atr () f24f,
o
> N REPPPPPS (95)
Y= —2¢”* cos @ 5 NOE pme g, (Fr) f2df. [2>E]
0
The expressions of the displacement are given by
O it a o o
o= _i‘___Ze 2 G.Ob wS ¢hoz . 0J1(f7) 2 df,
= h* 0 o or
€y ,ipt 3 £ » fa )
00:_% Q_Ag:__gel’ sinmg chos e_agJ1(fl) f2df, \z<E€]....(96)
I*r 20 h* 0o o 7
o pint o, 5
Wo= _l_%;f;‘_ﬁﬁ@j shaz o€, (fr) f2df.
h? oz h? o
The stress-components at the surface "are expressed by
[pzr]z=0 =0, [pzw]z=0=05 ‘
} ............ (97)

o ,—af
oo = —2k € cos 0| T f 1 (fr) F2df.
p oL
0

Now, for gravity waves, the velocity potential ¢ will satisfy the equa-

tion of econtinuity such as
%, 194 ,0%, 1 0% _
P M o Tl A Bl = | TV (98)
or* r or 9 rfow?
the solution of which may be written by
G=—Ce T (fr)eosm. oovnverniiiin.. (99)

The displacement corresponding to this is expressed by
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U= _ioe—fz—l-ipt od(fr) cos @, '
or

p
vy=-2 rerine - UT) ") gin ®,
P r

vl=E Ce ™+ T (fr) cos w.
p

From the integral of the eqﬁations of equilibrium and the kinematical

condition at the surface, we find the surface pressure as below:

= —ipG RIS g g (1) cos @ oo (101)
Y ,

The condition at the surface gives us -

—af 2
C=—2,0"__ D" (102)
: o ip(pE—fg)

The displacement in (100) is therefore Writte‘nb by

2fe i OTu(fr)
ap(p*—fg)  or
2627 1) G L (103)

{1 =

COS w,

/U s
T ap(pi=To) r
wie= — ZefPe7 e J (fr) cos w.’

ap(p*—1g)

Multiplying -these by df, integrating from 0 to o and afterwards
adding to wo, vo and wo, besides the superposition of the terms due to

Bessel’s funection of the second kind, we get

u=2xe“"ocos wr [ﬁ ' hf. ] ~ac OHP (fr) f2 df,
Fp )y Lk fg - or e
= — i@ﬁr[f_ju_rﬁ_] omos HO ) 2 e L (104)
*p oLk —fg r o

ipt ©  p-af '
e — 2ke'™ cos mS ')e HP(f7) I df.
p - Jopi—fg o

Considering the contour integrations similar to those in (86), we find
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; fuirz, 911m>(P )
2’LK6”MCqu N -£ %_m .

=" [p - - p o
gp g ‘/ 1— (tg) R ;
9 S P(p“+1gf)+’5h —EV]‘«’-n—IﬂaH (=) 7 df] ,
ih’k p2+igf or «/f~+h~
» _21[6 ei})t sin &)[ 'f,\/-—-—lﬂ H(z)(p )
apr g V/l (hg)
[ P(p""*"'/gf)"""" -_-i&'}/ﬁ’mH(Z) . f* ]
d T ¢ (—1fr f
Z7L2KS z)2+1gf B )~/ 2+
w— _ Zi e4" cos o [p" ok __7,,2 H‘”(p )

api

g* ‘/ 1— h(/)

+qrEW+HW i) o U}

o PE4igf NS

a

L (105)

J

Thus we find the components of displacement on the surface of the

+water in the forms:

p? 3w
cos(pt——H— ) 1
gp 9* l/ Tpr
/ Tog
R ) sin (pt—z— r +§4:£ :
v;ﬂge—e\/ﬁ_m g . sin w, L[p?>hg]
Typr g ‘/ﬂ?*r
.’)
=g
2 9
. sin (pt - /+J—7r>
e 2.‘677' p- -5\/——112 /i)_ “ €os .
gp y* TP
‘ 2¢g

and

. sm(pi—— :+°7T t]/p —h? ) }
u—_—ﬂp_ cos w,

gp G* i o \
29 :

..(106)
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2 4
o €08 (Z)t'," L 7‘+%E—§‘/£q—h?)
v 2T L ! g sin o, {[p2<hg]..(107)
gpr g |/ ,
29
P 3 » Y
, ¢08 pt—__1+_4__§: £ _ ;2
W —2em l)—n = €0S w,
9P g° ‘/ZFQ‘_"
2g ]

corresponding to the displacement near the origin as written by

uR:—_;—Il? cos (pt—nR)cosf. ........... R (108)

It is worthy of notice that in spite of the maintenance of the natures
of the vertical and the horizontal components .of displacement in wave
profile and in azimuthal distribution, the azimuthal component of dis-
placement quickly disappears as the distance from the origin inecreases.

6. In three-dimensional motion in which the origin of the disturbance
is a doublet oscillating vertically, we find the soluj:ion of (91) in the fol-

lowing form:
E) (3_£hR

=e . 109
v=et o — (109)

The radial displacement is approximately written by

' uR:% cos (pt—AR)sing, ................. (110)

where @ is the latitude at the origin concerning the line of the oscillations.
Considering the effect of the image for the source (r=0, 2=§), we
find

A= — 202t reh oz T (F)fAf, [Y<E].onvnn.... (111)

so that the expressions of the displacement are givien by

26“7& o R
Uo= — e § ch eze 87, (fr) f2df,
L= Jo

vo=0, O HY<El .l (112)
Wo= QCTMjmoc sh aze™Jo(fr) fdf. J
0

X
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The stress-components are espressed by

[pzr]::()z O [2)~L.,L=0=0.
[po]. o——2/c6”’t8 “5Jo(f))fdf}

................

Again, pursuing the same line of treatment as before, we find

Cmpems_PL___ 114
=19 (D

The resultant displacement on the surface is expressed by

p= — 26 S [ﬁ+—’”L] T4 (Fr) f2df,

h#p Jo Le  p =Ty
Gegpe gt [ (115)
w=-— j Jo(fr) f2df. J
P Jo p‘-f(

Thus the results, when the contour integrations for the adjusted

Integrals are performed by means of the formulae similar to (86), are

written by

D2 {327 4 Ny , o R
u:—?‘_”fe_l_[ﬂzﬂ-e—f L2 [I® (pﬂ 7.)
gp Lg* g
m- S p(p® +:-f’{)g}l-fch' _I§‘ﬂ+h2H(2)( @f?)f'df]
d L ...(116)
2m emm[ -f\/——hZ H(”( ) .
ap g
o o~if Y702
+i.S CT i (—ifn) 12t |,
T Jo P“‘—f
Negleeting the second terms for a large distance, we obtain
5111( t——— + ]
1 :zﬂ"ﬁf £ —hZ g
gp ¢* ‘/'n'p" ’
2¢ '
g o Up2>hg] .. ..(117)
. cos (pt— P, 047:-)
w= —2_’.‘7_",1)_0 ,-5\/%:42 g i ,
g- P4t

and _ s
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2 a2, 4 -
sin (pr—_p_ 7'+%-—E‘/7L2—£0)
4 q. 4 . g-

Jp g* } mprr
B 2g

ch'n' 2;4 (29/__0 ! +3W_El/h~ _)
gp 9° [ ’
) J

2g

corresponding to the displacement in the neighbourhood of the origin,

[ <hg] ....(118)

wW=—

up-—Iicos([)t-—hR)smﬁ [RE=124 (Gm£)*] ovonn.... (119)

Some notices which should be added here. seem very like those in the
preceding sections, so that we will complete this section without adding

any remark.

Résumé.

The formation of deep water waves, when some disturbances act on 2 point in the
interior of the water, has been studied. The combreséion'll disturbances of the simple-
harmonie type being propagated radially from the ongm a successmn of gravity waves
is gradually developed by the surface condltlons of the water.

The method of analysis-employed in t}m is, in the ﬁrst place, to apply on the primary
waves (the primary pressure having inertic effect) the mathematieal results due to H.

Lamb, i.e.
) i o c-—az,‘exlfx
ﬂé’(h}z)=—’§ ——af, [B=a+y]
T J—-cc .
and )
P—lhR j“co(’—az
i = : : 2_ 2.4 2, .2
7 s o Jo(fr) fdf, [R*=a?+y2+4]
where

=Y en? or Vir—p2,
according as f°Z7°% ‘Some modified formulae have also .bé‘cn employed. n the second
step, gravity waves, which are to be sﬁperposed on the primary waves, have been
vformulated to satisfy the boundary conditions.

The paper consists of six sections: the begmnm'r three: sections deal with the cases
in which the origin 1s either “a singlet, 2 doublet osclllatmg horizontally or a doublet
moving vertlcally all in two dlmensmns, while the remaining three treat of the similar

cases in three dimensions.
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The principal results obtained by this investigation are enumerated as follows:
1. In spite of very small displacements of the compressional waves.in the neigh-
bourhood of the origin in the interior of the water, the excited surface waves have

relatively large amplitudes.

2. The generated surface waves are chiefly the ordinary gravity waves having the

same frequency as that of the origin together with their wave length proper to the
period.

3. The distribution of the wave motion on the surface of water always conspires
with the modes of oscillation at the origin. .

4. This fails in a three-dimensional case where a doublet oscillates horizontally.
Tn this, notwithstanding the maintenance of the natures of the vertical and the horizontal
components of displacement in wave profile and in azimuthal distribution, the azimuthal
component of displacement quickly disappears as the distance from the disturbed portion

is inereased.

CoNCLUDING REMARKS.

We may now review some results of this mathematical investigation
from the general consideration. Although the examples in the present paper
are of some idealized kinds, yet we may say that the theory is an important
guidance for the confirmation of the behaviours of the formation of
“deep-water waves under certain possible conditions. This can be clearly
known in the light of other branches of siences in which highly idealized
models contribute very often to the determination of the natures.

It has been necessary to idealize this problem in different manners
to obtain the regorous solutions of the mathematical equations and to
find the most important natures not in combined forms but in pure
states. In the first place, the motion of both compressional and gravity
waves has been taken to be small. The ‘‘small motion’’ is not meant
that the amplitude of the motion is small, but it defines that the slope or
the gradient of the motion is small. Secondly, the type of the motion is
assumed to be simple-harmonic. Generalising this type by means of
Fourier’s double integral theorem the complicated caseg such as the wave
motion due to some arbitrary disturbances at the origin may be obtained
without difficulty. This, however, has been omitted in this occasion and
left for the future study.
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The preceding solutions tell the fact that, in spite of very small dis-
‘placements of the compressional waves in water, the generated surface
waves proceed with large amplitudees. The figure in p. 28 is illustrated as
an example. This example also shows that the deeper the origin of the
disturbance and the quicker the period of the oscillations, the more quiescent
become the surface waves at a certain distance. Not less important is
the fact that at a large distance from the origin the generated surface
waves due the compressional disturbances acting on the interior of the
water are chiefly the ordinary gravity waves having the same frequency
as that of the origin together with their wave length proper to the period.
The orbital motion of the water particle is perfectly circular. An equally
significant nature is that the distribution of the wave motion on the surface
always conspires with the modes of the oscillations at the origin. An
exeeptional case is the three-dimensional motion due to a doublet oscillat-
ing horizontally. In this case, notwithstanding the maintenance of the
natures of the vertical and the horizontal components of displacement in
wave profile and in azimuthal distribution, the azimuthal component of
displacement quickly disappears as the distance from the origin is increased.

The extended case of the present problem, in which the shallow-water
waves are formed by the shocks at the bottom of the sea, is more significant
on the practical seismology ; this, however, will be left for future studies.®

In conclusion the author must express his sincere thanks to Professors

Suyehiro and Terada for their kind advices.

September, 1928,

(1) The problem bf ‘shallbw-watei waves due to bottom shocks will De published in
Bull. 7 of the Institute. The case of the pressure-distribution, in which the effect of
inertia is neglected, will also be involved in that paper, heeause such a ease is rather
important on shallow-water problem. .



