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The theory of the reflection of plane elastic waves on the flat surface of

solid bodies has been investigated very exhaustively by Lord Kelvin and C. G.
Knott.®> The extended case, that the elastic waves generated from an internal
point of a sphere are reflected on on its surface, has not yet been studied.
As the recent observations reveals that the focal depths of earthquakes are
sometimes very large, it becomes urgent to discover the extension of the

existing theory of reflection to that on a spherical surface. Although the

(1) Phil. Mag. July 1899.
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variations of the nature of the materials composing the Farth crust and of the
intensity of gravity with the radlal d1stance froim the centre of the Farth are
more or less effective, yet in “the present problun a nori- crrav1tat1no' and iso-
tropic sphere has been taken for the sake of simplicity. Such a simplified
investigation is \{{orth while in the sense that it tells how the reflection depends
upon the geometrical forms of the elastic bodies. 'Moreover, as the effect of the
gravity on the propagation of ¢lastié traves in the Earth is insignificant and
the variation of the materials is slight, the result obtained by the present in-
vestigation may not be far froin the truth. Further, apart from its importance
in connection with the seismology, the problem itself has an important bearing
on the theory of elasﬁcity S '

The present mvestwatlon consists of two sections: the first deals with the
reflection of dilatational waves and the second gives thdt of a certain type of

distortional waves generated from a point.

I D11atat10nal Waves from an Internal Point.

The e\pre~s1ons for primary waves, When they are dllatatlonal are given
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and the radial and colatitudinal displacements relative to the centre k
of the sphere, 0, are expressed by 3)
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The expressions of the reflected waves are given by
. \
Z: Bn H;l’_[_ (1) Py(cos ) e
Cm AP(cos ) i
}1(2) (L ipe
gl//v it ) de
HE (0 ,
= — B’” d M Pr(cos @) e~
m=0 ]LE dr l/’)‘ (4)
—_ S (2) N dP'm(COS ‘P) —ipt
n= m=1 h%’)'% nl+%(h1) d(p ! ¢
Yo ___m”gij H, (k) Pulcos p) o=
m=1
—_ Cn d 1/ H®, (s dP.(cos @) —ipt
v g ki dr mta ) dop ¢ : N
where oy
7

A, a'=reflected dilatational and distortional waves, ‘

. u, m=radial and colatitudinal components of dlsplacement corres-
ponding to A/,

uz, vz=rtadial and colatitudinal components of displacement corres-
ponding to @',

On the surface, r=q, we have
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From (3), (4) and (5), we get
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The expressions (4) together with the values of constants, Bn and Ch,
determined by the above equations (6), give both kinds of reflected waves.

For relatively large values of ha, ka and hr, we get approximately,
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and, from (3), (4) and (7), the solutions of displacement on r=g is given by
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This solution seems to be easily evaluated from the expression of the
primary waves given by (1); but, without the expressions of the reflected
waves, the analytical determination of . the surface displacement will be im-
possible. »

The distribution of % and v on the surface of the sp_héré thus determined
for the case m=af2 is illustrated in Fig. I. The results well ‘conform with
those for the reflection of the plane waves at the plane bouﬁdary.

It is to be noted that, though the problem of the reflection of waves should
be attacked by assuming the surface of virtual origins™ at the external region
of the sphere, the author has studied the problem in a form consisting of
series of harmonic functions. The application of virtual origins in the present
problem is very difficult as the reflected waves are composed of dilatational

and distortional waves.

II. Distortional Waves from an Internal Point.

The equation of motion of the primary waves are expressed by
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where w is the azimuthal displacement.

The distortional waves, which are generated from a point oscillating about
a lineZpassing through that point and the centre of the sphere, are given by
putting n=1 in the solution of (1) as follows:—

zu=‘1}4—p-Hé" (kR)sin g ™ @

where R*=#*+47>—2rr; cos @

or w="L HO :R)r sin @ ¢-* 3)
REE |
Now
HPER)
—t - = Vo ( ) .
(kR)* mz:o mry Fig. b.
fr(;?+*(k7“) m+381) g P, (cos P) )

(k)2 (kr):  —sin pdep

(1) Professor Nagaoka’s advice.
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so that
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The reflected waves are purely distortional and expressed by
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The boundary condition on r=a is written by -
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The approximate solution for relatively large values of ke and kry, is ex-

pressed by .
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and the surface displacement by
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where R=V'0*+7 ~ 2ar, cos P

As an example, the case for r=0/2 is illustrated in Tig. II. The results
show that, the zone of the maximum displacement of the surface is situated
at a certain colatitudinal distance from the epicentre, though this distance varies
as the depth of the origin.

A noteworthy fact is that the surface movement by such incidental and
reflected waves well resembles that of Love-waves. Indeed, those waves which

are taken to be Love-waves, may in somes caseés be this surface movement.

Summary.

(1) When the primary waves are generated from an internal point of an
elastic sphere, the nature of the reflection on the spherical surface is the same
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as at the plane boundary. The reflected waves are, of course, composed of
both dilatational and distortortional waves, even when the primary waves are
purely dilatational.

(2) The expression of surface displacement are very simple if the wave
length is sufficiently small compared with the radius of the Earth.

(8) In the case of the reflection of purely distortional waves, the zone of
maximum displacement of the surface is situated at a certain colatitudinal
distance from the epicentre, the distance varying as the depth of the origih.

(4) The reflection of the distortional waves has a close resemblance to the

propagation of Love-waves.

In conclusion the author’s thanks are due to Professor Nagaoka for his
kind advice and suggestion, though the solution has not yet been extended to
follow his advice through the inability of the author.

October 1927.
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