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I. Introduction. .

Although the possibility of co-existence of two types of waves propagated
with different velocities in an isotropic elastic solid body is well known, yeb

how the energy liberated from an origin with preseribed conditions of stress
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is partitioned into dilational and distorsional waves, is not yet completely
studied. Stokes” showed, in connection with the diffraction of light, the
distribution of energy of waves in various directions, when the waves were
generated from a single point executing periodic vibrations. Also L. Lorenz?
and Lord Rayleigh® dealt with the same subject in a similar manner. A
more general problem was taken up by Lord Kelvin,” who obtained the effect -
due to an oscillating rigid sphere. Love® later considered cases under various
conditions at the origin, when it is a single point.

The present investigation has been undertaken to study the partition of
strain energy into dilatational and distorsional waves, when the origin is of a
cylindrical or spherical shape with preseribed conditions of stress.

II. Cylindrical Origin.

The equations of motion of elastic bodies in cylindrical coordinates, when
the axial component of the motion is omitted, are expressed by
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.u, v=radial and transverse component of displacement respectively,
p=density of isotropic solid,
A, p=Lame’s elastic constants,

1) Stokes’s Math. and Phys. Paper, vol. 2 (1849)
2) L. Lorenz, J. f. Math. Bd. 58 (1861)

8) Lord Rayleigh, Theory of Sound, vol. 2, 276.

4) Phil. Mag. (1899)

5) London Math. Soe. Proc. (Ser. 2) vol. 1 (1904)
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Writing A=A, ¢' ™" and @=a; ¢/ ™ in (1) and (2) respectively and
solving the resulting equations, we obtain,

A=AT,(he)+ 4'Y, (h) 4)
@&1=DBJ, () +B'Y, (kr) ()

X+2ﬂ], ’l’ly

to denote the circumferential variation of amplitudes of waves.

. . 2 p* 2 2 . P .
in which I=—PP _p=PP =T =period of oscillations and n is a constant
p

Displacement (u1, v1) answering to A; in (4) and satisfying &=0 is given by

N VA Ly
n=—— {A . Jn(hr)+ A o Ya (h?)} (6)
w2 g Dall) g g Xallr) ) -

Displacement (u., »,) derived from the value of @, in (5) with the condi-

tion A=0 1is expressed by

w1 p Tll) gy Valir)) ®
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The surface #=a being assumed to be free from tangential traction and

under a nomal pressure p; e’ " the equations

a’t(; P (no+1t)
= i + 10
F o Pue (10)
and
1 au ) (Q))
Ll +r— (-2 )=0 11
r 20 Op P (1)

in which w=w+u, and v=v,+v. must hold on that surface.
Putting the values of A;, ui+u. and v+, from (4), (6), (7), (8) and (6)
in (10) and (11), we get,
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r=q

L 2iBpun [_1_ T (kr) _ Jn(lv"">]=p1 (12)
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The above aquation (13) gives
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by which the relative values of the energy in dilatational and distorsional
waves, when the origin executes the vibrations characterized by the equations
(10) and (11), are obtained uniquely.

By the substitution of (14) in (12), we can determine the absolute mag-
nitude of the enery of waves.

Each value of A and B being thus found, we can arrive at the general
expressions for the dilatation and the distorsion, which can be written as

follows : —
A=A cosnb {J,(hr) cos pt+ ¥, () sin pt}
&=AR sin n@ { T, (kr) cos pt+ ¥, (kr) sin pt}

where B is given in (14).

The velocities of propagation for A- and @-waves are \] AT2E and \}L
Iy

) P
respectively.

III. Spherical Origin.

The equations of mortion of elastic bodies in spherical coordinates, when

the azimuthal component of the motion is omitted, are expressed by

p PA_TA 2 9A , 1 FA, 1 OA
5 ) +~ + e 2 CH t 6 1
A4+2p O 9%*  p Of rt 96° * = 20 @)
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where

A:au 201 %’i—+1 cot 8
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u, v=radial and colatitudinal components of dis-

placement respectively, .

-Writing A=A ¢ and @=a;¢" in (1) and (2) respectively and solving

the resulting equations, we obtain,

_ 4 Py(cos8) i B
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in which M2=—PP and 2=LP_
A2u 4

Displacement (w1, o) answering to A; in (4) and satisfying &@=0 is given

by
A d Jusy (hr) v od Yy () i
= — Pn 0 _— —'*j_—‘l' 1 — 6
" n (cos _ ){ dr V', T v, } (©)
4‘1 dPn (COS 6) 1 ) ) > o —
— {Tay )+ 4! Yoy (o) Q

Displacement (uz, v;) derived from the value of @ in (5) with the condi-

tion A=0 is expressed by.

U= =28 n(n—-zl-]) P (cos @) 1

k PT

[Ty @48 Trg 0} ®
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The surface r=a being assumed to be free from tangential traction and

be under a normal pressure p; Py(cos @) ¢, the equations

AA+2p au —=p1 Py (cos 0) ¢ (10)

29 o, 1 %u '
or ¢ r 90 (1
in’ which w=w +u, and v=v,+2, must hold on that surface.
Putting the values of A, wi+u. and o, +v. from (4), (6), (7), (8) and (9)

in (10) and (11), we have,
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- The above equations (12) and (13) give us the ratio of the energy in di-
latational and distorsional waves, together with the absolute magnitudes of
of these waves.

Both dilatational and distorsional waves, which are thus partitioned to
accord with the conditions on the surface of the spherical cavity, propagate

outwards in the following manners :—

A=AP,(cos ) v { n+l (hr) cos pt+ I/n+1 (hi) smpt}

7

dP.(cos®) 1

Bd=AR
do vy

{JM (kr) cos pt+ Yiuu g (k) sin pi}

(14)
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where 4 and AR can be obtained from (12) and (13).

The velocities of propagation of A- and @-waves are »J At2p and \/—
P

1equct1vely as in the preceding case.

The expressions of displacement for A-waves are in the following forms : —

A d n+ (h')) d :Y;H-‘ (h'r) .
wy e (cos ){ i cos pt+ PR sin pt}-

_A d.Pn(COSG) 1

v =—
T de e

{ ned (h7) cos pt+ Yiusy (hr) sin pi}

Similar expressions for @-waves arc

U= — 2‘;1R n {Jn,,% (kr) cos pt+ Yaey (kr) sin pt}
Pp= — 24E dPn{cosf) 1 {d (1/9 J,,+1 (h))cos pt-l-—(]/f/ Y (M))Slnpt}
P

J/a de r

IV. Purely Distorsional Origin.

When stresses at the origin ave entirely distor-- ‘.\
. . D - w-'

sional, the motion can be analysed more easily.
As an example, let the displacement of a spherical
origin be purely azimuthal. In such a case the
equation of motion is written by

P%w_%Pw, 22w 2 {aw Sw t 0 L— t’0}
PRE-T 81~"+r R w+— oY +———60 cot @+ w (L—cot* )

n which w is the azimuthal component of displacement.

The appropriate solution of this differential equation is expressed by

4
vy

w=

{J n+-12 (kr) cos pt+ Yas g (k7) sin pt}j—e P, (cos 6)
where

E:period of oscillation,
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It will be seen that the waves propagate towards infinity without change
of type.
The motion of waves is purely equivoluminal and the velocity of propa-

gation \j £,
P

V. Conclusion.

The present investigation shows clearly that the partition of strain energy
generated from an origin of a certain .size into dilational and di-torsional
waves, is determined definitely by the conditions of stresses at the origin. It
is also shown how the cnergy of waves is distributed in different directions.
In concluding this paper the author wishes to express his indebtness to Pro-
fessor Nagaoka and Professor Suyehiro of this Institute for valuable advices

and suggestions.
December, 1926.
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