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Dispersion of Elastic Waves propagated on
the Surface of Stratified Bodies
and on Curved Surfaces

By
Katsutada SEZAWA
Earthquake Research Institute
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The earthquake motion at a distant point flom the origin is oscﬂlatory,'

5 thouoh it is not necessarily osclllatory in the newhbourhood of the source.
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The farther the epicentral distance, the more grows the oscillation. This is
due to the fact that a shock is composed of an aggregate of simple harmonic
trains of waves, each travelling with different velocity corresponding to its
wave length. The proper velocity of each train of waves depends not only
on the surface conditions of the solid, but on the physical nature of the
medium, such as the effect of gravity or of heterogeneity of elastic and dis-
sipation constants. In this paper only the former will be dealt with.

The investigation of the effect of the surface conditions on the velocity
of propagation is limited to two simple cases, 'namely the effect of surface
layers on the propagation of Rayleigh-type waves -and the other the propaga-
tion of waves on curved surfaces. Although special problems on the propagation
of waves on a stratified surface have already been taken up by eminent
mathematicians such as Bromwich® and Love‘é’, yet the general relation
between the thickness of the layers and the velocity of waves has not com-
pletely been studied. As to the propagation of waves on curved surfaces, it
seems that it has not yet l;een much studied, excepting those on a spherical
surface, in spite of its importance. ‘

The present investigation consists of two parts: the first part relates to
the dispersion of elastic waves on a solid body with surface layers and the

second to the waves propagated over a curved surface.

I. Dispersion of Elastic Waves on a Stratified Surface.

1. When the axis.of 2 is taken coincident with the lower boundary of
a layer lying on the semi-infinite solid body and the axis of y is directed
vertically upwards, the equations of motion of the lower medium are ex-

pressed by

&4 ¥4, Fd
P (A 42p) o oy
R (1)
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2 = ——-+_—",)
Pt (39:2 oy

where

(1) London Math. Soc. Proc., vol. 30 (1898).
(2) Some Problems of Geodynamics (1911).
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The solutions of (1) can be written in the forms:—
Ad=Ae™ '@-T . (3)
2@ — Be® i1 (4)
where #*=f—1 s=f—I,
h?:ﬂ ;f:ﬂz (5)
A2 7

Displacement (w1, %) answering to 4 in (3) and satisfying @=0 is given
by ' ’

= -
'u,1=]—]: Agrriw=rn
2

(6)
= _r Agrv+ict=1a)

B

Displacement (us, v.) derived from the value of & in (4) with the condi-
tion, 4=0, is expressed by o

8 i(pt =
2= F Befr+iw=1o

, (7)
) :1_ Besy+i(1}t—,fx)
2 kz

In like manner the equations of motion of the layer together with their
solutions are expressed by
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4'=(c cosh #'y+ D sinh 2'y) e

i

P

i(pz-fxr)
~1__ ! i ol i(pt=12)
3'=(E coss'y+ Fsins'y) ¢

uw’ —i (¢ cosh 7'y + D sinh 7'y) ¢/ #-7 ) (8)

o'==1 (C sinh 7"y + D cosh 7'y) "7

!
[ § . r [} i(pt=r2z)
w) = o (E sin s'y—F cos s'y) e

v

vy =—Jﬁ (E cos s'y+ Fsin s'y) /12

in which
' 4':%.}._‘9&" . \
ox oy
25’:%—%
ox oy

'

u/, v'=horizontal and vertical components
of displacement respectively,

, ) (9)
p's M p'=density and Lame’s elastic con-
stants for the layer,

,rlzzf?-__hlz z O, 872 :fz_k!z z 0

Noi the boundary conditions are giveri by the following equations: —
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» oy , Gl ) y=0
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where H is the thickness of the layer.

Putting the values of 4, w; uz, v1, v, 4’y w', ue, v/ and v’ from (3), (6)7
(7) and (8) in the conditions of (10) at the boundaries, and eliminating 4, B,
C, D, E and F, we have
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where X;=cosh r'H, X.=sinh 7' H, Y;=coss'H and Y=sin s'H.

Solving the above determinantal equation by tentative methods for the
cases, p=2u/, p=38y/, p=4p' and p=>5p/, in which A=p, N'=p' and p=p, the
author has obtained, by the aid of Mr. Miyazaki, the relation between the
velocity and L[H, L being the wave length. Fig. I. gives this relation and

shows the nature that longer waves have higher velocities with an asymptotic
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limiting value. Thus it will be seen that elastic surface waves on a stratified
body are dispersive. In general, if u'<<u, the velocity of such waves lies
between the velocities of waves proper to the two materials, the upper layer
and the subjacent materials, when they take the semi-infinite extension.

2. Following the same line of argument for two dimensional propagation
of waves started from an origin and also the same on a spherical surface, we
arrive at the following -determinantal equations:—

for the former

E —ak [ - 2ak
kz_az’ kz_az ’ B — o ;’ /kz_ag’
— Bk I —2LB — B+
kz_Bz’ kz_Bz’ kz_Bz’ kz__ﬁz ?
e e o
kz_ocfz’ ’ P kz_arz #’ @ kz_a:z’
o'k
o, = o 0,
0 —F 0 AR
’ Lz__ﬁrz’ ’ © kz_ﬂyz’.
B'k v Bk
PG 0, 2; g’ 0,
0, 0,
0, 0,
12
(2 4 i mam )",)cosh o' H, L2L°° cosh o/ H
. # F' X
' ) ’
(2 il kzkaaﬂ ——)sinh o'H. 2k,33 - sinh o' H =0
p p ‘
! — (A2 12
pYad W T IcBB’z sinh 8'H, (B B,f ) cos S’ H
’ —(QI2 g 72
—2 L k'e T cosh 8'H, (‘8 Z__;,f ) sin 8’H
c.(12)

where
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! arm "0 3 n ’(]I’b) d Kz ’(hlb)
N EE—1! + 30 b) -9 d? Y-w @ +3 14
u Tl R S B T a4
--QEi Jn+%(k’b> d_z Jn+glg";’b)__k_’z Jn+%(_k'b)
wdb PR ab? l/b 2 Vb
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where h=_Pl_ =PV jpr—_ PP pn_pPD
A2 1 AA2u iy
¢=radius of inner circle,
b: » bR Outer ") b

n=number of waves on the whole spherical surface.

"These determinantal equations are too complicated to study thé nature of

motion directly therefrom; so that they are left for further study.

II. Dispersion of Elastic Waves on Curved Surface.

4. We proceed to investigate the propagation of Rayleigh-type waves on

a cylindrical surface parallel to its generating lines, when the cylinder is

circular and has a central core.
cylindrical coordinates,
expressed by

M 1 Qg+w)

07"
‘ , (1)
pa%: (8"5 1los_a 'a)
ot orr  ror ¥ oF
where
g Lot oo \
7 é’r oz
95=0_"
0z or . .
u, w=radial and vertical components (2)
" of displacement respectively,
p=density,
and A, p=Lame’s elastic censtants. /

The equations of motion of the core in
when the circumferential component is omitted, are
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The solations of (1) can be written in’the forms:—
Ad=AJy (hy) ¥ (8)
=B.J; (r) ¢'® 2 (4)
where
Ii= Pt 2=
C T 2 S=
2 - ( 5 ) ‘ .
B=FP_pr =0
e .
Displacement (u1,.2;) answering to 4 in (2) and sdtisfyind @=0 is given by
ul—————]Alf, Ji (hor) 10479 »
P4 .
. (6)
wy= fl’bf o () 272
n+f

Displacement (uz, ws) derived from the value of @ in (4) with the condition
4=0, is expressed by

’lbz—‘ f J(La)e“”"m ‘ o

(7)

J;)(k,r) 61' (wt—y2)

In like manner the equationsof motion of the layer and their.solutions
are expressed by

A =[C W)+ DYy('r)] -7

Uy —

’201,

prda_ (9_2_5"+l 95'—‘3'+"925') |

34

Y ‘
Py )(54 1ﬂ+M) \
0

» or 0

o7 or* v or ¢ 07

= [ELUS’?') + FYl(]c'r)] ei(m_m

I —

(8)
- (ot —12)
7’°+f’ [OJl(h )+ DY (/)] e

f
W

7)] =12
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ud = — k,f{; AT + P o
ws' = 1,:2 fz BRI+ FY(Er)] ¢

in which

A= oru’) " ou' \
‘or oz
25' = oul _ow
- % or

p's A, @ =density and Lame’s elastic con- L (9)
stants for the layer,

._fﬂ>0

W=

x’+2 !

1,.2
=l -p 20

/

Now the boundary conditions are given by the following equations:—
wFua=u' +u- \
wrFwe=10" +w,’

Ad+2u i(u; +ug)=Nd4' +2u' 2 (w’ +ud)
or ar o
yon r=a

) d
z [;z (wtu)+—~ <wx+?"=)} (10)

=u [—;—z (w +ud) +a% (w + wz’)] J

X’A'+2,L' ’ai (’U/l’ +’U;z’) =0
>
on r=b
9 (s +ud) + —a-(wl’ +w,)
oz or )

where ¢ and b are the inner and outer radii respectively.
Putting the values of 4, wi, s, w1, we, 4', w/, us, w' and w' from (3),
6), (7) and (8) in (10) and eliminating 4, B, C, D, E and I, we have
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M 1o, “f Tiha),  —Ju(ha)—2 T 4Iiha), Q‘thx(lm, 0, 0,
h1 hl da 71

AP K(ta), "—{Jo(ka), 2L 1), Hika), 0, 0,
A ky A kEd

2u’ 1/ dJl(h’G)
A 7” dao

20 W a¥i(ia)

- 4

K oy i o
AU L o), % 2 Twla) + 24

M ywe), - yala), Xrwo+

)

} h'* hl’ Py A hllz dCL
_A e, B gae 2 dh(ta)
jRE ik a), Tl o(k'a), N da ’

(10
f Yi(k'a,), i{{; I’o(k’@), 2#! f dI/I(L a/)’
‘1

~ N " da
%’%’f?fyl(h'a), Yo(h’b)-f-%’f, 751}, %? Qﬂ’ pdu)) Zf)
—Z_' Tk a), %‘- Zf— d"‘é’z'b) , — A(k'D)

. 2 2 7 2 1.2
where Iht=—FPP__  p2=P 11, 71/1’2=—’P—p;, and Ic1”=£p%.
M2u 7 A +2u I

Solving the above determinantal equation by tentative methods for the
case, p=p', A=p, M=p' and p=2y/, the author obtained the relation be-
tween the velocity of propagation and L/R, L and R being the wave length
and the radius of curvature respectively. Fig. II. shows this relation. It
will be seen that longer waves have larger velocities with asymptotic limiting
value. 1In this case foo the waves are dispersed on account of the reason
that the velocities of propagation are different for different lengths of har-
monic waves. It will be worthy of notice that as equations (5), (6) and
(7) show the energy of short waves is accumulated on the surface of the

solid, while that of long waves is distributed approximately uniformly in the
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cylindrical section. ‘

5. 1If the form of the surface in the above problem is concave, we obtain
other types of solutions. For example, for a homogeneous solid, the deter-
minant takes such a form as:—

Hél)@ha)_*_g;_bl_bz dHf”(z'ha), 2_#_7,1' dHi(ika) =0
A I do AL da
, ; (12)
-2 mina) — Hy(ila)

1.

6. In a special case, when the inner core is removed, we have the pro-
pagation of Rayleigh-waves along a hollow cylinder. The determinantal

equation giving the velocity is expressed by

R

by hl da h; da N
| QhW Ji(ha), | 2;1’” Vi(ha), —HGw,  —Tla) [
nan+2 L AROD) gy 42 1 ATOD) 2 iJ(Lb) 2y
’ » R db ’ rIE . db AR PV i
‘ij’f Tu(hb), 2;’“‘" Yi(hb), — ), =T

the results of which is shown in Fig. III. These waves have a close connec-
tion to those ]g;ropagated in plates, which was investigated by Lamb® in 1916.

7. When Rayléigh-waves are propagated along the circumferential direction
of a cylindrical surface, the equations of motion and their solutions are to be
modified as shown below. Taking the simple case of a circular cylinder, the
equations of motion in eylindrical co-ordinates, when the axial component of

the motion is omitted, are expressed by

(7\~+2)(BA 1941 1341)
8 at v or o6*
(14)
e ( 1 oa &a
+= +
P aﬁ ort o or * 06*

where

(1) Roy. Soc. Proe. (1917).
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g=Loru), 1 dv _ )
»or 06
R

u, v=radial and circumferential com-

ponents of elisplacement respectively. ./

The solutions of (14) can be written in the forms:— -

d=AJp(hy) @+ o | (16)
@ = BJp(lr) ¢+ , ‘ 17
where
2 9 2 277'
],,2_:_’7’_, p»=FrP , ~—=wave length (18)
A2p v f

Displacement (1, v;) derived from the value of 4 in (16) with the condition,
@=0, is expressed by
— _’f_t_ aJ}u(h’l‘) ei(pt—;-,rae) ‘

B er
(19)

'v1=—£1— ife Ju(hr) ' @+TO
K or

Displacement (us, v;) answering to @ in (17) with the condition, 4=0, is
expressed by
— ?foJ T ler) Mt +110)
K v
(20)
E 3e]}a(k7) Ht+Te0)

V2= ——;
o or

The surface r=a being free from traction, the equations,

Ad+2u =

(21)
ov_ 1811, -0 . .
or 7' r 20 I

in which w=w+wv; and v=wv+v, must hold on that surface.
Putting the values of 4, w, wz, v and v, in (16), (19) and (20) in (21),
we obtain the following equation to determine the velocity of propagation.
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[&=21) Fufhe) ~2 O%gw)} (=2 Ju(ka)

_ aff WInha) _ Tulha)| dJulka) _ |
4f{ da a } da 0 22),

Solving the above equation in the case, A=pu, we obtain the relation
between the velocify and L|/R, in which L and R are the wave length and the
radius of curvature respectively. Fig. IV. gives this relation and indicates
the dispersive nature of a transmitted wave system.

8. We now proceed to study the propagation of Lové-type waves on a -

circular cylindrical surface having a central core parallel to its generating

lines. The velocity of propagation is given by the following deter-
minant:—
Ji(ka), Si(k'a), Yy(a)
=0
4 Jke) WA AHe)  Wd Vo)
de o pda o pde @ (23)
0 d Jh(E'D) a4 Ya(%'d)
’ db b db b
where :

p=l-pzo,  w=Ph-pzo

27 wave length, s (24)

a, b=radius of the core and the layer

respectively _
Solving the above determinant in the case, A=g, \[=4', p=2u' and p=p’,
we obtain the results as shown in Fig. V. ‘ ‘
9. When Love-waves propagate along the circumferential direction of a
circular cylinder, we have to solve the determinant expressed by

Jfa(k’a)’ J.-fa(k,a')a Ea(k’a) B
=0
. ! : .

L ke, Ll rnwe, FLy.a |
da p da pd - (25)

d d

07 o Ja :” ) i (3 ol
T 7a(%'D) 7 Y(k'b)

where
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2

= PP je=PP
5 5

—2l=wave length, (26)

@, b=1inner and outer radii respectively.

The equation (25), however, has not yet been solved by the author.

Concluding Remarks.

'Wevhave seen that, if an elastic body is covered with superficial layers,
or if the surface has a curvature, convex or concave, as mountains or lakes,
the velocity of elastic surface waves depends on their wave lengths, that is to
say, the aggregate of trains of waves is dispersive. The fact, that the energy
of waves of short length accumulates on the surface of a body may have some
important bearings on the relation between surface and non-surface seismic
waves as well as on the problem of the vibration of constructive materials. In
conclusion the auther wishes to express his indebtness to Professor Nagaoka
®Bnd Professor Suyehiro for valuable advices and suggestions and at the same
time to Mr. B. Miyazaki who assisted him in computation to obtain the im-
portant results in Fig. I.

February, 1927.
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Fig. I.  Dispersion of Elastic Waves over Stratified Surface.
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Fig. II. Propagation of Rayleigh-Waves over Curved Surface along Axial Directior.

m@ / -
o / S
[ [

a

\

//// (

4

&
&

N\

R

3
Velocity
X X h

I

RN Y
[
NG MM

(M)
%

8 /0 2 174 16
‘E’ - WAVE LENGTH

Ra Qs

)

LK
S

[~

Fig. III. Propagation of Rayleigh-Waves along Hollow cylinder.
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Tig. IV. Waves over Curved Surface along Circumferential Direction.
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Fig. V. Propagation of Love-Waves over Curved Surface.
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