Researches on the Multiplication
of Elliptic Functions.
By ‘
R. Fujisawa.

Jacobi, in one of the Suites des notices sur les fonctions elliptiques, gives,

without demonstration, remarkable expressions of sn 2u, sn 3u, sn4u

and sn 5u in terms of the differential coefficients of /z(1—a2%(1—kz?)
q /A=2)1— k2% : 2 . ds for
and yfs=———— taken with respect to z*, whereby x stands for

snu.* Namely, writing

VAT AT =4, | A= =1) _ g,

we have
1 1
sn 2u = -5 ~Ip
d(x?)
B
0 .8 d(z?)?
sn 3u = Ay
d(z)?
1 a4
Ay — 1 2.3 d(z?®
snf = T %1 @B 1 &B _ aB 1 daB’
T2 AE®® 2 d@b? dEd) 2.3 d@)®

1 @B 1 @&B 1 #B 1 &B

B — s 23 d@ 2.3 dd)® 2 d@') 234 d@?)
sn ot = =T @4 1 &4 1 &4 1 a4

. * Crelle’s Journal, Bd. IV, pp. 185-193, and Jacohi’s gesammelte Werke, Bd. I, pp. 266-275.
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Jacobi adds “la loi général de la composition de ces expressions est
aisée a saisir,” and further remarks that we shall have analogous
formule by using, instead of the differential coefficients of 4 and B,
those of
1 1
and
V(1 — (1 — k)

S =i

7
The general form of these expressions is, however, by no means easy
to infer from the particular cases just given, and I have tried to trace

among the writings of Jacobi, the steps which might have led him to
 these expressions, but without success.

The present memoir is divided into two parts. In the first part,
the multiplication-formulee of elliptic functions are derived from Abel’s
theorem for the elliptic integral of the first kind. It will be seen —that
one of the results arrived at is the general formula in question. It
appears, however, highly improbable that Jacobi obtained his formulee
in this way. '

In the paper just alluded to, Jacobi gives, also without demon-
stration, the partial differential equation satisfied by the numerators and
denominator of the multiplication-formulse. This partial differential
equation has since been obtained by Betti,* Cayley,** Briot et
Bouquet,f and others ; but the final results to be obtained by
applying it to the actual evaluation of the numerical constants involved
in the multiplication-formule, has not, to my knowledge, hitherto
been developed with much completeness or success.

In the second part, Jacobi’s partial differential equation is derived

in a manner which is most probably the one followed by Jacobi

* Betti, Annali di Matematica, Vol. IV, p. 82.
## Cayley, Cambridge and Dublin Mathematical Journal, Vol. IT, pp. 256-266.
+ Briot et Bouquet, Theorie des Fonctions Elliptiques, p. 529.
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himself, and then applied to the investigation of the multiplication-
formulee. The present paper is thus composed of two parts, each of
them having reference to the theory of multiplication but otherwise
unconnected.

Throughout the paper, I have adopted the notation of LFund.
Nova, the only exception being that I write 8,, 8,, 6;, 8 instead of 0

and H, whereby I follow Jacobi in his lectures.®

Part First.
§. L.

Denote the fundamental elliptic irrationality by s and the corres-
ponding Riemann’s surface by 7. Let S stand for an algebraic func-
tion of z, one-valued on the surface 1, and of the order ¢, having for
its zero-points

Ouizn | sul, £=1,2,3, ... q,

and for its infinity-points

[0}

X

v 100 [ 6}, v=1,2,3,...... 7,
then Abel’s theorem is expressed by

t=q

1z et N S8
(1. - R - A}
) ﬂél Su vél O»
Now S is necessarily of the form
P4+ Qs
R ’

where P, (), I are integral functions of z of the degree ¢, ¢—2 and ¢

# Jacobi, Gesammelte Werke, Bd. 1, p. 501.
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respectively.  The numerator I’ + ()s must be so determined that it
vauishes in ¢ points d, and, besides, in another set of ¢ points

ey | —0»}, v=1,2,3,.... q.

It will be convenient to write 0,4, instead of ¢,, and then P + Qs

vanishes in 2¢ points
ow {2, | sub, r=123,..q9 q+1;... 2¢.
Equation (1.) then takes the form

=2
dz,

5,

(2. = 0.

w=1

We now take for the fundamental irrationality Riemann’s form
Mz l—z 1=k,

and write

2u = / " d:
S Az L=z LR

so that
i o= suu.

Two cases are to be distinguished according as 1 is odd or even.

When # is odd, put 7n=2m+ 1=24—1, and let one of the 2¢ points
in which P+ @s vanishes, coincide with the point {¢|#} and the

remaining (27—1) points with the point {z | s}. Equation (2.) then

becomes
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(3) : (;i—!- n _%?_ =-0, = odd;-

and, writing P+ Qs in full,
P Qs=(ay+az+ @+ ... 4 @124 O+ bzt D224 ..+ b,y 2™ s,

we must have, denoting differentiation with respect to z by D,

Ayt + @27+t Wy Cn&l + bf 4 062 +...4 b,y HCH=0,
Aot 2+ @2+t @y 2T bys A Dy(s2) b,y (527N =0,
a2z + ...+ apa(m+ 1)+ byDs+ 0,D(sz)+ ...+ b,,_, D(sz" H=0,
4| by D425 4- b D™ (s2) +- .., ‘
. + bm—le+2 (SZM'I):O,
by D*™s + b,D*™(sz)+ ...
o + bm—l D?m (Szm—l) =O.

Sinece g, gy veenns , by by ... do not all vanish, the determinant obtained
by eliminating a,, a,y «..... by, U, ... must vanigh, that is
y g gy gy y Ugy U; y ’
1,62 ... emtt g, 6z, 6e2, gemt
1,2, 2 ...... Pany s, sz, 822, ceee. syml
L2, 7, D s, s2m
1, 22, m+Dyz™, Ds, D(sz D(s7#% D(sz™)
(5) (m+1)!, D™, D™ (sz), D™ Ysa?),...... DmHi(gem—hy | =0,
Dt Dt sy, D™(sz?),. .. ... Dmt3(gzm=1)
Dmreg, D t¥(sz), D™t8(s2%),...... Dmt3(gzm—1y
Dmg, D*™sz), D¥™sz%, ...... D (ggmh

Let the expansion of this determinant according to the elements of

the first row be written,
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©) (Pt Pl APl +H{Qo Qi+ -+ Qa1 }6=0.
Then (2m+2) roots of the equation
{P0+P1Z+ oo +P7n+1ZI)L+T%}2—V{.Q0 + QlZ +.. + Qm_lzm‘l}2’Z(1__Z)(l_ kﬂZ):O
are {, and z repeated (2m+1) times. Thus we obtain the following
identity :
(1) APyt P ZA ot P 22— { Qb Q2 ot Qun 2 32.2(1 - Z)(1- 1°2)

‘ = 72n+1(Z_ f) (Z—'Z)MH.

Herein putting Z=0, Z=1, Z =% successively and reducing, we
obtain |

T 2ml P,

z2? =
C Pm-f-l’

2m+
® ST (g = Dt Dbt P
m+1

T 727 2m+1 2m—+2 “om
VITRE (-t F = DTt By,
m+1

In extracting square root, strictly speaking, we have to prefix the
double sign = ; but by taking some particular value of n or by putting
k=0 in the final results to be hereafter obtained, it comes out that we

have to take the + sign.

§ 3.

Let us now investigate the expressions which occur on the right-

hand side of equation (8). For this purpose, put
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Dm+1g’ Dm+182', o Dm+15'.2'm_1

1)»;%—25’ Dm+25‘Z, .... _Dm+282m_1

. A=

further let the expansion of A according to the elements of the fivst

row bhe written :
(10) A = D, A+ DmHgr . Ayt ... 4+ Dotlgm | A,
Now

2, 2% ... g Y A sgm
1, 22,...on+4+ 12", Ds, Dsz, ........ Dszm?

11y P, = m~+1D1, D Dntlgs Dmtlggm=1

Dmt2 s, D7n+2 ST, Dm+28 zm-—l

2, 2% Zm, gl 2, 2% 2™, 8
1,22,...... mz™ L (A 1) 1, 2z2,...... mz""Y, Ds
=A —(m+ 1A,
m !, 4Dz m !, D"s
2 >
A AR ", sz
1,2z,...... mz™), Dsz
—(m+Dla,
m !, D™sz
o -2 Zm g;.m—-l
gy By 2, 8
, 2%, mzmY, Dzt
—m+DA,,
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Writing, for shortness,

12t m!t=m!,

we have
2, 4 Zm, mtl
1,22,...... mz™ 72, (4 1)z T
m!t, m+1)!z
also
7, 2% 2" 8 1, 1, 1, s ‘

ml, D"s mt, 2D

= (m—1I {z"Dms—mem D™ s A (—1ymm ! s}
S
= (m—=NH! z””’lD’"(—;)Q

similarly

= (m— 1)l 27t Dng |

= (m—1 z»H D"y
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2,22 ... A sgmt

1, 2z,...mz", D(sz™! '
( ) = (m—1) 1! Z7D™(szm3 .

mt, D™sz™Y

Hence

4 -(lé.) Py=m ! z”“‘l{ A —(m+1) [D’”(%)./_\l+ D7, Agt ...+ Dmszm 2 A, % .

Again
1,2, 2%... 2" s, 82 ... sgm 1
1,2z,...me™ Y, Ds, Dsaz,...... Dszm—t

.............................................

m!, Dms, Dwmsg, .. .Dmszm 1
Drtlg Dmttgy | Dmtlggm—t

Dmt2g Dmilgy | Drtigpm—l

d3) Pup=(—1n"

D2m8, D?mrgy _Dﬂmszm—l

= (-1t mil A

Substituting the values of P, and Pnw just found in the first of

2m+1

equations (8.) and dividing by 272, we get

(14.) - A —{(m+ l){D’”(—;—). Ayt D"s. Ayt A Drs Am}
VT = (-1 A

The expression for A given in (9.) may be greatly simplified.

By an easy reduction, we find

(151 D™, gn+ 1)D™s,  (mn+1)D™ s, ... {om~+ Dm...3} D%

A D%, (m+2)D™ s, (m+2)(m+ 1)D™s,...... {(m+2)mn+1)...4} D%

.......................................................................................
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that is,

_]'_ 2 ] 3 1 m+1
o7 D, 3—!D Sy vrreaen T 1)!D s
1 1 1
—D3s —D%, ...t P — ) ]
m(m—-l) ” ¢ > )
(16.) A I e o (2;1%3' 31 41 (m+2)!
1 m+1 1 m--2 1 2m

s LA e

The expression

(’m/"l" 1){ m, j m—2.Am}

which occurs on the righthand side of (12.), admits of being simplified
in a similar manner ; namely denoting, for a moment, this expression

by A', we have

£ PO Dmgym—2
(7%_!_ l) _Dm+29 D"H'ZS,J ..... Dn+2szm 1
DZmS _D2'"'SZ ..... D LY 1
8 s 1 .
D-Z—’ 5T D2_;}_, ............ — m?
1 1 .
men=1) Q1| | D3 D, i mt2g
:(_1) 2 ( ) 31 ? 41 ) (7n+2)
m !
R " $ ! s D" 23 ...... 1 2m
(m+ 1)1 * (m+2)! (2m)!

m(m—1)
2=l 2m)l!

Leaving the factor (—1)y» /7. (—1) Pl

out of consideration,

the numerator of the righthand side of equation (8.) becomes
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1 2 1 3 1 m+1
T.D S, —yD £ P mD S
1 3 1 4 1 mt2
—3—‘D S, ?'D Sy e, (77Z+2)I S
1 m+1 1 m+2 1 2m
(m -+ 1)!D 5 (m+ Q)ID SN 2m)! D
pi, Lt L pns
z 217 2 ! Z
1 3 1 4 1 m+2
_ wD S, -4—'D 8y cevesianianonns mD S
1 m+-1 1 m+2s 1 2
(m+ 1) (m+2)! A (2m)!

2 m-H
2,D( ) ( - (m—l—l)? ( )
1 3 1 ¢ m+2
(17> B -8—"D S, ?D S (m+2)’D S
1 1 1
m+1 m+2 T 2 )
w +‘1)!D 5 +2”D Sy e @m)l D

A slightly different form might be given to this expression, viz :

1 s 1 vy

e G W TE S R L)
—l— ’ ; . 1 m+2) s

asy | 38! D ( p ) —D( ) ......... (m_-l-ﬁ)!D (7)

.....................................................................

1 m-1 8 1 m+2, _S_ 1 2m s
(m+ 1)!D (-z_)’ (m+2)ID (z )’ T 2m)! D (?)
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Let this determinant (omitting the factor z™) be called M, and the
determinant on the righthand side of (16.) M. Observe that M and
A differ from each other only by a mumerical factor. Equation (14.)

now assumes the form :

- ”; v _%
(19.) VI = (=1paat b

§. 4

Consider now
Po+ P+ oo + Py

which may be written in the form of a determinant, viz.

1,1, 1, ... 1, 0, 0, ... .. 0
1z 2. it s, 82y ... Y
12 ......... (m+1)z",  Ds, Dsz ...... Dgzym1
H——-':Zn“n'—l
©0) P |
LU " —
e (m+ 1), D, D™ gy, ..., Dmtlgym—t
D3 D™ F2a ... Dmt2gym=1
Ds, D¥sz, ... Dngym=1

This determinant may be reduced in exactly the same manner as D,

and then we find
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16

..............................

m!, (m+Dlz

1,1, 1, ... 1,1
1,2, 2% ... 2", gt
p=m-+1
Z Pu=A 1,22 ...... mz™ L, (m 4+ 1)z
=0
ml, m+1)1z
1,1, 1, ... 1,0
1,2 2 ... Z" 8
—(m+1D! A, 1,22, ...... mz™1, Ds
m!, Dms
1,1, 1,...... 1,0
1,2 2% ... 2™, sz
—(m+1)t A, 1,22, ...... mz™t, Dsz
m !, Dmsz
1,1, 1, ... 1,0
_ 1, z, 22 . 2™, szm 1
—m+D A, 1, 22, ...... mz"™"Y, Dszm1
m !, Dmgzm 1
Now
1,1, 1, ...... 1,1
1, 2, 2% ...... 7™, gt
1,2z ...... mz™ Y, (m4+ 1) | = (=1 Pm -2,
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1,1, 1,...... 1,0
1,2, 2, ... " 8
. s
1,22, ...... mz Y, Ds | = —(— Dt — D — 2yt Dml_——; ,
m!, D"sz
1,1, 1,...... 1,0
1,2 22 ... P Y
sz
1,22, ...... mz™ Y, Dsz | = — (= 1y (g — DL — z)y» D™ 1—7 °
m!, D™sz
e e e e ,
1,1, 1, ... 1,0
1, 2 2% ... P Yl ,
szm-—l
1,24, ...... ma™ Y, Dsgm™t | = —(— 1" — D1 — Z)7n+1D""1—7 .
m !, Dmgml
Hence
p=m-+1 s 82
Z Py =(—1y"lld — 2yt A 4 (m+ 1) [ m = A+ D™ T— JANE S
=() “
Szm~1
+Dm‘—1_ Pt Ay,
s sz g™t
Dm+ Dm—l—l— ...... Dm+1____
1—2’ 11—z’ 1=z
= (= DFall1 —z)mt2} D™, D™ty L. Drmt2gm—1
D2m9 D2mg? D2m87m—1
s Oy e

Further, we deduce without much difficulty
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p=m+1 m{m—1)
(21.) D Pu=(—1) = (= DmHeml(1-z)mH
p=0

s 1 s 1 i1 S

1 s
317 1—2° S!D 1—z7 (m+1)!D 1—=z
_l_ 3 l 4 l m--2
% 3!DS, HDS’ ...... ml) S

...............................................................

]‘ Dm-l-l s 1 Dm+28’ 1 D?ms

m+D Cmroy o @m)!
or
p=m+1 m{m—1) )
@2) Y Pu=(—1) * (=LyH@m(l—zmh
B=0
1 ., s 1, s 1 w1 S
7&_!D 1—2" 8—!D 1—z’ 77 (m+l)!D 11—z
1 . s L, 1 iz S
% TﬁTD 1—-2’ 74_!D 11—z 77 (m+2)!D 1—=2
1 s 1 s 1 s
mA1__© m+2, 2m,
(m+ l)!D 1—2 (m+2)!D 1—z7 " (Qm)!D 1—2

Denoting the determinant on the righthand side of (22.) by M,

and remembering

Pypy=(— 1y 2m) ! M,

we get by division

P0+P1+--~+-Pm+l>__ N 2m+1%
Py == M-

Substituting this in the second of equations (8.). we obtain

n

(23.) V= =(1—2)? %—.




166 R. FUJISAWaA.

§. 5.

Let us consider the determinant

AR L L 1, 0, 0, ...0

1, z, 2, e g s, sz,  ...8xmt

(24.)
1, 2z, ...(n+1)y™ Ds, Dsz, ... Dsz»1
p=m+1
Z P‘Lk2'7z+2*2p= ..........................................................
=, - (m+ 1)1, D, Dtlsy, o Dwtlggmel

_Dm+28’ Dm+28,2, Dm+2szm—l

D2m8’ Dﬁmsz‘ D2m.82m—1

This determinant is of the same form as the one in (20.), and we find

likewise
"‘="§+1 » s
2, Puldrti == 1y 11 (1 — k“’z>’”“§ A+ (m+ D2 [D"‘ 7% &
=0 — Kz
82 s om—1
D'm,_‘___ . A . 7 . ] %
* 1—Fk% 2t D 1—Ak% A
S . 8% gzym—1
D= D s - P
— ( — l)m+] I'II/! 1(1 __ k22)7n+2 Dm+2s’ Dm’+282, . D"‘ﬂsz’”*l
D s D2mg 2, ... Dmgym—1
whence
p=m+1
(25.) Z Dy fomte-am —(— 1y 2mti(1— Rzt
#=0
- 1 : 5 1 s l m+1 S

2 s -
51 DT 3!])l—k‘~’,2""(771,+1)!D 1—k%

1 1 1
El 4r o

m 'l~2§.

m+1 S DnH-Z A

(m—+ l)YD T (m+2)! T (Zm)lD
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v or
p=m-+1 m{m—1) ‘
(26.) Z Pt (— 1yt (—1) 2 (2m) 1 (1 — K22 it
=0

1 2 s 1 3 s 1 741 s
@!—D 1-#%2" T’;TD 1= (m+ 1)!D 1—F&*

1 . s 1., s 1 s S
x ElI = (m+ 2)!D 1—k2%

1 m+1 il 1 m+2 s 1 2m S
(m+ l)!D - 1=k’ (m+2)!D 1—k% " (Zﬁz)!D 1--%%

Cull the determinant on the righthand side of (26.) M, we have

P0k2rrl+2+ P1k2"”‘+ e +Pm+1 (112 2m+1%_
P, == M

Substituting this in the last of equations (8.) we obtain -

(27) NITRE = (- k) Tﬁ‘% :

§. 6.
In case n is even, say n = 2m, put m = ¢ — 1, and, referring to
§. 1., let one of the 2¢ points in which P + (s vanishes, coincide with
the point {£ |6}, another point with {0 |0}, and the remaining
(29—2) points with the point {z | s}. Then

(28.) d?‘ + n ci_z =0 , neven,

and
Pt @Qs=(mz+ay®+...+ap 12"+ 0+ b2+ ... + b, g2 s,
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a, being zero. If, as will be convenient, we write

6 I=C 1=k Sm/m—
¢ N/ ¢ —¢r*‘* —Z_~u,

- z

P+Qs

2 = (6(11+d22+ s + a’m+1zm) + (bO+ blz+ tee + ban—-lz) u,

then

and

aq"" (t2:+ 03‘:24‘ et [£7%m) Cm + bli¢ + Z)l(¢:> +...+ bmfl (¢:m—1)=0’
@+ Gzt g 2 Gy 2™ o A bjws) .4 b, e )=0,
ay Fag2z4 . Fay .m0 Dyt 0. Dws)+ ..+ b, Dz ) =0,
e M +0,D™ w +6, D™ (uz) + ...
(29.) - + bm—le (uzm—l> — O,
b D™+ b, D™ (uz) + ...
+ by D™ (2™ 1 =0,
0, D™ Y+ 0, D YHuz) + ...
+ bm_lD“)"L‘l(‘l L zm——l) — O ;

whence
Lo ... 4 Bz, gt
1,2 24 ... 2 |, uz, o
1, 22, ...mz™, Du,  Duz, . Duz™
(30) - m!, D™y, D™uz, ... D"yt = 0.

Dm+lu’ Dm-l—luz’ D11L+11(/Zvn—~l
Dm+2w’ Dm+2LLZ, o Dm-%—?wzm—l

....................................

D?m-l,u/, D2m——1uz’ D‘_fw—luzm—l

The expansion of this determinant according to the elements of

the first row may be written :
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(31.) {P1+P2:+ ot P2 Qe il Q0" 8= 0.
Hence
(82) Z{P,+ Pyl 4 ...+ Py Z"P— 1Qy+ Qi+ ...+ Q, 7V A~ ZY1— KZ

= P2, (Z—=0\Z—z).

Herein putting 77=0, =1, Z=-J successively, we obtain, afte slighy
reduction,
7 Qo
# oom — 0 s
«/’ ‘ Pm-H
38.) TF (i = Dt Pt 4 Poy

’
i Pm+l

Pl Jem - P, 27{;2'"_2 +..+P m+1

NT=1272 1 =2 = 7

§. 7.

The reduction of the expressions which occur on the righthand
side of (33.) runs on the same line as the reduction of the corresponding
expressions when 7 is odd, discussed somewhat in detail in preceding

sections. We may therefore at once write down the results :

1 ] 1 ;s 1 .58
TP 9P Py
(34.) o s1) _l_Dz 5 —1—~D‘°‘i _1_Dm+1 $
Pm+1=(_ ])T(%n_ 1)” 21 4 3! z’ (77@-{- 1)‘ K4 s
1 n S 1 m-+1 s 1 2m—1 s
T Tz (m+ 1)!D T T (277L~1)!D Z
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1 1 | -
S!DS, FD S, .(mD S
35.
(35.) (m—1\(n—29) —]'—D‘*s i D’s, 1 Dmteg
Qo=(=1) * @m—1n| 4177 51 (m+2)! ;

m+1 m+2 2m—1
(m+ ])!D % (7n+2)!D § o (2m — 1) i
p=m-+1
(36) > Pu=(—1)" T @n—1N(1—sp
p=1
1 8 1 8 1 .. s
BT e L X R wye S on Ry puey
1 ., s 1 ., s 1 mi1 S
% —‘Z—!D z1—2)0 WD z(l—2z)’ T (m+ 1)!D 21—z |,
_1___ m s 1 m+1 S 1 2m—1 $
m! D Al —2y (m+ 1)!D 21—z """ (Qm—l)‘.D 2(1—2)
W=m+1
(37) D Puknrm—(—1) 7 T @m— 1l — Rz
p=1
1 s 1 s 1 s
—lTDz(l.—k?z)’ TD 21—=k%) 7 ml " 21— k%)
1., s 1., s . 1 mi1 S
% ?TD 2(1—F%) ?!—D Al—FKzy (m+1)!D 21— k%)
] m s ] m+1 s 1 2m—1 s
WD 21 —Fk*%2) (m+ ])!D 2l —k2)y (‘Zm——l)'D 21— k%)

Calling the determinants on the right-hand sides of equations (34-37.)
N, N,, N,, N; in order, and, substituting in (33.), we obtain

‘\/E = (—1)7”_1 om Z—\Tg ’
N,
(38.) VITE = (—ap gt

VT=FE = (—Far 3
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§. 8.
Writing, as is usual,
Qu = z—(—i—%— ,
o S
so that
7 = snu,

we have, in virtue of equations (3.) and (28.),

«/E = — snnu,

cn 1,

V1= = dnnu,

where 7 is any even or odd integer.
When n is odd, say 7 = 2m + 1, we have from (16.), (19.), (23.)

and (27.)
f snnu:(—l)’“z% 11‘{[1 ,
(39.) cnnu = (l—z)% My ,
M
dnnu = (l—kzz)_;_—%[[i ,
where
L s L s L pon s
Z'D ’ S!D z "’ {4 1) z
1 5,8 1 _,s 1 mis S
40) M,= Elrn ?D Tz m+2) 7
1 mi S 1 m+e S 1 Dm_S_
(m—+ 1) z  (m+2)! z 77 Cm)! P
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1., s 1 s 1 s
§TD 1—2’ _ﬁTD 11—z~ "'(m+l)!D 1—2
] 9, § ] ] 4 S | 1 m -2 $
aly w=| 3P i are? =
1 m+1 s 1 m+2 S ] 2m s
(m+1)! 1—27 (m+2)! 1—2""" Qm)! 1—=2

1., s 1., s 1 mt+i_ S
Z—ID 11—k .T%TD 1—k 7 (m+1 )!D 1—7%%
1 3 s ‘ . 1 4 s 1 n+2. o
(42 M, = 31 D T—7% ZTD 1= " (m+ 2)!D 1—7%%
1 m+1 s 1 m+2 S 1 201t s
(m + ])!D 1=k (m+ 2)!D

_]_ 2 1 3 1 m+1
QIADS, —S—I—DS, m S
] ‘ 3 1 4 1 Tym+2
Uy w=| B PR m¥or ”
1 m+1 1 m—+2 1 2m
(m 1)!D 5 (m+2)!D fp eeees (2m)! D

In case n is even, say n=2m, we have, in virtue of (38.),

1 N,

Z’”l

H

[ snm = (—1
(44.) | l ennu = (L—zm % ,

dnny = (1— it Do

N L
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where
1 3 1 4 1 . : m+1
g‘l—D S, ?D S, .. m §
1 4 1 5 ] i - m+2.
sy No=| APPSO HTPE eGPt |
. 1 m—+1 ' 1 m+2 1 2m—1
(m-+ 1! 5 (m+2)ID Foaee (2m—- l)!D ’
_1__ $ L 2 $ I 7 8
11721 —2) 217 (-2 ml Al—2z)
—1—‘ 2 __1— 3__‘?__ 1 mtl_ S
46) Ny=[ 2!72zd—2’ 38! al—z " (m+D) z2(1—2) ,
_1__ m § 1 ~ mﬁv-l $ 1 D‘lm—l s
ml T z(l—2z) (m41) 2l—z) " Qm—1D) 2L —2z)
1 s 1 , 8 1 w8 ‘
Ta—my o usEy o wm? ai—m)
__l_ 2 s _]_D% s ) 1 Dm-H $
A7) N, =| 2 7l — Ky 317 20—k T (m+ 1) #1—k2],
_l_Dm s 1 Dm—,‘-l $ 1 2m—1 s
m! z(1-k%=) (m+ D) 2l-k*2y " @2m-1) 2(1-k22)
-1 s 1 s |~
Tl e s
1 ., 1 s ol s
(48)) N—=| 2 !D 0 ?!_D 2z’ ot l)!D z
__l_ m‘i I M+ I_S‘__ 1_ ___T)2m—1 _‘?__
m! 277 (m4 L) z 77 @2m— 1) P

It will be observed that the formule of snnu for n=2, 3, 4, 5,
are those gi)'ven by Jacobi in the Memoir referred to, which appeared
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on the opening page of the present paper. I was not aware of the
existence of Jacobi’s formule when I first found the formula for
snny which was, in fact, then obtained in a slightly different form
as furnished by (17.), and which is perhaps in some respects preferable
to the one here given. I have, however, given it its present shape,
in order that, for the particular values of n, it may exactly coincide
with the formule given by the illustrious mathematician whose

memory is sacred to every student of the theory of elliptic functions.

§. 9.

Before proceeding further with the reduction of the multiplica-
tion-formulee, it is necessary to give a few formulee relating to the
differentiation of composite functions, to which frequent reference will
subsequently be made.

Let u be a function of ¥ and y a function of z. It is required to
find the n” differential coefficient of u with respect to z. By actual

differentiation, we find

du du dy

T = @y do

Pu_ du Ay, du
dzt = dy v (d )

dz* T dy da® dy* dx dz* T dy*\dx

dw _ du dly G dy dy Yy d*”zo dy d*y
dz* — dy da* t ap dy? 4 dz da® + d(da”)} +6 da?

+ 5 (@)

du _ du dy dudy &y | dufdy )3
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A du Ay { day d'y dy}
iy i el R e dx4+10cl : o

¥\ &y ay &
3 ( da + 5 dx?

+ 10 (W NSy | A ldyy
dy*\dz ) dz® " “day’ \ dx

- and, generally,

dw  du Pu dru A"l a"u
(49) '_d_;l?z—'— dJX1+ClJ X2+'+d ’V‘X+ +dyn—an—l+@ﬁXn7
where X, X,,...X, denote as yet unknown functions which contain
only the differential coefficients of y with respect to z. A few of the

initial and end coefficients may at once be written down :

. dny
%= g
_ o dy a7y nin—1) d¥y d* %y
X =ngr dx dz* 21 da? da® T
1 n—l n+l
nn—1).. (n—n—-i-l) A%y d?q
— g L ;{ , (n odd)
4 5 dwz o
nwn—1)..n—=+1) {77
R )(d z,_) 0 oven)
(50) 2. (T) ! diz®
_ _ n—38 3
X, — n—1)n—2) (n 2) (dy d
n(n—])(n—‘Z)’n—d) dy N\ @y\?
28 dr Az
X, - n(n—l) (dz/ w2 L‘J

B Ell n
X = d:c)
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To find X,, observe that X, being a function of the differential
coefficients of y with respect to z only, is independent of u as a

function of y. Hence, putting u=y, 1/%,...y" successively, we obtain

dn,y
e
dn 2 2
d;{z) = 29X, +2X,,
n’,,8
Cizﬁ ) = 8,4 8.2y X,4 82X, ,
‘237) =1y X+ =Dy X+ A X,
dollg{b) = ny" Xy +nmn—Dy 2 X+ . tnl X,

To obtain X, X,,..., we may solve these equations as was done
by Bertrand* ; but it is shorter to proceed as follows:—Put u=e,

then

dneky

= WX B K R,

e Ay

and, on the other hand,

‘ )L2y2 1‘13,1/3 A)Lyoz
-y _ rg 2 d I A b
et = iyt~ -
dneky . dny /‘12 dny2 13 dnys Zn dn,yn

dr ~ "ar ol A T3 dw T T T

Multiplying the last two equations together and equating the coefficients

of the like powers of A, we obtain

% Bertrand, I'raité de Calcul Différential et de Calecul Integral, T. I, p. 139.
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_dy
K= T
_ 1 dn(yZ) _ CZ":L/
%= 97 G Y@
x - L&O oy Ay Ay
T 0T A T der T =221 do

(51) S
Iy 7/ n/l/
R VT v

X _ _1_ dn(?jn) _ ’lj dﬂ(yn—l) ,7/2 dnyn—‘_’-‘
" nl dzt =D dzvt T =212 da®
oy YT ynfl dn,l/
D e &

It may be worth while to notice that the expression on the opposite
side of X, is identically zero for all values of » greater than n.

KFrom the mode of derivation it is evident that X, contains

1 avy)

differential coefficients of y but not y itself. Hence, if T ds be

broken up into two parts such that one part contains all the terms
independent of explicit 5 and the other part, terms having y as a factor,

then

X, = that part of 1! d:z(fln which is independent of explicit y
aud that part of L2 Ghich contains explicit ¢ together with
: » ! d.T" - =]
n(pr—1 2 1 r—2 T—l n

TS der T r=oal T dr 11(4 1! T

is identically zero. Now

_1’ CZ"(:I /r—l)

ne d2y ;’
n! dx® +-

2 I da?

= coefficient of A" in %y-{-h dy
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d"(? /'r)
dx®

equal to the coefficient of II" in

Hence that part of —;'— which ig independent of explicit v is

| ’ )2 12, ”
%%7@ _h-‘“/+...},

Yde T 2T da?

that is, in

%%;‘(xurh)—f(x)%r,

where y =f(z).

Thus we obtain

(52) x = [(F)resn—raf]

This form of X, has been obtained in a different manner by U. Meyer.*
Bertrand gives the following form of X, which is substantially the

same as (51) :**

y (51

X =0T @

where o is to be regarded as constant during differentiation and is
afterwards to be replaced by ». Again making use of the form of

X, given by (51), we get

du . Ti"_l' de dry” <1l dw dyt
- 71

do = A7 ay dr Ve e—1) dy da"
&1 dre dryr—2 d™e d™
2 Y i Y . —1y—1lyn-1 7 __/
Ty (=2 dy”  dar et (=1 dy™ dz™’

* Grunert’s Archiv der Mathematik, Bd. IX.
#* Toc. cit. p. 140.
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a . %
given by R. Hoppe.

dx™

which agrees with the form of

Put u=1", then %L— = p, 4’7, where p, denotes the continued

product of » quantities p, p—1, p—2,...(p—r+1). Multiplying equa-
tions (51) by py*~, p(p—1)y*>,... in order and ndding, we obtain

>S9
o Ay _ pe—p), a4 ny Yyt
(53) der — nlym? | p—1 v T p—2 21 dx®
+ (_ 1)) 7, 7/n—r d”’[/ 4. + ( 1)n CZ"?/"%
\ p—r vl da" p—n dx*) ’

1
For p=-5-, we have

(54) d’l\/g — (271')!2 1_“ %_’}:11 yn—l dﬂy - & yn—2 dny2
dz® 22l yn (1 dz* 21 3 dx

,lm y—r dy w1 L d"'z/"%
+(=D [ 9% —1 da" T ot In—1 dz* ) °
dnyr

If y be a rational integral function of x of the third degree,

dix"
vanishes for all values of r for which 37 < n. In this case, denoting by
l elthel —-3 or the integer next above ——5 according as n is a multiple

e

of 3 or not, we have

dn‘\/?j (277/\[ 1 __l)l-l ’l yn~l dnyl

(55> dx" = 2‘3:1(/”/!)2 n—% )\ Ql__l TT”
e YAy T d"y”}
+(=D 71 20 —1 “da* to (=D 271 b oda )
Again
n 1
(56) d ;{J _ g {(zy)n—le___(zy)n—2X2+

4 (=D 138, ...2r=3) 2y X+ ... +(— 1) L3, ...2n—3)X,

#* Crelle’s Journal, Bd. XXXTIL
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d*y

and if y be a rational integral function of the third degree, —=% and
all the higher differential coefficients vanish, so that
) N _. dy 1 ., d% R d*?/ §
X, = coef. of 2" in gl vl +~7 R 4 -—7 )

or

d1/+]]d1/ 1 d'z/}

' ,oe 7! .
X,_, = coef. of " in = % T 5 b N 5 T8

whence follows that X,_, vanishes for all values of » for which
. : . . 2n .
r > 2n—2r, that iy, 3r > 2n.  Denoting the integral part of =5 by 1,

we have

7 d"'\/y — n—1 ] i — _
(h7) T = —1) T (—DELS. .. .2n—20—3) 2y )X, + ...

+(-Dr1.8. ... 2n—2r =82y X, _,+...+1.38...2n—- 3)X,.} ,

where

, d?/) R (_ Py \
Xpy = ! %(92 27)‘ ‘(dr dz?
+ 1 d'l/ )n—-m < [72,1/)7 2 ( dg:lj
(n—2r+ 1! =201 1! \dx 2 da? 6 dr*

1 @_)n—?r -2 —]; @)1'—4( d%,’/ T %
+ (—2r 42! (r—4)! 2! \da 2 da* 6 dT)

the last term being

(7&———;;’—7'>!<%)! dx 6 dr’
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or

o /(?J) <1 Py @
(n— ) 1:’ 1 x\dx 2 dﬂ)(b dr*)

according as r is even orZodd.

Similarly
dry™ (—1 5 . ;
(58) d;;/n oy m)L {( DEL3. ..2n—20 — 1)) X, i+ ...

+(—=1y.L3....2n—2r — D@y X, + ...+ 1.3. ...(2n— 1)X,L% ,

where X,_, has the same signification as in (57).

I

Let f = 52 2(1—2)1—Fk%) = 2—(1+ B2+ K28,

A= T e mersies,

fo=g izlif —(A+#) +3k%,
Now write
(59) L = &
(60) dpl_ g,

then by (57) and (58)

©l) S, = (—DLL13. ..20n—2—3)2f ) Zus+ ...

+(—1)138...Cn—2r—3)2fYZ,+...+13... @n—3)Z,,
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62) R, = (—1E13....2n—2— 1)) Z,_+...
F(—17.18. ...@n—2r— 1) Zpt ..+ 1.3. .O0—1)Z, ,

where

. AT S ST
©3) Zur =G ot a2rr Dl L o ) a2l T

the last term being

3r4-1 r—1

AT BT R
-3 T e

according as r is even or odd.

Observe that both S, and R, are rational integral functions of z of the

degree 2n.

§ 10.

The determinant-expressions of § 8, simple as they may appear,
are not convenient for introducing S, and R, of the last section. It
is desirable to derive the multiplication-formulee in forms slightly
different from those given in § 8.

Consider first the case n odd.  Referring to § 2, we might have
taken %+Q instead of '+ ()s and then we shall have in place of (5)

the following determinant :
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2 1
T B S
rer w0 = ’ 6 3 6 ’ 6 2 (j
2 +1
1,2, 2 P L £ ‘ o
» ¥y “ b s 2 s ’ S ) s
1 2 Z2 Zm+1
1, 22’, NN (m—l)zm“2, D—g—, D s D—Q_’ T—
1 2 Z? zm+l
(64) (m-—-1), Dmt— pnl pm1Z.  Dmll—
S S S S
P 2 M+l
Dm_];__’ Dm%’ Dm%’ ... D™ Zm
Py 52
Dm-{—lL, prirf pmiifl Dl 2"
s’ s’ s s
2 +1
D?m__i_, D?m DEmZT, ng
Now put
1 z Wias
Dm—l?’ Dmvl? . Dm~l S
» m+1
Dml, D, =, m?
(65) 9 — S - s S y
2 Zm+l
9 )
Dm , DZm___ X D?m .

and let the expansion of this determinant according

of the first row be written :

1

@ =D—. 531+Dm-1.§_. Q..+ D2

We find

2m+1

NCaT =

2m+1

VI=Z(1-5? =

2m+1

VIR 1=k =

m-+1
1%

. ‘Qm-m .

2,
m+2

!21+ 92+ + Qm«}f!
S‘!m+2 ’

521k2m+2+ ‘ggkwn_l_ o + ‘Q'nH 9
‘gm+2 V ’

b

183

to the elements
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and thence, n being odd,

snnw = (—1) z'% J}g} ,
(66) l cnm = (1—-2)_% ]]‘é? ,
dnnu = a— k“’z)“% %3 ,
wheve
! 11 1l
PR L R s
-—1—- 1 1 2, 1 1 m+1 ]
67 M = P e - (m+ 1) s |,
1 m_]_ 1 Dm+1__1_ 1 2ml_
m! s (m+1) s 2m)! s
1 = L,z
PR Sy ks
1 2 1 7% 1 m+1 %
©68) My =|1 P P (m+1)!D ERD
L pmz 1 panz L pont
m! s’ (m4 D! s (2m)! s

(l_z)m+1’ (1_Z)m, (]'_Z)m—l, 1
0, 1 1pl 1p1
s 117 s m! s
69) M, = 1 1,1 1,1 R Sy o
(69) 2 = 1!Ds, Q!Ds’ m(m+1)!D+s
.L._ m—l_l_ 1 m_l__ ___1_ M+1L ___L__ 2m1
(m—1DY s mlT s an+ D) s @m) T s
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R ) Gl 2§ T 7 L o R ) L ki
R S S U O
s’ 117 s ml s
, 1 1 .1 1 1 1 1
70 M == i Dy By b Y nd m+1_"
(o) i s’ l!Ds’ Z!Ds’ "'(m+1)ID s
_]L__. m—l_l_ _l_ m_]f_. 1 D"H‘l_]; 1 2110_;[_
(m—1)! s’ m! s’ (m+ L) s7 7 (@2m)! s

Observe that the expression of snnu as given by (€7) and (68) is
that which has been indicated by Jacobi. It will, however, be more

convenient to write M, as follows :

Z’m+1’ __Zm’ Zm_]', . (_1)m+1
0, i1t il
s 117 s m! s
1) M= 1 1yt 151 L punl
() M, s’ 1!Ds’ ZZDS’ '"(m-l—l)!D s
1 m—ll 1 ml 1 mt1 1 1 2m 1
(m—l)!D s’ m!l s (1) s @m)! D s

We may here point out that the comparison of the preceding
formulee with the corresponding expressious of § 8, gives some elegant
theorems in determinants. Take for example M and M'. We find
easily

M= C &4 i,
where C denotes a constant which may be a function of m. To
determine C we may take some particular values of m. For m = 1,

we see at once that

, D

b

1
$

_2—]!—D2s= —s°
D ,2—D

| — o |

1,1}
s
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For m=2, we have

1 1,1 1 1 1,1
s PPy 5 T iy
1 1.1 1.1 11 o1t 1111
Do g 5% =% Py v Py v Py
1,1 1.1 1,1 1 1,.,1 11,1111
P e ol s aly v ey wls
11,1 1 1,,1 .1 1,
s (27): ?7132— sl
= S
11,1 1 1.1 1 L1
oDy ooy oo (—D

Multiply the first row by Dsl and subtract the product from the se-
cond row, and then, multiply the first column by D% and subtract

the product from the secoud column ; and, observing

4—21—,1)28 = s*( —w) — 82 ———D"

1 L'DL, 151

LD% —]—ng $ 177 21 s

2t st 1.1 1 1 11
= —D—, 557D —, —"rD —1.

1., 1 D 117 s? 217 57 817 ¢

BT0% gT0% 1,1 1.1 1,1

s 3P oy
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Thus we find ¢ = (—1)" and thence

1 1

2 R m+1
2! Ds, (m 4 l)!D §
(T2) ] i
m+1 ¥L 2m
(m 4 1) P (2m)!
1 1 .1 1 ..1
FRES § e A
1 1 1 2 1 ]' m+1 1
ety | TP 2T T |,
1 m._l_ 1 m+1_l_ 1 2m,
m! s’ (m+1) s 2m) s

which identity may also be proved directly in the manner exemplified
by the particular case m=2.

§ 11.
Consider next the case n even. Referring to § 6, if we take
£q-+ Q) instead of P+Qs, we shall have in place of (30) the following

determinant ;
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S

\ | - 2 _— Z2 el zm+1
(73 (m—1)t, D*— Drt_  .....D
S S
2 m+1
z Z Z
D™ o D» T e m
2 m+1
Dt 2 prtrf Dt 2
S S S
2 m+1
pm-1 2 pmr Z D17
b
S S

¢ ¢

&

c 2 \Cm+l
1 C C2 Cm—l A . >
166y ) G’ Ak
2 22 Zm+1
~1
1, 2y 22, ves Pl s 's—, ?, ......

..............................................................

pm 1

say Qo+ Q7+ QL Pl? + P+ + P711+1L(7_" =0.

Now

M(I“-Z)’”: P1+P2;)'-~+Pm+1 )
m+1

_ Plkﬁm + P2k2m,—2+ . +Pm+1
VISR (1— Iy = o

and thence, n being even,

snaw = (—1)» T %,l,
(714)  ecnom = (1—2) T %,
dnnu = (l—k“’z)"% N

’
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where

1 z 1 , 2 |
Py TP e i "
|1 9 % 1 3 % ! w1
(75) N’: §T D P 5 ?r D s s reeees (77'1/+ j) ; P ’
1 2 1 m+1_2 ) I 2n-1 %
m! s’ (m+1)! s’ (2m—1) s
]‘ 1 m—1_—
0, = e ) p
1 1,1 1 el
(76) N,= -:9" 1! s’ v m ! s ,
1 m—1 1 _1_ 7 1 1 D2 1_1_
m—D"! s’ m! s’ @m—1)! s
(L—2), ) 1
2 1 2 1 .7
o P e Pk
yd 4 L od ] 2 & 1 m-+1 Z
" N2= 1! D?’ 2T D PR (m+1)! s
1 m—1, 2 ] Dm z 1 2m —1 2
(m—1)! s m. g U 2m—1)! s
(I—=E2ym, E2(1—E2™, ... K
£ Lpz 1 et
s 1! s m ! s
r 4 1 & 1 2 Z 1 m+1 2
@) Ne=f 7P Dy e CESTE R
1 m—li _];_ Dm _z~ l 2m—li
ym—1)! s’ m! s’ T 2m—1)! $
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N, Ny, Nsmay also be written as follows :

N 1 11 1 w1
O TTo5 e m—11 "
1 1 1 1 1 1
em=1l . - 2 _— _—_m
5 l!Ds’ 21 D s’ T m!D s
(79) . N/: m—2 __L 2 1 _1,_ 3 L 1 m -1 ==— ’
g 2!D $ 31 D s> T m+1)! S
m _1_ m 1 ] m+1 1 1 m—1 1
(=1 m ! D s (m+1)1 D s (2m—l)‘.D2 s
0,  (l—zm, A=z2m, 1
m » 1 1 m—1 ]
-2 3 0, T, ...... (77?/_— ]) 1
1 1 1 1 1
. m—1 et . — o Dm —
(80) N2_ g P I DS s eeeean 7n'.D . s
1 1 1 1 1 ]
— 1ymt1 m—1_—_ = mo___ - 2m—1_~
(=1, (m—1)! D s’ m! D s> Km— I)ID $
0, A=k, RAL—RZ™ Y ... fom
m 1 . 1 m*l_l‘__
—z, O, T’ ceee m S
, s 1 1 .1 1,1
®) Ny=[ =" e TP i
1 1 1 1 1
m+1 m—_ - ym ___ 2m—1_—
(=1, (m—l)!D s’ m! s’ '”'"(‘Zon——l)!'D s
§ 12.

We are now in a position to introduce R, and S, into the multi-
plication-formulee. In some cases, we might have introduced S,

rather than R, ; but, for the sake of uniformity, we have chosen those
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forms which are expressible by R,. On introducing R,, it will be
seen that there comes out a certain power of s as a factor in the numera-
tor as well as in the denominator, which may be cancelled against
each other, leaving rational integral functions of 4/z = snw both in

the numerator and the denominator. The final results are :

n

n odd, m = O

1, 2.1-2.1-k%, (2.1-2.1-k% 9, .. (2.1-2.1-k%)" 1!
0, 1, R, R,
(82) snnw ==D"/z| 1, Ry, R, . B , &
Rm—] y -Rm ) R ‘m+1s R 2m

1, —2.2.1—k%, (2.2.1—K%2)?, .. (—2.2.1 — kZ)mt!

0, 1, B, R,
83) cnnwe =+/1—2z] 1, Ry, Ry, By ) &
-Rm-h Rnn R7n+l) R?m
1, 2% 1-z (-2.%2.1-27 ... (-2.F%2.1-zy*H
@b V=T 0, 1, B, R,
nni = — Rz , =
1> Rl: R21 T Rm+1
Rm—],: Rm) Rm+17 e RQm
15 Rl’ Rm
B, R, ..R,
(85) denow. = ! - ik ,

Rmv -Rm-{—l; R?/n
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(86)

(88)

(89)

| snnw = (—1)™2s

CL i .=

dn nw =

denom. = —

R. FUJISAWA.

noeven, w

R'nz—]) Rnu fe

0, 1,
1, -0,
21 —2z1—k%, 1,

n—1
=

I =

......

e (—2.2.1—F2)m

...................................................................

.................................................................

(2.1 —_ 2'.1 —_ k274>m, Rm*l» Rm)

1,
21—21—k2%,

.............................................

2.1 —z.1— k%",

Rm’ Rm+17 e
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Part Second,

§ 13

To avoid confusion, we shall adopt once for all the following
notation :

z=snu, E=+ksnu, z=snu.

Following Jacobi in his lectures, we write*

N=00 y n=wo [21—1\2 — 1)
i (@:1-{-22(——1)" q™ cos %ﬂ, Os(u) = 22g< 2 )cos(‘zn——gflf)lbf,
n=1 . . n=1
n=o o (2N @n—Dme . 7S
0(1)=2 nzl(—-l) 1 g( 2 )sm Y 03(14)—1+2n2=1q €08 5
and then
— 0,(20) T B 1 _ 0/uy
T sn = ) 7 cn == B «/—L_ dn @ = Hi)

T

ok
Put wo=—log g= % then

CZ(U

but 2 z _f
Hut 7 7 3 37
K k(lﬁkg)(g_t% 2RFK
T
hence
a4 L dlog K df o a0
(40) duE T 2R =g g 2R g =0,

Observe that the same differential equation is satisfied by ;, 05 and 0,

# Jacobi’s gesammelte Werke, Bd. I, pp. 501, 511, and 512.
e Ditto . ) p. 259.
T Ditto p- 260.
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Equation (90) may also be written in the form

dAogl dlogf \? , AlogK dlogd | . ,dlogh
O g +( e )+ UK =g gy T =g =05

2 2 .
d 1og§«9, n (dl;)ziﬂl) +2kk,2dlogiK " dl;id & OkK? dlf)gﬁ —0.

similarly T ak dk
Subtracting the former equation from the latter and replacing 6;;5:2

by &, we get

dlogs | dlogz\* %dlog? » dlogK - | dlogZ ,, Alogs
9 ¢ .72 T O%12 08 (.
(92) du? + dn )+ 2 dat + kh ar_ " du + 2k dk 0
Now
= _ Ay [k ) - Oonae)
T sn o = oy’ N T = oy T dnnn = Boms)

multiplying the numerators and denominators on the right-hand side
n®—1
b 20

\/Psn n = —II;—I, N TZZ, en e = —IT%, B dAn e = %,

where
Vo O(n)d™10) V. — On26)0" X0)
- 0wy 7 2 %)
(93)
v, = 0,(ne)™—40) v, = 03(nu)0""1(0).

0w) 7’ 0" ()

Put nu instead of « in equation (91), thus:—

Alogfl(na) dlogfnu)N? |, o7.,.dlogK  dlogf(nu) a7 qssMogl(nu)y
) + ( T ) + 2n2kk an o 4+ 202 T; ————-?lk =0.
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Now
log f(nu) = log V + n?log Ay — (n*—1) log 6(0) .

Substituting in (91), we get

dlogV dlogl” gdlogﬂ(u) - AlogK %dlogV
04 2 ].72
O =7 @1)+ L} il
Ty LA 1>§d123f““ 2 L8O,

Again, ﬂ(—z—z’%ﬁ) = Z, 7{0) = /l];[& ;

- 2
differentiating, and observing ;‘]K‘ y 7 7]‘,2 K , we obtain
(95) (Flogqﬂ(u) + 2Kk dlogf0) _ _ k2nu.

da? dk

Substituting this in (94),

dlogV dlogV\* | . ;dlogﬁ(u) ,2fllogK dlogV
00 o+ (T )+ T
+ 202k k ’2d1 g V+7 Hn?— D% =0,

or

o @3V o§dlogf(w) dlogK | dV
D “du? +2n du + Rk “ak “du

+ 277,2kk'2§—7£—/+ 7 — Di%sn?u V=0.

Introducing & = 4/ snu as the mnew independent variable, and

.ohserving (92),

#* Jacobi's gesammelte Werke, Bd. T, pp. 198 and 2335.
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EN BV (n? EZ_?EdV o277 0V , oty
(du am =D m + 2R G 0 = DEZV =0

Since

1E\2 1 o q2 g 1\, . §
=K g I N 34 —_— == — ;_]_ = izﬂg
(du’) / §1 (k Je % ’ (Z?/;" k (7{ k )’ +2< ’

equation (97) takes the form

O R R o

+2n"7c'2 av +o7 Hn?—1)2?

This equation is also satisfied by 7, V,, and V.
With Jacobi, we may put % + % =a and then equation (98)

becomes

(99) (1 — 224845 — (P — 1)(— 0f + 280 — 7 2(4 a2n?

4 ; av AV
S )T 3590 7 77—

+ n¥n?— ]‘fZV 0,

in which form, the ‘pm*tin] differential equation was given for the first
time by Jacobi.

The above demonstration of Jacobi’s partial differential equation
is substantially the same as the one given by Briot and Bouquet* in
their well-known treatise on elliptic functions, the ounly difference
being that, in their demonstration, the intermediary steps are conducted
by means of Weierstrass’ function Al.

Briot and Bouquet give also the following forms of the partial

differential equation :—

* Loe. cit. p. 529.
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100 (1 L2y ‘;Ewr 1(1 27‘,+z,)d[f

av k
277 20,2 3 2 _
+ 2%k a5 + ¥ ~l;<—k,—7>V_O s

2 @ — AV
aon (1= == )dﬂ +e—n(3 -2 3) =

— il S n(n—l)(——”’ V=0,

where 7 = / cnu and é’_'\/——- dn «.

§ 14,

We shall have, by suitably determining the constants,

= Al x A3, A0) = n,
/L =1 —a® B(a?, B0) =1,
(102) | n odd,
Vs = W«/l——lﬂﬁ Oz, C0) = 1,
V = D), D) = 1,

Vi = Ak aa/T—22/T= 122 A(2?), A(0) = n,

n=/ﬁ&%,. BO) =1,

(103) ) . 7 even,
Vs = »\/k Clah), Q(O} =1,
V = Db, D) = 1,

where A, B, C, D are rational integral functions of z*.
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By division, we obtain
n odd,

sn Y = ‘EA(—”C?)
= D

1n, U x/l—xi’B(xg)
(104) cnnw = D@

"VWI= 20
D% ’

dnn =

s nu

CIY 1t

dn 9

R. FUJISAWA.

n evetl,

e/ 1= 2/ 1= 127 A (22

D@ ’

B(#?
D@a?)’

O(x?)

D

‘When n is odd, 4, B, C, D are all of the degree n*—1 in 2, and

when # is even, A 1is of the degree n*—4 while 4, B, C are all of the

degree 7’ in .

of k* whose coefficients are integral numbers.

Moreover, 4, B, C, D are rational integral functions

The coefficienits of the

highest power of z in 4, B, C, D are respectively

I o S Uit
(— l) 2 k 2 )

or
n-2 n*—4

(1T k', k?

according as n is odd or even.

Write

12—l
k2,

ni=1

k2

n*

k¥

2

. ! om . M A
A == XA, 2 = 2 Ay, (Ll—am

.V P Y » 1 2 —
B =2 BZIIL"U =2 B2m(1'—x‘)m =

(105)

-D = ‘2' D2mx'2m =

\ X
= ’)‘ 02”"1:2m = =

G;?m(l - x‘.’)m
_)' D I?m(l - 1"2)'%

then, we have the well-known relations®

n—1 ni—1

(—=DTn k',

nr

= X A, (1 -,

2ma

X Byl — Ry,

= Oém(l - ]c2x2)m’

= X D}, (L — Ry

% Compare the work of Briot et Bouquet already referred to, or Baehr, Swr les yormules
pour la multiplication des fonctions elliptiques de la prewidre espéce, Grunert’s Archiv der

Mathematik, Bd. XXXVT, pp. 125-176.
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1 . , /1
4 2m(k> = k2mA 2m(7>7 A2m(k) = A%(?)r

: i 1 . (1 . vt
(106) O?m(k) = ksz 2m(7;)’ C2m( k) =B 2:7:(%‘)’ -B ‘.7m(k) :O2m(%')y
D, (k)=k"D N b gy=n, (L
2m - 2m /ZC > 2\t T 2m k o

Dy, are integral functions

" . ) Y A7 g 14
Obsel ve th‘lt A2m7 b2m7 (/2m7 D:?m) A?m’ b?m: C?m)

of ¥* of the degree at most equal to m.

§ 15.
Consider first the case where n is an odd number, and put

n— 1 =4p = 8q.
Introducing the new variable § = 4/% z in

snnu = = 2 A gy 22"
= Do lame
2' Dy, 2™

we get
. £y a[ m £2m
(107) VE snnu = 'den?W}

1

where dy,,, ds,, are rational integral functions of « = &k + z
We may suppose 4 and B to be arranged according to the

powers of @, thus :—
A = Z'Amef_)m = Z'dgmémn = A'E mam’

(108) :
D= Z'D%nx‘.’m = Z'dgm‘?m = Z'Hmam.
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From the well known relations

n—1

(109) A(z, H)=(—1) T D(%IE, k)wx“’, D(z, k):(—l)L;A(%, k)zgﬁpxw,

which may also be written in the form

n—1 1 N

W0 A, =-DTD(s )% Diw H=(~ 1T (s L)

we see that 4 and D are of the same degree in @ and that, moreover,
1] 1]
A1) BO=LTH() HO=DT ()

When the multiplicator # is required to be put in evidence, we
shall write A[n] and D[n]. Now the terms containing the highest
power of a in A[3], A[5], A[7] are —2%%, 2%, —2¥%65, and those
in D[3], D[5], D[7] are 2%‘a, 2", 226%*. By virtue of the relation
112)  A[n+2]4[n—2)=D[2]4°[n]— (1 — & +E) L°[ 2] D*[n],

which is easily deducible from the addition-equation, we conclude by
applying mathematical induction that, generally, the terms involving

the highest power of @ in A[n], D[n] are

n—1

(113) But=(—1) 2 225" g0, anq::%’fu‘”.aq,
where 2,4+ p,=n*—1.
To find A, ., we deduce from (112)
ApyotPps = 2p,+2 = 202—22,,
which may be written

2 2 —ON\2
{An+2_ (??/:;2)“—]-1} +2{Zn_%+1% + ilnfﬁ)— %22—'1' 1}20 >
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2
or, putting for a moment (1,— =~ +1)=¢,,
» P g 3

¢11,+2 + 2¢n + 9//1L;2 = O .

V Observing ¢1=%, y= ——, we find
N R A 1l

¢, = coef. of 2™ in T AT = (=12 5 -

Hence,
7? = n? ey}
(114) A,L:—Q"F(— )2 5—"1 n g'—(’—l) 2 Ok

that is,

Z,,:—%n('n—l)— 1, /un:%n'(n+ D,
or

An:%/]?(n'l- 1) _1 ’ /’Ln:_;—n(n - 1) ’

. n—1 .
according as —5— is odd or even.

This premised, we now substitute D=Z=Hm” in (99), which may

m=0

be written in the form

@V av 20 av - dV
az? Ve —(n2—1)aé dﬁ+2 —7—~—(1+§4)dﬁ2—2\n —1)® =
i LAV
+2¥(n?*— 1SV +8n Ta’
and obtain
2
a1y & Tl el powgm,—o,
ate) &P geneey ong—1yH, =14 290 Lo o122

+n¥n?—1)E2H 1
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and, generally,

(117) g2 dde —(n*— 1), ”‘ +2'mH,=U,, m=q¢—2,¢—3,...0,

d Hm+l

where U, =(1+4 &) ml = —A(n? l)ﬁ3 ’”“+n2(n2 D&H, .,

+ 80 (m+2DH,, ., -

It will be seen that equation (115) is satisfied by &**; indeed
we might have determined u, by means of this equation, for if
the operator ng" be denoted by ¢, then the diﬂ'erentia]i equation may
be written

(P—n*9+421%q) H, =0,
the general solution of which is
O’Es}n(n—l)+ O'/S&n(n+1)’
where (', C" ave arbitrary constants ; and, as H, can contain only even
powers of €, (=0, or ("=0, according as n%l is odd or even.
Let us now investigate equation (116). For this pufpose, it

. . .o . . n—1 .
will be convenient to distinguish two cases according as —5— is even

or odd. When ";1 18 even, u,= n(n—l) and H,=2rs"0D further

—2nP— 1)’6B IE H, +n*(n*—1)5*H,
=27 {(n—2)n— Ln(n 4 DE D24 (n— Ty + 1)+ 2)Fin0-D+2}
so that equation (116) now assumes the form
(P—wd+2n%q—1))H, ,

=22 {(n—2(n—Dnn+ DED24 (n— Dn(n + 1)(n+4 25042}
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-1
8 ’

P—n?d+2%g—1)= ((9 - (876)

The complementary function is thus

Now, ¢ being equal to s

7 Zim(n+38 1Zin(n—3) .
O!3 n(n )+O§n(" ),

but, as n(n—3) is odd and H,_, contains only even powers of §, " =0.
Again, a particular integral is —27 %(n— Lyp&#-D=2— 9rpn(y 4 1)gr-Dt2,
y P

which, together with the complementary function just found, gives

Hq--l —_— 21;—3(77/*__ 1)nfé1l(n—l)—2_ 21)—37?,(72, + I)Eén(n—l)+2+ ]"1 gén(n-}—S),

where 7] is an as-yet undetermined function of x.

H

1= ]'1 gin(n—%) — 217—3,"/(,”, + 1)5&71(n+1) o 2p-3<,n — l)ngr‘m(ﬂ—i-l).

By virtue of (111),

gy - n—1
B, =T End=1__9p=sy(yy . ])EinintD—5__ Op— vm—l)n* tnnt1)+1, even,

B, =27 "%n— LynEn=1-8 4 gp-ty(py 4 1)Em-DH1__ [ Eintnth)—1 "’g 1 odd.

We may put the multiplicator n in evidence by writing

A[n]= Z'ﬁmam, D[n]= SH s Q=G PEP,,

and then equation (112) may be written

(A18) 3 'Bom. 3T am—(l &y [zﬁmam]‘—4(1—a::2+e4; 'zﬁmam] ?
whence, equating the coefficients of the second highest power of a,

n—2 n—2 n+2 n 2 n 2
(119) Eq 1+2E€In 9—1 + Eé’n 2EQn~L2 1 _(1 —,64)~ [E‘In] - 4(1 +§4) [HQn]

0 n n
+ 8¢ H%an_l .
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-1
2

the lowest power of &

If 7

be odd, so that 71—:{522—_1- is even, then the term containing

in %207; +;E'Zn_2_ 1 is Qzﬁnﬁnf'f git—n+6
” ”—Zn_2n+jl”+2 _1 ) ¢ ZJwt—;ﬁ 5112 —n— 2,
» (1—54)2 [ﬁ'qn]g . Q2pagn®—n—2
» — 41489 [ﬁqn,___lz . —-92Put2gn’ 0
” | 8¢ Zﬁ qnﬁ (VM’I . 9Pnt 31@'1 En” —n+2

Equating the coefficients of the lowest power of § (that is £7%) on

the two sides of equation (119), we get

n+2 (n~1)4(n+5) n—1

I—vl _ 221711_2771—2:2 , 5 Odd,

or, writing % instead of n4 2,

n (n—8)(n+3)
I 4

o~ - n—1
—gPn =2 gPln 1), . —5— even.

! 2
. n—1 . 7%4+2—1.
Again, when —— 18 even, 0 that _:[:_2___ is odd, the term con-
taining the highest power of &
n+2 n—~2 n—2 9
: : n2+n—2
m Int2 Gn—g—1 18 2§ ’
n—2 n+2 n+2 - g
Pp—2 4 +n+6
» Eq;l—ZEQn+2—1 2 2 " l_'l E ’
wl & T 2pnen?+n+6
. a—ep[ B, T . emetenrs
' 4 r 2 29, +2£n% —n+4
e ] - S

°T7  TT Pp+B3enitn+2
., 88°H, H, ., gPnt3g ,
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Equating the coefficients of the highest power of € (that is §**%) on
the two sides of equation (119), we obtain

n+g n—1n+5) 7— ]

]71 — 22]Jn_2)n—2 =9 1 ; 3

odd,

or, writing n instead of n+2,

n (n—8)(n+3) 1
\nmoARTe -9 2(qp— 1 7
=2 + = o2 _9 (an ), —5 - even.

n—1

5 is odd or even,

Thus we find, whether

(120) ﬁ=2pn_2=22(‘1n'—1)

w—

5 is even,

and thence, when

21y  H,,=—273(n— Lp&rt D=2 2wy 4 1)§innD+2 . gp-3gintnts)
(122) ¥ = 2p—2$%n( n—8)--1__ Qp-sn(,n _|_ 1)€%n(n+1)—8_ 21)—3(77/ —1 )nE"m("”)“'l,

and, when nT—l is odd,

(123) Hq—l — Qp— 25%7:(11—3) . %—371‘(% + l)Eén (n+1)—2 _ 211—3(% _ 1)715.511(n+1)+2’
(124) By =203 — 1)n&inte-1-3 4 0n=ty(y, - 1 YFEn—1H1_ Qr—2Zin(ute) 1,

. n—1
Consider next H, ,, whereby we suppose 5 1o be even. H,_,

satisfies differential equation (117)

{#2—n20 42 q—2)} Hyy=TU,_,,

where

U,_g= — 2?7 5(n— Dn(n® —n—4)(0® —n — 6)F0r—04— 2074,2(? — 2)(? — 9)5atn—1)

— 217—571,(’)7, + 1)(17/2 + %_,4)(77/2 + 71_6);’:&;1(n~1)+4+ 21)—417/(71' + 3)(7%2 + 371_‘2> Eén(n+3)72
| ' + 274 p(n-8)(n*— 3n— Q)Ein(n+a)+2,
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The complementary function is

n*—=N¥17n a2+AMIT

Cf T +0% ®

and, as H,

,_2 can not contain irrational powers of &, we must have

('=0, ¢"=0. Hence, " being even,

(125) H, ,= 2" (n—nm?—n—6)5Hm—14 4 0p=6(52— 2)(n? — 9)5no—D
o+ 20T 1) (2 - m— B)E D4 Qi (g - BEBB—2

— 211—5%(7@ _ 3)5&»n(n+s)+2
and thence,
(126) Eq_2= — 21)—5,’2(77/* 3)5@(:;—3)—3_ Qp—sn(,n + 3)5:;-“(1@-3)+1

+ 27 Tn(n A+ 1)(00? + 1 — )35 - 92— D)y — G)GHnin T
+ 27T — D)n(n? —n— 6)Fne+D+s,

7 n—1.. . e ] e
When g I8 odd, we find likewise (or, more simply, by writing —n

in place of # in (125) and (126),)

(127 H — == QPO — B)EInn—82__ Op—by(py L B)EIN(—B+2
o+ 27 (0 1)002 ok 11— G)ES I L Q=632 Q52 G\Ebn(n+)
+ 20 T — 1) (02— n— G)GFn+ D+

(128) E, ;= —2""n(n—1)nP—n— 6)§n—5 — 0v=(p2— Q)2 — )ginln—1r-1
— 27 Ty — 1) (02 4 1 — G)GH D3 - Op—byy (g, - BYEHHNAI—S
+ Qp—sn(n - 8){:&n(1z+3)+1.

Next, consider H, ; which satisfies the differential equation
(3—tnm+5) (¢ —tnmn—5) H,_;=U,_,,
where

PH,_,

Vin=""gz2

q

2 . I
4 EI— I — 2 DH, 203+ S) i)(" .
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>
N

n—1.
When 5 is even,

U,s= 2" %n—1mmn—3)n+ 2)n*—n—8)n*—n—10)§H-1-0
+ 2070 — D)n(n— 8)(3n + 2)(1t 4+ 20 — 21n* — 42 4 6O)E (12
+ 20+ 1)(n+ 3)(3n— 2)(1nt — 2n® — 210>+ 42n + 60)Ginr—D+2
+ 27 9n(n 4 1)(n + 8)(n— 2)(1* + n— 8)(n?+ n — 10)§Hnn—1+6
— 22 Tn(n 4+ B)(n + 4)(n— 1) 4 Bn— 6)5nto-4
— 22t — 19n? - 98)En(n+3)
— 22 Tn(n— 3)n—Dn+ D(n*— 3n— 6)& R84,

A particular integral may easily be found. The complementary

S . . — . . n
function is /38", where I} is a function of n. Hence we get, —(—

—1
2

being even,

(129

(130

H, = [gnos
—2P3 (1 — D(n?—n— 8)(n® — n— 10)g3nn—1-8
— 27 Yp(n— 3)(nt+ 2nf — 21n*— 42n + GO)EH (12
— 2 p(n 4 )t — 2n®— 210 4 42n 4 60)5n—1+2
— 971037y + 1)(n2 4 n— 8)(n? + n— 10)&4nn—1)+6
+ 229 (n 4 3)(n? 4+ Sn — B)ETI—4
+ 207 8(nt— 19n? 4 98)Ein(n+®)
29— B)(n— Bn— 6)EH(D+e
E 3= 2nn— 38)(n*— n—6)§nn-3)->
+ 2778t — 19024 98)§inn—s)—1
+ 279 (n+ 3)(n2+ 3n — 6)Fint—)+3
— 27793 (i + 1)1 + . — 8)(1? + n— 10)Gin(n D=7
— 207V 4 B)(nt — 2mP — 210 + 42n + 60)Eincn+1)-8
— 220 (n— B)nt+ 2nP — 210 — 42 + GO)EMn+D L
— 223 Iy — 1) — n— 8)(p? —m— LO)gHr+ 145 -
g [t -1,
When n‘%l is odd, we get, by writing —n instead of n in (129),
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(181) H,,= 2 n(n—3)n’—3n—E)5inm——4
4 228t — 1 9n2 4 98)EI—®)
+ 27 n(n + 3)(n? 4 Sn— B)EH I+
— 2219300 - 1)(? 4 10— B) (2 + 11— 10)En+1-8
— 207 V(9 4 B)(nt— 2 4 21n* + 420 + GO)SIMnFL-2
— 2P 10p (1 — B)(mt 4 2P — 21 n? —42n + BO)E T +2
— 2P 103 (1 — 1) — n— 8)(n®— n— 10)§inn+1)+8
s

and thence, by virtue of (111),

(1 32) Eq—3= — ]‘; Sinln—5)—1
+ 27703 (n— 1) 0?— n— 8)(1® — m— LO)EH D7
-+ 271093, — 8)(nt 4 2P — 21n® — 42n + B0)EH 18
+ 2070 + B)(nt — 2m® 4 2192 4 420 4 60)SEnn—1)+1
-+ 227198 Ly - 1)(10® 1 — 8)(n? - — 10)§ (n—1+5
— 27 (n + B)(1n?+ 3n — B)&H S
— 278t — 192 4 9R)E (91

—_ 2p*9n(n — 3)(77/? —8n— G)E%n(n+3)+3.

2.

Equating the coefficients of 2 © on the two sides of (118), we

obtain
n+12 n—_'2 n+2 n—2 n%_-,? nE—'2 n+2 n—2
: 7
E‘]n+2B€ln~2— 3 + Eqn+2 - IEqn—2 —g2t an+2— 27 qp—o—1 + E11n+2— 3E(1n—2

=(1—E4)s(2Eanqn_2+Eqn_lEqn__l)

~auey(2t, B o+H, B, )esed, A,

When n;l is even, the lowest power of & in the above equation is

g°—=2  Equating the coefficients of this power of € on the two sides,

n+2
we get [ 2P = 22(1’""2), whence
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A e B e even
3 » 2
or, writing = in place of n4 2,
n ni—1
_ n—1
[,=27T =9 T 534.

In like manner, we may shew that /3 has the same value in the case

n—1 .
where —5— is even. Thus, whether n be odd or even,

(133) =,

In determining H, ., every time 8u+1 is of the form r?, where r
denotes an integer, there comes in the term ﬂ?“"‘i"). Indeed all the
termns of H and F may readily be expressed in terms of 7. On the
other hand, 7, may be determined by means of (118), as has been
actually done in the cases =1, 3; but when 4 is a large number,

this becomes very laborious. Now in the series
E)y ]—’1: ]—13, [;s: [;0) Eﬁ’ [:.21’ """" ’
[;) — 22(1’ ['1 = 22((1—1)’ ]’; — 22((1—3)’

so that most probably 7, = 2*@®: but I have not thus far succeeded
in proving this generally.
For a given particular value of n, the constants / may be

determined in a different manner. For example, take the case n=9.
Sin 9z = 2(9—1202* 4+ 432z*— 57625+ 2562°).

n n n n
Again B, contains the term /g&"“ "' and H,y, the term /""" 9,
1
k

If we put k=0, @ becomes infinite but in the same manner as + .
- 9 9
Thus sin 92 contains the term [/;2°) whence follows /7§ = 256,

Obviously =1,
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~

The elliptic functions of nu for n = 2, 8, 4, 5, 6, 7, 8 have been
calculated by Baehr and others* by the primitive method of succes-
sively applying the addition-equation. Having found the values
of 19—’, sn 9u may be calculated by the above method without much

difficulty.

§ 16.

As regards snnu, n being odd, the analysis contained in the
preceding section, whereby the variables are taken to be 4/% snu and a,
leaves nothing to be desired ; yet for the other functions, this is not
the case, and it is better to have as the variables snu and k. For the
sake of uniformity, therefore, we shall once more investigate sn nu, but
this time consider it as a function of snu and k.

Changing the variable from £ to z, equation (98) takes the form

@V

dx?®

av

(134) {1 —( 42>+ Kt} + {((@2n*— D — Dz-—2(n*— 1)k%®}

+ 2n2k(1— kg)% +00P =Dk V =0,

and the equation is satisfied by the numerators and denominator of

_ 1
Ak sn N/F on ity 7 dn nu.

The numerator of snnu, that is, zA(2?), satisfies the differential

equation

# See the paper of Baehr already referred to, and Proceedings of the Royal Society of
London, Vol. XXXIII (1882) pp. 480-489. -
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>V ar

5 (@0 = DAt — D) —2n* — 1%} =

(135) {1—(1+)2*+ knr‘*}
2 2dV 2 2
+ 22k(1 — k‘)ﬁ + {0’ — D+ 0¥ (1 =)} V =

We may suppose the numerator of snnu to be arranged according
to the powers of k* and write
m=p
(136) zA(?) = ) Py k.
) m=0
n . 7/ v
Ihen, denoting the operator z—— by ¥, we have

(187) % + ¥ dm+ 1)~ )P, = ((dm— 3m? —2n2I + I Py,

— ¥ — )P — 1 =) Pyp_y .

For m=0, we have

a*P,
dr?

+@*— 0% P, = 0,

and, if we put

then

B, Qr+1)2r = — 3,02 —2r—1)%.

Dn?—9)...2—2r—1?% |

@ +l)? ; thus we

And, since 8, =mn, 8, = (—1y nn2—

obtain the well-known series

_ Z (__;1), n@?— D@2 —9)...1*— 2r — 1 ey

(138) Gr+1)]

For m=1, we have

d ~ 5+ (52— 9% Py=(n*— 208 + ) Py+ 2% — N(n* — 1 — HP, .

Since the lowest power of z in P, is 3, we write
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(139) ' Py = Dy, 2t
r=1

then
202+ Dyt (50— (20— 1)) 1,
=2 — 2032 — 1)+ @r— 1B, _y— (02— 27 + 3)1? — 2+ 2)f,_, .

We find
2_] y 2_1 2__ 2__
_ _n(n8! )} . 71(1?,5! )2(21@2—8), e _nn é)(!n 9)3(3712_5)’
Generally,

2 @0+ Dy, + (592 — 2r— 17,

(492— 100+ H)n? )
=1, (02— Qr—5)? Yoo o« o
= (— 1y )(27-(31)(127 V)| (1202 —80r+ 160 »
+(2r—3)2r—1)
—r(rnt—@2r—1)) (71,2—(27'—3)2)}
. 2 . o (O R\
((r—1m?—2r—3))

nn?—1)... (02— (2r—5)Y) (n®— (2r — 3)?)

@) rirn®— (2r—1))

= (=1y

n(n*—1).. (n*—(2r—>5y) r—1

+ (50t —@r - 1(~ 1y @r—D1

)

(r—1m?—2r—3)),

or,
—D...(n*—@2r -3
@r+1)!

2@r+1) [7,.— (— 1y 2% rornd—2r —1) )]

). (nP—(2r—5))
»— 1)1

= —nt—@r—19) [ o —(— 1= —1)

((r—1m2—(2r—38) )] ;
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whence follows

L nnt—1Dn*—9)...(n*—2r—3)»

140 7 =(=D T roni—@r—1)) .

For m=2, we have

d*P,

pre +(9n?— 025P4 ;-7(571,2 — 228+ ) Py— ¥ — PP — 3 —1)P, .

Since the lowest power of  in P, is 5, we write

(141) P, = D 8,2
r=2 8-

then,  2r(2r+1)3,+ (9 —@r—17)0,
=((@r 1P —ndr —T)) Fra (= 2+ 30— 2r +2) 7,

whence we find

. n(n—1D(n*—9)
Op= — g1
2___‘ 2
by = — D) g3,
(142) '
2__
0, = — H(LQ!QB(M‘% 8b5nt—671n%+945),
P 2___ 2_ .
o= V=9 00701 305m1— 1375708 4 23625).

11!

Thus the general law is not obvious as in the case of 7, and it seems
to be impracticable to proceed further in this way.
Reverting to the formulee
m=2p m=2p

4 = Z Agm xzm’ D= Z D?m 'T‘2m,

m=0 m=0

since, by virtue of (109),

Ay = (1T Dy g b, Dy = (— 1T Ay g,
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we need only determine either 4 or D. Let us take D and api)ly
(134). We obtain Dy=1, D,=0, D4,,=(—-1)n7_1nk2”, and, generally,

(143)  @m+ 1)2m =+ 2)Dy,p9+ dm{(m* —m)k2—m} Dy, + 20%%(1 — k2)(—7ZDTZ”"

A {0 —2m A+ DY(n*—2m + 2)} k2D,,, 5=0 .
When m < p,

(]44> D2m=D2m, 0 (] + kZm) + D2m, 2 (]‘2 + k2mv2) + e + D2m, 2 (k2r + k,2m——2 ) + e

ki

the last term being Doy m k™ or Dy my (B" 7' +E") according as m is

even or odd. Substituting this in (143), we obtain

@mA D)2+ 2){ Dy o 1+ E"2) 4 Doy pp o BB+ E )+
+ Dymis, e (R B2+ )}
+ dm 0 —m) {Dygy,o B+ ")+ Dy, o B+ E™+ ... .

' + Dy, g (T2 222 4}
— 4m? {Ds, o A+ E™+ Dy, o B2+ E"™ 2+ .. 4 Dy, o (I¥ + 22+ .}
+ on? {Dapn, o (%4 2mk*™) 4 Dy, o (RQF*+ 2m—2)F 3+ ...

+ Do, o (20F 4 (20— 20)R2" ) 4 .}
— 2n? {Dgn, o G+ 2mE* 3+ D, o QK4 (2m—2)E*™) + ...
+ Dy, 0 rE> 24 2m—20) B2 ~248 -}
+ (02— 2m A4 1)1 —2m =+ 2){ Dygypg, o (B4 )+ Dy, g, 5 (B* 4+ K74 ..
: +Dyppg g (B24 =24 L}
=0.

Hence

@m+D@m+2) D00 = 4m Dy, Dyyo =0,

©2m+1)2m+2)Dy,, 5.9 = —4n*—m* Dy, ,

@2m+1)2m~+2)Dyy 9 4 = —4{(m—1n?—m?} Dy, 5 —4@n*—m Dy, ,,
— 0 =2m+ 1)*—2m~+2)D,,,_, 5,

@Qm 4+ 1)2m+2)Dygppe 6 = —4{(m—2n*—m?} Dy, y —4(Bn2—m?Ds,, ¢,
— @ —=2m+1)0?—2m+2)D,,,_, .,
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and, generally,

(145)  @mA+1)@2m+2)Dyyis 5 = —4{(m—7+ Dn*—m?} Dy, g5
— 4w —mP) Doy 5. — 007 —2m+ 1)0*—2m +2) Dy g 515,

the last coefficient being given by

m+1
51"

- (77'2_' 2m+ 1)(/'7’2_ 2m+ 2)D2m—2, m-1 s

(27’}’1/ -+ 1)<2777' + 2)D2m+2, m+l — T 77’2 - WL2}D2m, m—1

or

(2771’ + 1)(2772 + 2)D2m+2, m = 2 {(m + 2)“’2 - 2777/2} D2m, m—2

— 4(%3%2 —m?)Dyyy, , — (02— 2m 4+ 1)0* — 2m+2)Dgy_y s s

according as m is odd or even.

By means of (145), we find

(146)
21
D=1, Dy=0, D,=—"2""Dop
2002 2_
D= I Dy,
22 2__
D, — =D, 0 9)h2-4 1+ (LT — G0,
20022 2__ 2.
Dy DO Do - 16)R + By 150 R,
U2 2 2
Dyy— "D =g 40— 1502 250 4+ 1)
82— 16)(ATn? — 185)(kt + 1)+ 15(45n — 569n8 + 15448},
LI 2__ 2__
Dy= L0 D030 640 16y — 25) 0 — 36)A+ 1)

14!
+ 16(n* — 16)(34n* — 982n° 4 3300)(k* + &)

+(1549n°— 4392504+ 35719672 — 815040)/ &%+ k) }.
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Again equation (143) may be written in the form

ADy_om,
ak

+ 2= 2m— 1) {0+ 2m+ D)k — (02— 2m—1)} Dy,

(147)  2m+2)2m =+ 3)kD ypgy—s+ 200°k(1 — F?)

+ @ —2m)(n*—2m~+1)D gy g9 = 0.
Now, m being less than p,

(148) ) D4p—2m = D472—2m, 2p—2m, (Z"mjﬁm + k?l’) + D4p—2m, 2p—2m+2 <k2p—2m+2 + k?p—?) + s
+ Dy om, op—gmrar (FZ2HEP L,

the last term being
D“’_”"’ 20—m Er=m or D 4p—2m, 2p—m—1 (kQH_l + K —m+1) ’

according as m is even or odd.
From (147) and (148), we obtain
Cm+2)2m~+3)Dyygpsg 9p-gm—s + {7 —@m+11 Dy g 9p-om = 0,
@2m+2)2m+3)D gy om0 9p—9m + 150 —@m+ 1} Dy gm 20— 9mts
+{(@m+DnP—©@2m+ 11Dy o op9m
+ (2 —2m)n*—2m 4+ 1)Dyy gpnio 9p9mrz = 0
(@it Zp2mit ) D g, 2p-gmts + {997 — @mA-17 Dy g, 2 2mta
+{@m—3n*—@2m+17} D,y g 2,,;2m+2 |
+ (0P —2m) (P —2m + DDy, omis9psmis =0,

generally,

(149)  @m+2)2m+8)D g3, 2p-9mr2r—2
+ {@r+1n*—@m+ 1Dy gm op-tmier
A+ A{(@m—4r+ 5m*—2m+ 1} Dy s 9p—omsor—s
+ (0P —2m)(n* —2m =+ 1)Dy, 9o 9p-gmier = 0,
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and, lastly,

(2m+2)2m+3)Dyp o3, 2p-m—at+@m—+ 1n*— 2m - 1)D4p—2m, 2p—m
+ {(2m —|;75)n2 _ @m+1°} D, o 2?_,,;_2
+ (nz - 2m)(’}7,2— 2m + 1)D4p—2m+2, op—m — 0 ’

or

@m+2)2m+3)D gy on—s 9p-m1+2{@m 4312 —Cm 4172} Dyy o 0pma
+ 0 —2m) (1 —2m+ 1Dy gni0 9p-mia = 0,

according as m is even or odd.

From the above equations, we find

(150)

1 — 1) —9
D4p_]2 —_ (__ 1) 2 _n_(zz’_l‘i))’(;—?’)k?p—m

{(n*—25)(n* — 49)(*— 81)(n*— 121)(1 + £*2)
+ 6(n2—25)(n?— 49)n2 — 81)(6n2— 11)(k2+ %)
— 3(192718 — 3306818 — 9627

+ 103330872 —1819125)(k* + &¥)
—4(3046n° — 38037n¢ + 32799n

+ 70864712 —1299375)%%} ,

Dyy=—(—17T {(n?—25)n?— 49)(n?— 81) (L + £19)

11!
+ 5(m?—25)n2—49)5n*— (K2 + ) ‘
—2(247Tn°+ 325nt— 13757n? 4 23625)(kt+ £°)},
n=l g d ) ' '
D, s=(—12 ﬁ—@g'—l)k”"‘ {12 —9)(n?— 25)m2—49)1 + &)

-+ 4(n2— 9)(n?— 25)(4n*— 7Yk + k)
— 6(n®+ 85nt— 67 1n2+945)k*},



218 R. FUJISAWA.

s = —(— 1)—2—n n? —?fn —9) 8 (n2—25)(L + &9+ 330 — )2+ kY },

n—l1

Dya= (=DT MZ—_'—l—)k“’”-4{ (2 — )L+ ) + 2202 — 3)k?},

n—l1

Dy = —(=1 T2 D g1 g

n—l

D, = (—=1l)Tnkw

The first five coefficients were given by Jacobi himself. The first
and the last six coefficients of all the four functions have been found
by Baehr by a different method.

§ 17.

Let us now consider the rational integral functions of 2% B, C
which enter into the numerators of cnnu and dnnu, n being odd.

From the well-known relations

(151) Bk =_C (% k) Bt Oz, k) = B (Tlx‘ k) v o,

(152) B(km, '}5) — C k), O(kx, 71;) — B k),
we deduce

(153) B (kx ‘}E) - B (% k) oo g,

whence

(154) By (k) = Bg,,,( )k By (k) = 41,_2,,,( )k"”
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Hence, if we put
3m=2p,

B = ;OB oK) 2",

then
m=2p 1
C = Z Bgm(-kf) xm,
m=0

so that we need only determine B,, and this only for the initial
values of m in view of (154).

Now (134) may easily be modified in such a manner that the
resulting equation is satisfied by B. We find

d*B NN s . @
o+ @ =D —38lz—20° 2%’} -

(155) {1—(L4E%a?+ Rt
dB ‘
+ 2n%k(1 — kz)-cﬁ + =1+ -2k B =0,
whence follows

(156)  (2m+ 1)2m+2)By,, 1o+ [02—@m + 1] + 4mn®—m)k?} B,

dB,,

+ 202k(1 — K% a7

+ (12— 2m)(1?—2m+ DE2B,,_, = 0.
Further we find, for m <p,

©Qm—+1)2m+2)Byy a0 + {72 —@m+1)}B,, , = 0,
B, ,=0, n—1 << 2m =< 2p,
@m~+1)2m~+2)Byy 5,9 + {507 —@m+ 1)} By, 5
+4mn?—m)By, , + 0 —2m)n®—2m+1)B,, 5, =0,
@m+ 1)2m+2)By, o4 + {I*—2m+1723B,,, ,
+4{(m— )’ —m?} By, 5 +@*—2m)n*—2m+1)B,, 4, =0,

geneml] Y
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(175)  @m+1)2m+ 2)By, s 0 + {@r+1Dn2—@2m+ 1?2} B,,, o

and, lastly,

B, =1, B,
B, =
B, = --’
B, =
P

B, = — (n

(12—
By, =

f@dm+1yn*—@2m+ 123 By, 9 + 07—

+'4 §m —r+ 10’ —m?} By, o

+ (2 —2m)n?—2m~+1)By, g 5 s =0,

2m)n*—2m+1)Bgy g oms =0,

B2m’2m=0, ”L;<_p.

By means of the above equations, we find

9)(n?— 25)k?

+ AnX(n®— 4) 1502 — 10T)k* + 3202 — )2 — 9K},

+ ‘20%%@2 —25)(n*—49)k?

+ 120%(n®—4)(290% — 329)k* + 32031 — 4)(14n2— 8 E®

+ 30n3n?—25)n?—

+ 128n%(n?—4)(n2—16)%*}, ‘

(158)
ni—1

=—"357

{(71,2 9) + 2%2192}

{mﬂ c)) 12— 25)+ 6n*(n?— )k + 8ni(n*—4)k},

{(77,2 — 9 n?—25)(n®—49) + 12n¥(n2—

%)0(71'}——_9) {n2—25)n2—49)n?—81)
2__

11);1 9) ¢ (2 — 25)(n— 49Ym?— 81Y(n2— 121)

49) 2 =81k

+ 4n3(593n° — 17082nt+ 179517n? —482708)*

+ 8n(n?—4)5T75nt—

4 19202 — 4)n? —

+ 512022 —4)n?—

10111572+ 44276)4°
16)(15n2 — 89)%°
16)022 —25)3.
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§ 18.

Consider next the case where n is even. To begin with, take
snnu. Here D is exactly of the same form as in the case where n is
odd, so that we may restrict ourselves to the consideration of 4 alone.

Now A4 is of the degree #*—4=4p say, and
v n—2 1
(159) 4@B =17 4 (5 k) s
and, therefore,

n—2

(160 Aipon = (=1)'F Ay lor2n
m=2
In consequence of (104) and (134), 4= ZPAM x™  satisfies the
differential equation "

11 _[ 1 k2 3 k25d2A 2 2 kZ 2 2 24dA
1el) {z—(A+rY*+Fx }d—x-2+{ + [@n*—b)kE—5] 2 —2(n— 4) i }Zl_af:—
+2n%k(1 — k?)m% + 02— ) {(L+ Dz + (i —B)ka*} 4 =0 ,
whence follows,
(162)  2m+2)2m+ 3)A g, o+ {12 —4m+ 1)é+ [@m+ Dyn*—4(m+ 171 k% 4,
’ 2 2 dA?"'t (2 2 2
+2n2k(1 — % )Ek—-l- (n?—2m—2) 1P —2m— 1)k*A,, 5 = 0.

By virtue of (160), we need only determine the first half of the

coefficients 4,,. Again, A4,, is of the form
A2m = A‘.’m, 0(1 + k?m) + A2m; 2>(k2+ k2m—2) + e + Al?m, 2r (k2r + k2m—2r) + ety

the last term being Ay, m k™ or Agp ma (K" '+ E"), according as m is

even or odd. Substituting this in (162), we get
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©2m+2)2m+ 3)A2m+2,0+ {7"2_4("”"“ 1)2}A2m,0 =0,

n(m2—4)(n2—16)...(n2—4m2)
@m+1)! ’

A2m,0: (__1)m

@nt2)2m+ 8)Agpie,0 + {502 —4(m+ 1)} 4y,
{1y — 4t 1} Ao
+ @ —2m—2)m*—2m—1)4,, 5,=0,
2im 4 2)2m 4 8) Ay ip, 4 + {9V —d(m+ 1)} 45, 4
| + {(dm— Byt — A+ 1Y} Ay 5
+ (2 —2m—2)(n*—2m—1)44,-5, = 0,
@m+2)2m+3)A g0 6 + {1807 —4(m+ 11} 4, 6
+ {dm—Tm*—4(m+ 1)} 4,, 4
+ (' —2m—2)n*—2m— )44, 54 =0,
generally,
(163)  @2m42)2m+3)Agia, 5 +{(dr+ P —4m+ 1)} 4y, o
| + {dm—dr 4 By — A 1P} Ay o
+ 02 =2m— 2 —2m—1) Ay, 50 s =0,
and, lastly,
@m+2)2m~+ ) Ao rs mi1 +2{@m 430" —4(m 4 LY} Ay,
v + (12— 2m— 21 —2m—1)Agp g m = O,
or
(@2m+ 242m+ 3)Agnia,m +{@m+ 1P —4mn+ 1)} 4,, .
| + {@mA+ Bt — 4+ 17} Aoy, s

+ W —2m—2)n*—2m— DAy, 5 e =0,

according as m is odd or even.
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By means of the above equations,:we find

(164)

a4y = m A= =",

4, = "<”5 D m—16)1+ 4 +2(2n2—7>k2}

Ay = — MO )14 19+ (8t 10y 1,

4, O 4) e 1602 — 36) [0 — 64)(1 + &%)+ dldn?— 132+ K]

9!
—6(nf+ 196n*—2114n° + 4752)k*},

_ nn*—4)
T
— 24718 —882n° — 7210204 + 66111212 — 1368000)(k* + £9) },

(n?—16)(1n* — 36 )(n>-64) [(n*~100)(1 + &%) + 5(5n°-16)(%* + £%)]

Ay = ““f;, D | (2 — 16)(n2— 36)(nP— 642 — 100)(n2 — 144)(1 + )
+ (0% — 16)n? — 36)n® — 64)n? — 100)6r?— LOY K2+ K1)
+(— 57v81n1° + 17047278 — 49014005 —22744752nt
+ 19398681672 — 383754240}k -+ 4°)
+ 4 — 304608 + 557905 — 26053208 — 59015544
+ 4890736807 — 93493440)A0 .

§ 19.
Lastly we consider the numerators of cnnu and dnwnu, n being

even. In this case, put »’ = 4p.

As in the case where n is odd, C,,(k) = Bz,n(%)k?m by (106), so
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that we may here also restrict ourselves to the consideration of B.

Moreover, since in this case
1

(165) B, k) =B (77 k) 72 2,
z

it follows,

(166) ‘ B 4p—om — B 2m k2p—2m,

and we need only determine the first half of the coefficients B,,.
Now B satisfies the differential equation
2 v
A67) {1—(L4 R ket 20 4 T — Di—1] x—Z(n‘Z—l)k?azs}%lg
- dB ’ 2,2
+ 2n?k(1— kQ)% + (W= +7*t B =0,
whence we deduce
(168)  (2m+ 1)@2m~+2)By,re+ {02 —4dm?) + dm(n* —m)k®} By,
P} CZB?m 9 9
+ 2nk(1 — k")ﬁ—'{' (1n*—2m+ 1)1 —2m + 2)k*B,,, ., = 0.
Substituting
B2m = B2m,0 + -B2m,2 ]‘/2+ L. +B2m, 2r k2’+ e + B2m., 2m k‘lm’
m=p
in (168), we get
@m+ 1) 2m+2) By 0,0 +(P—4m*)By, o = 0,

By o =0,  n<<2m =<2,

@m+1)2m~+2)Byyy9 2 + (5107 —4m*) By, 4

+4m(nt—m)Byy,, o + 0P —2m+ 1)n?—2m+2)B,, 5, =0,
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(2m+ 1)2m+2)By,is,4 + (9°—4m»B 9m, 4
+4{m—1n*—m?} By, o + 0 —2m~+1)Yn*—2m+2)By, 5, = 0,

generally,

(169)  @m—+1)@m+2)Byss, s, + {47+ 10> —4m?} By, o
+4{(m—r+1m*—m?} By, 9 »
+ (P —2m+ 1) —2m+ 2)Bygyg 5y = O,

‘and, lastly,

(2m+ 1)@2m+ 2,\’3 mt2, mmt2 + {dm+ 1) —4m*} By, o
. + (/""2— 2777’ + 1)(%2 - 2777’ + 2)B211L—2, am—2 — O 3

By means of the above equations, we find

(170)
2
B, =1 By=— -g‘!r
' n 2 9 2
B, = gy {0@—4+2m — 1)k,
902
B, = " (”6| D (02— 16)+ 60— 1)+ 82— ),
20002
By = PO 416007 36)+ 1200 — X~ L6)e+ ,
+ 4(n* — 1)(L59° — 51)k* 4+ 32(n* — D)(n® — 9)&°},
P-4, s 9 p 2 9 2__ap
B, = o1 {(n?—16)(n®— 86)(n* — 64) + 20(n* — 1)n* — 16 (n® — 36)%

+ 12022 — 1)(0® — 9)(297° — 104) k4
+ 64(n?— 1) (n2—9)(Tn?— 22)k*
+ 128(n* — 1)(1*— 9)0® — 16)%*},
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B, = @1%_2:':4_) { (2 — 16)(n2— 36)(n?— 64)(*— 100)
| 3002 — 1) — 16— 36— 6443

+ 4P — 1)(593n8 — 1430504+ 11397202 — 257760)4t

+40(0? — 1) — 9)(115% — 128302 + 2068)4

+ 2880(n* — 1)(n*— 9)(n>— 16)(n®— 3)k*

+ 512(#° — 1) (n? — 9)(n*— 16)(n* — 25)k™°}.

Imperial University, Tokio, July 1893.





