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The elementary theories on the propagation of elastic waves with infinitely
extended disturbances enable us. to find the various natures of the waves,
provided they are deduced from the differential equations of elastic waves and
satisfy the initial and boundary conditions. .This can be seen from some results

of experimental investigation® carried out by Professor Terada and Mr. Tsubo;,

(1) Terada & C. Tsuboi: Experimental Studies on Elastic Waves (Bull. of the Institute Vol.
III) and C. Tsuboi: On the Velocity of Elastic Waves along the Surface of Stratified: Layer
(Proc. Physico-Math. Soc. Japan Vol. 9 No. §).
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well conforming with the author’s mathematical theories which were reported
in this Bulletin Vol. II and Vol. IIT. Tt must, however, be understood that
certain natures cannot be found from the elementary theories; the pfopagation
of elastic waves with a finite train is an instance, which must be dealt with
specially.

Although the proper meaning of the leading part of each stage of distur-
bances recorded in seismograph is now clearly known in the light of increasing
knowledge of seismology, yet the exact nature of these parts in transmission
over a medium, which is regarded as elastic, viscous and dispersive, is not
completely studied. The necessity for a further development of the analysis of
waves thus arising, the author has obtained some theoretical results which might
explain the important features involved in seismic waves, such as the difference
between the group and phase velocities (due to Professor Gutenberg®) or long
waves leading earthquake motion™ found by Professor Imamura.

The method brought in this paper is merely the application of Fourier’s
double integral, which seems to be adequate to the investigation of the pro-
pagation of an arbifrary disturbance occurring in a limited region of the medium.
An inevitable difficulty, which comes out as a result of this mathematical
Jreatment is an occurrence of the discontinuous displacements at certain parts
of the medium. Though such a discontinuity is allowed mathematically, yet
the discontinuous displacement in real substances is impossible. This may,
however, be avoided by assuming a sharp continuous. displacement existing
from the start at these parts. |

The paper consists of three sections: the first is on the waves in perfectly
elastic bodies, the second some examples for the case in a dispersive medium
and the third on that in visco-elastic solid bodies.

I. Waves in Elastic Bodies.

The elementary solutions of surface waves, when A=p, are expressed by
v=(=3.0L¢ 4521 "7 i )
w=1(3.55¢ "7 —2,04 ¢ ¥ g L w72

where

(1) Gutenberg (Phys. Zeits. 1926). : '
(2) Imamura: Long Waves leading Earthquake Motion {Proc. Imp. Acad. Vol. 2. No. 3).
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hi= pp’ = pp’
A+2p @
u, v=horizontal and vertical components of displacement respectively.
Generalising this, we obtain for the initial disturbance v=9(z) on y=0,

@:_1_“ dfcosﬂ'»t(-—l 35¢ %71 +92.85¢ 3"”’){ (p(?\) cosflz—n)dn

W™

w=—b S dfcosfudt(1.61 ¢ 577 — 092(;3“3”); (V) sinfle—A)dA

ks -

in which v, is the velocity of Rayleigh-waves.
If p(\)=C for a>x>—a, then

v joc(__1.356.8471‘11_'_2.356.Smfy) {

2 Jo I
—sinflz—a—wst) +sinfle—~a+vt) }df
y— r( ~1.616*7+0.92¢)
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cosf(a +z+2:t) +cosfla +x—wvit)
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we get the integrals

w=—i[—l.35{tan‘l a+x+ ot +tan-! a+x—at _mn_lx—a—vzt

= 847y 847y 847y
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(.3939)*+ (@ + a+vut)*s 1(. 39oy)*+(r+a—v»t)z§

By computing this we find that the waves are propagated without change

+0.921og

of forms as illustrated in Fig. 1.
If p(A\)=coskn for «>z> —a, then
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By contour integrations,
When ¢>0

F=r f—r } i

we have the following relations.
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Using the above relation, we get, finally, at y=0

z>et+a p=0
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dy
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dy
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In this case, too, no change of wave forms can take place. This is

illustrated in Fig. 2.

II. Waves in Dispersive Medium.

The true nature of the propagation of elastic waves in a dispersive medium

is not yet completely known. We may expect that heterogeneity of the earth

crust, gravitation, initial stress and stratification of layers cause dispersions.

Bromwich was the first to point out the way in which the waves are dispersed,

though slightly, in gravitating elastic medium. According to his investigation

the velocity of propagation of the elastic waves in such a medium is approxi-

mately given by
p= V0(1+0.213%)

where
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Vo=the velocity in a non-gravitating medium,
A=wave length,

fi=radius of the Earth.

Now the author’s intention is not to study the nature of the dispersion;
but he aims to know the behaviour of waves in the dispersive medium. Thus,
for the sake of simplicity, adopting Bromwich’s dispersion formula,® the pro-
pagation of a disturbance in dispersive medium is dealt with in the following
examples.

Accordingly the velocity of progagation, throughout this section, is

written Dby.
o
Ta= 1 (1 + ——)
J

where vy=the velocity of propagation of very small wave length,

4

™
“—=wave length
c=a constant for a given medium.

The elementary solution of the wave motion, when the principal part is
selected, is written by the type ‘
cos (fz—fu.t)

The group velocity of this system is expressed by

d (f’Uz)
af

The general expressions for the components of displacement of the surface

=1

waves are given

=L \ "df cos fust (—1.85¢ 57 42,85 25%) S P(\) cos f@—A)dr
JO —_n

™

u= 1 Smdfcosf'vzt(lﬁl ¢SV —(.99 ¢ 2% S ) e\ sinf(z—2A)dn
0 -

™

in which @(A) is the distribution of the vertical displacement of the surface

at t=0.
If o(\)=C for a>x>—a, we get after a few operations,

(1) Proc. London Math. Soc. Vol. 30 (1898)
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By computing this we find that the waves are gradually deformed in
propagation through the medium. An example is illustrated in Fig. 3.

If p(A)=coskn for a>x>—a, we have

@=2L5«msa%ﬂ—135&W”+235emﬂﬁS““fx+“+fd+k®
T Jo
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.
By applying the formulae in pages 110 and 111 and putting y=0, we get
1) z>wit+a

= Sln206 Vot [—Cikz cos k(z1—a) +Cikz;cos k(Zz— a)
m

—Cikzscosk(z+a)+Ci kzscos kGt a)

—Silkz sink(zy—a) + Sikzesin k(z:—a)

= . —Silzsin k(Es+a) + Si kzssin bz + a)]
where un=z+ot+a, n=r—uvitae, Z=r—ut—a, Zi=z+tvi—0q

o ® o
. Cosu . sin Y
and Cw:-j LOSY Slu:S S0Y g
“w w 1] K2 -
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i) otta>z>vi—a

: v=%cos(kx—k+owot)

=

+ M—[— Cikz cosk(zi—a)+ Cilkzzeosk(zz—a)

27
—Cilkzcosk(zz—a)+ Cikzscosk(z,+a)
—Sikzsink(z —a) + Sikzsin k(z,— o)
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111) rol—a>x
- sin oot

5 cos ka [— Cilzicoskz + Cikzscoskzs— Clkzscoskz; + Cilkzicos Lz,
byl

+ (7-;) —Si lszl) sinkz — (% —Si kzz) sin &z,

=

+ (L) _si kz;) sin iza— (L) —si 7;24) sin lcz,,]

where n=x+wt+a, zZz=vl—zr—a, z=vi—z+a, Z=ul+z—a

These solutions tell the fact that, while the disturbed portion is propagated |
with the group velocity without the change in ‘its length, the harmonic form
of the oscillafory profile proceeds with the velocity peculiar to the apparent
length of thejwaves. Fig. 4 is illustrated as an example. This is an important
fact for practical seismology, as suggested by Gutenberg.®> Each phase observed
in seismogram may be due to the group Avelocity above given. In our case
the equation to determine the group velocity has one derivative, so that only
one group is possible; when the equation in question has a number of deriva-
tives, we obtain many phases as often found in seismic obervations. As the
waves with the oscillatory nature progress with a certain velocity different from
that of the disturbed portion and disappear at the leading part of that portion,
the law of ““pull and push’ in seismology is' not-applicable to the waves
propagated in a dispersive medium. Apart from these facts, an equally im-
portant fact is the existence of very feeble but long tilting waves at the front

of seismic waves, as observed by Professor Imamura,” though such waves

(1) loc. cit. p. 108. In the analysis by the present author, only the case, that the group
veloeity is less than the phase velocity, is taken.
(2) loc. cit., antz p. 108.
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given by the mathematics are not of just the same nature as those actually

observed.
ITI. Waves in a Visco-Elastic Medium.

The propagation’of waves in visco-elastic bodies has been investigated in
the preceding Bulletin, and we shall be contented here with a simple example
of a discontinuous disturbance propagated in an infinitely extended visco-elastic
medium.

The expression of dilatational waves is given by

U=

1 gmdfcosffvltc“wxf“j00 (p(?\)cosf(a;—)\)dX
0

™ -
A A42u

2p

If the initial disturbance is given by ¢p(\)=C for a>2>—a, we have

where v=velocity of dilatational waves and w,=->

u:_..:.lr_.jm(]f Closf'l'lt e_w.lf?t Sm C cosf(x—?x)d?\

T Jo —-a

From this, we get

® e 1 2t . ‘ ‘ . » ‘
u=i5 omwaSt {sin flx+ o —11t) —sin floe—a—v,t)
277 0 f R
+sin fle+a+nt)—sin flz—a+it) }df
Now ‘ !
S%c—hx-M[ 1 \j ™ S.C 471, dk
0 2 h ,
I o\ '
= 5 2«/‘1@'0‘(? ~/77,'> d(__i, )
[ 2 «\'/ ]l
o ® g .
=7 je “dx :where ’L—-—]
0 . //L
so that : ,
Y —_—r 2 —_— —_—ce? e 2
w=C A[S“e “ dm-g ‘e doc-!-rse “ da'—j’“e “ doc]
2N/7T ~Jp . 0 0 R
where
_xta—ut _x—a—d _xta+taut _x—ataut

== Lo~ ————— @ —_——— Ty ==
T oVt 0 2t oVt o 2N '
The result of evaluation is illustrated in Fig. 5. This shows that, however
sharp the initial form of disturbance may be, its forms become gi‘adually flat
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and long; thereby the condition of continuity is naturally satisfied.
A more complicated case in which many of the simple types as given in

the above e\ample are combined, is shown in Fig. 6.

Résumé.

. We have thus obtained some results having practical importance on the
seismology by the use of Fourier’s double integral theorems; the principal
results are enumerated as follows:—

1. Waves with limited extent in a perfectly elastic body are propagated
without change of the type. -

2. Waves with limited extent in a dispersive body are propagated with
modification of the type.

3. Waves having a group véloéity ih a dispersiv'e medium are propagated
with this velocity, keeping the original extent of the disturbance constant.

4. The oscillatory forms in the above problem are propagated with a
velocity peculiar to the wave length of the oscillatory part. The oscillatory
nature disappears at the extreme ends of the disturbed portion.

5. In some dispersive waves very feeble but long tilting waves lead the
train of oscillatory waves. ,

6. In analysing the phases in seismic records the nature of waves with
a limited extent in dispersive solid body should be taken into consiedration.

7. The law of “ pull and push” in, seismology is not applicable to the
propagation of waves in a dispersive medium.

S. However sharp the initial form of dlsturbance may be, the pulses in
visco-elastic bodies gradually flatten.

In concluding this paper the author’s sincere thanks are due to Professors
Suyehiro and Fujiwhara for their kind suggestions and advices.

October 1927.
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