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| § 1. The practical importance of having an accurate stand-
ard -of inductance has lately been felt .in, electrical measurements
relating to alternate currents and - electric waves, and’ different
formule have been deduced for expressing the inductance coeffi-
cients of solenoids. Among the nu,Iﬁ‘Q;ous expressions. which have
from time to time been given by different physicists for calculat-
ing the mutual induptance of coaxal -circles or coils, we may
mention those bearing the names of Maxwell, Weinstein, Heavi-
side, Roiti, Sealle and Alrey, H1mstedt Jones, Lorenz, Gray,
Cohen, Russell, ‘and Rosa. These formulfe can “be convemently
divided into two classes; the first makes use of Lecrendre s tables
~of elliptic integrals, while the second utilizes the expansmn in
serles, whlch takes different forms accordlno to the method of
-'ezpansmn They have been examined and -eriticised * by : Rosa®
‘and Cohen in the ¢ ‘Bulletin  of “the  Bureau- of Standalds,

Washington. . R B
A few years ago, I gave a sunple series fm calculatmg the

mutual inductance of two coaxal circles,® which is remarkable

(1) Rosa, Bull. Bur. St'mdards 4, 301,1907 ; Rosa and Cohen, 5, 1, 1908.
@ ]51' \Tqvaol\a, Journ. Coll, Sci., 16, Art. lo, 1903 Phil. Mag.; [6] 6, p. 19,1904
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for its rapid convergence; the object of the present communica-
tion is to shew that the same method may be conveniently em-
ployed for expressing the mutual inductance of solenoids of any
length.

For the self-inductance of solenoids, the formula can be put
in a form convenient for practical calculation, and by tabulating
a certain factor ‘2 as a function of the ratio of diameter to length,
we can dispense with the rather intricate formula, that has
hitherto been employed for the same purpose. ’

§ 2. The mutual inductance for two circuits is given by

' y ’
]'[=J’f cos efs ds . 4 1)

where ¢ is the angle between the elements ds and ds’, and » the
distance between the two. In the case of two coaxal solenoids
of the radii ¢ and 4, length 2I, 27, placed in such a position
that the distance between the centres is d,

=a*+ L+ d*—2ad cos (¢p—¢'),

e=¢~¢'; ds=adp, ds'=Adg.
For two circles, whose planes are at the distances %, 7 from the
centre of the coil (a) |

i J'?uf2ﬂ Aa cos (p—¢') dy dy’
0= 1
J J VAL (z—)—24 acos(¢—¢')

@

Consequently the mutual inductance M of two solenoids with the
number of turns per unit length » and #/, '

v a+y prr .

M= n f M, dz d 3)

a-v -1

I Mutual Inductance of 'Coakal Circles,

§ 3. In the paper already cited, I showed that mutual in-
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ductance for two coaxal circles M, at the distance ¢ from each
other can be written from (2) in the form
M,

WAa = 4zq® (1+)
where e=3¢'—4¢°+ 9¢°— 12"+ ... 4)
and
M 1

4%@"?&4@4@4 )“”%8%“04}
7[ -
. where 51—32q1 40g,'+ 48¢°— .-+ @)

In these expressions, ¢ and ¢; are to be calculated by the well-
known expressions

=t + 2(—;—)5+ 15 (—;-)°+ ...... N
b ea(Bfr(Bfen
L eEA e
and k= Zj:iz = (Aff)£:+c‘* =siny
b=t _ (d—a)i+c =co§’r

Ce—e  (dtaf+c

When % or & is very small, we may calculate / or / by the

formule
Bk 21k . 31K _ . ,
t=%+i5+tse tioe T )
l,/2 a‘l“ 2 \‘/6 . ,/8
ll'=7_+7_. +L+i+ ...... .

8 16 512 1024
It is to be remarked that for most practical purposes, it is

b

A . {
generally sufficient to put 7= or ¢= 5~ For kh:sm 45°,§ =

0.0432i39, and (§)= 0.00000015, so that the sixth decimal is

not affected by neglectihg the second term.-
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"~ Looking at the ‘table® of ¢, we find that ¢ varies from 0 to
0.15 as 7 increases from 0° to 73°.1; similarly the range of ¢,
is from 0 to 0.01, as 7 diminishes from 90°-to 67°.4.

For the calculation of the mutual inductance of coaxal coils,
it is therefore: convenient to use (4) for values of ¢ from 0 to
0.15, and (4) for g, from 0 to 0.0L. When ¢, is very small,
we can write (4) in the form '

Y =gy o () s )=}
41'1/11@ 2(1__'2q1)2 logn o (l+8€l1+_€1)—4

where

o/ = —8g2+32¢°—40q +48¢, + - (4)

§ 4. For facilitating thevcalcﬂatidn ‘of mutual inductance,
it would be convenient to construct the tables of the following
quantities. R '

I Table of g~ from ¢=002 to 0.5, and of ¢ and

logy, (1+¢) for the same interval.

II. Table of g fmd —¢/ =8¢ —61 for ¢=0.01 to ql 0.00,

. Thece tables cover all values of 7 from 10°2 to 90°' thus
enabling us to calculate M for any value of 4, a and ¢, without
using the tables of elliptic integrals, which by ordinary methods
of calculation must always be resorted to.. The special advantage
of the formulee (4), (4') or (4") lies in ‘their. rapid convergence ;
we may also dispense with the calculation of 7, which is a great
disadvantage of the method usually employed ’

The followmg tables have been calculated by Mr. C. Harada.

(1) See Jacobi, Werke, I; pp..363-368. . .- .- oLl

®
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I Table of g—o» & and logi (1+¢).

l

q Ty A € log,, (1+¢) A
0.020 '0.000 00001 0 0.000 00048 0.000700021 9
0.022 0.000 00001 1 0.000 00070 -0.000 00030 13
0.024 0.000 00002 S0 0.000 00099 0.000 00043 16
0.026 0.000 00002 1 0.000 00137 0.000 00059 21
0.028 0.000 00003 3 0.000 00184 0.000 00080 95
0.030 0.000 00005 3 0.000 00243 0.000 00105 31
0.032 0.000 00008 1 0.000 00314 0.000 00136 38
0.034 0.000 00009 3 0.000 00400 '0.000 00174 i
0.036 0.000 00012 1 0.000 00503 0.000 00218 53
0.038 0.000 00016 0.000 00624 0.000 00271

5 61
0.040 0.000 00021 5 0.000 00766 0.000 00332 79
0.042 0.000 00026 ‘7 0.000 00931 0.000 00404 o
0.044 0.000 00033 3 0.000 01122 0.000 00487 ’19:1’
0.046 0.000 00041 10 0.000 01339 0.000 00581 109
0.048 0.000 00051 12 0.000 01588 0.000 00690 199
0.050 0.000 00063 13 0.000 01868 0.000 00812 138
0.052 0.000 00076 16 0.000 02186 0.000 00950 154
0.054 0.000 00092 18 0.000 02541 0.000 01104 172
0.056 0.000 00110 21 0.000 02938 0.000 01276 192
0.058 0.000 00131 0.000 03380 0.000 01468 -
25 213
0.060 0.000 00156 97 0.000 03870 0.000 01681 934
0.062 0.000 00183 39 0.000 04410 0.000 01915 959
0.064 0.000 00215 36 0.000 05006 0.000 02174 283
0.066 0.000 00251 40 0.000 05660 0.000 02457 312
0.068 0.000 00291 45 0.000 06375 0.000 02769 ‘9’39
0.070 0.000 00336 51 0.000 07156 0.000 03108 ‘3’69
0.072 0.000 00387 57 0.000 08007 .| 0.000 03477 101
0.074 0.000 00444 63 0.000 08931 0.000 03878 436
0.076 0.000 00507 70 0.000 09933 0.000 04314 470
0.078 0.000 00577 o 0.000 11016 0.000 04784 0
: 7 : 50!
0.080 0.000 00655 86 0.000 12185 0.000 05293 545
0.082 0.000 00741 95 0.000 13444 0.000 05838 58'8
0.084 0.000 00836 105 0.000 14798 .0.000 06426 631
0.086 0.000 00941 114 0.000 16251 0.000 07057 676
0.088 0.000 01055 ' 126 0.000 17808 0.000 07733 794
0.090 0.000 01081 137 0.000 19474 0.000 08457 779
0.092 0.000 01318 150° 0.000 21253 0.000 09229 895
0.094 0.000 01468 162 0.000 23152 0.000 10054 878
0.096 0.000 01630 177 0.000 25174 0.000 10932 f){lg7
0.098 0.000 01807 193 0.000 27324 0.000 11869 088
0.100 0.000 02000 0.000 29609 0.000 12857
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I. Table of q—é, e, and logy, (1+¢). |

/

q Vs A € log,o(1+¢) A
0.100 0.000 02000 102 - 0.000 29609 0.000 12857 519
0.101 0.000 02102 106 0.000 30803 - 0.000 13376 533
0.102 0.000 02208 110 0.000 32033 0.000 13909 550
0.103 0.000 02318 115 0.000 33299 0.000 14459 566
0.104 0.000 02433 11'9 0.000 34602 0.000 15025 532
0.1056 1 0.000 02552 123 0.000 35942 0.000 15607 598
0.106 0.000 02675 199 0.000 37321 0.000 16205 616
0.107 0.000 02804 134 0.000 38731 0.000 16821 632
0.108 0.000 02938 138 0.000 40196 0.000 17453 651
0.109 0.000 03076 0.000 41694 0.000 18104

144 668
0.110 0.000 03220 149 0.000 43233 0.000 18772 686
0.111 0.000 03369 154 0.000 44814 0.000 19458 705
0.112 0.000 03523 160 0.000 46438 0.000 20163 794
0.113 0.000 03683 166 0.000 48105 0.000 20887 7492
0.114 0.000 03849 172 0.000 49816 0.000 21629 762
0.115 0.000 04021 178 0.000 51572 . 0.000 22391 ';8:9:
0.116 0.000 04199 184 0.000 53374 0000 23174 802
0.117 0.000 04383 191 0.000 55222 0.000 23976 893
0.118 0.000 04574 196 0.000 57117 0.000 24799 8&3
0.119 0.000 04770 0.000 59060 0.000 25642

204 866
0.120 0.000 04974 210 0.000 610562 0.000 26507 885
0.121 0.000 05184 218 0.009 63093 0.000 27392 908
0.122 0.000 05402 926 0.000 65184 0.000 28300 936
0.123 0.000 05628 939 0.000 67327 0.000 29230 953
0.124 0.000 05860 - 540 0.000 69522 0.000 30183 97;
0.125 0.000 06100 248 0.000 71769 0.000 31158 998
0.126 0.000 06348 955 0.000 74070 0.000 32156 1022
0.127 "~ 0.000 06603 0.000 76425 0.000 33178°

55> | 000078835 0.000 34224 1046

. 0.000 81301 0.000 35295 , | 1071
280 1004
0.000 83824 0.000 36389

0.128 0.000.06868
0.129 0.000 07140

0.130 0.000 07420

0.131 | 0.000 07710 200 | 000086405 | 0.000 87509 1120
0132 | 0000 08009 209 | 000089044 | 0.00038654 <| 1148
0.133 | 0.000 08317 308 | ooooo17az | oooo39ss | 117
0134 | 0000 03634 ST | 000094501 | 000041021 | 1196
0135 | 0,000 08961 327 | oo0097321 | o00042245 | 1224
0.136 | 0.000 09297 386 | ooo100202 | 00004396 | 1251
0187 | 0000 09644 47 | ooorosir | o0o0044r73 | 1277
0138 | 0,000 10001 357 | 0:00106155 | 0.00046078 3

0.001 09228 0.000 47411 1333
378 1362

0.139 0.000 10368
0.140 0.000 10746

389 0.001 12366 0.000 48773 1389
0.141 0.000 11135 401 - 0.001 15570 0.000 50162 1420
0.142 0.000 11536 411 0.001 18842 0.000 51582 1448
0.143 0.000 11947 493 0.001 22181 0.000 53030 1479
0.144 0.000 12370 435 0.001 25590 0.000 54509 1509
0.145 0.000 12805 448 0.001 29069 0.000 56018 1539
0.146 0.000 13253 459 0.001 32618 0.000 57557 1571
0.147 0.000 13712 473 0.001 36239 0.000 59128 1602
0.148 0.000 14185 485 |. 0001 39933 0.000 60730 1634
0.149 .0.000 14670 0.001 43701. 0.000 62364 1666

0.150 0.000 15168 498 0.001 47543 0.000 64030
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II. Table of ¢ and —¢f.

0.000 00421

A € a —5’1 ‘ A
0.0100 0.000 03160 93 0.000 76840 1499
0.0099 0.000 03067 92 0.000 75341 1484
0.0098 0.006 02975 89 0.000 73857 1471
00097 0000 02886 8 0.000 72386 v
0.0096 0000 02797 8 0000 70931 1
0.0095 0.000 02711 o 0000 69489 e
0.0094 0.000 02627 83 0.000 68061 1413
0.0093 0.000 02544 Si) 0.000 66648 1 393
0.0092 0.000 02463 78 0.000 65249 1386
0.0091 0.000 02385 78 ,0.000 63863 1570
0.0090 0.000 02307 © 0.000 62493

76 1356
0.0089 6.000 02231 74 0.000 61137 1242
0.0088 0.000 02157 73 - 0.000 59795 ! 1397
0.0087 0.000 02084 71 0.000 58468 1513
0.0086 0.000 02013 69 0.000 57155 1‘2'99
0.0085 0.050 01944 67 0.000 55856 128.5
0.0084 0.000 01877 67 0.000 54571 1269
0.0083 0.000 01810 64 0.000 53302 195.6
0.0082 0.000 01746 62 0.000 52046 1942
0.0081 0.000 01684 62 0.000 50804 1226
0.0080 0.000 01622 0.000 49578

60 1212
0.0079 0.000 01562 59 0.000 48366 1197
0.0078 0.000 01503 56 0.000 47169 1184
0.0077 0.000 01447 55 0.000 45985 1169
0.0076 0.000 01392 55 0.000 44816 1153
0.0075 0.000 01337 59 0.000 43663 11 46
0.0074 0.000 01285 51 0.000 42523 1125
0.0073 0.000 01234 51 0.000 41398 1109
0.0072 0.000 01183 48 - 0.00¢ 40289 1096
0.0071 0.000 01135 47 0.000 39193 1081
0.0070 0.000 01088 . 0.000 38112 :

46 1066
0.0069 0.000 01042 45 0.000 37046 1051
0.0068 0.000 00997 43 0.000 35995 1037
0.0067 0.000 00954 49 0.000 34958 1022
0.0066 0.000 00912 40 0.000 33936 1008

. 0.0065 0.000 00872 40 0.000 32928 992 °

0.0064 0.000 00832 38 0.000 31936 ;)78
0.0063 0.000 00794 37 0.000 30958 .963
0.0062 0.000 00757 ’ 37 0.000 29995 047
0.0061 0.000 00720 34 0.000 29048 034
0.0060 0.000 00686 0.000 28114

34 918
0.0059 0.000 00652 33 0.000 27196 903
0.0058 0.000 00619 30 0.000 26293 896
0.0057 0.000 00589 31 0.000 25403 ’ 873
0.0056 0.000 00558 30 0.000 24530 858
0.0055 0.000 00528 97 0.000 23672 845
0.0054 0.000 00501 2é 0.000 22827 898
0.0053 0.000 00473 26 0.000 21999 8?4
0.0052 0.000 00447 cp 0.000 21185 . 798
0.0051 - 0.000 20387
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II. Table of ¢ and —¢..

@ € A = A
0.0050 0.000 00397 o 0.000 19603 Te
0.0049 0000 00374 2 0000 18834 7%
0.0048 0000 00352 2 0,000 18080 T
0.0047 0.000 00330 2 0.000 17342 Te8
0.0046 0.000 00309 a1 0.000 16619 T
0.0045 0000 00290 19 0.000 15910 noa
0.0044 0.000 00272 18 0.000 15216 oo
00043 0.000 00253 1 0000 14539 s
0.0042 0,000 00236 1 0.000 13876 oo
0.0041 0.000 00220 g8 0.000 13228 e
0.0040 0000 00204 . 0,000 12506 oL
0.0039 0.000 00189 1 0000 11979 602
00038 0000 00175 u 0000 11877 s
0.0037 0.000 00161 H 0000 10791 o8¢
00036 0.000 00148 1 0000 10220 o
00035 0.000 00186 12 0000 09664 2%
0.0034 0000 00125 1l 0,000 09123 e
0.0033 0,000 00114 ! 0000 08598 e
00032 0.000 00105 g 0000 08087 ol
0.0031 0.000 00095 g 0.000 07593 an
0.0030 0.000 00086 0.000 07114 ot

8
0.0029 0.000 00078 g 0.000 06650 448
0.0028 0.000 00070 3 0.000 06202 aus
00027 0.000 00063 4 0.000 05769 453
0.0026 0.000 00056 : 0,000 05352 aL
00025 0.000 00050 6 0.000 04950 a9
0.0024 0000 00044 g 0.000 04564 356
0.0023 0000 00039 S 0000 04193 ot
0.0022 0000 00034 ; 0.000 03838 o0
0.0021 0000 00030 4 0.000 03498 3
00020 0.000 00026 0000 03174 o
‘ 4
0.0019 0.000 00022 . 0000 02866 293
00018 0.000 00019 2 0.000 02573 2%
0.0017 0.000 00016 3 0.000 02296 o
00016 0.000 00013 3 0.000 02035 2
00015 0.000 00011 2 0.000 01789 26
00014 0000 00009 2 0.000 01559 25
00013 0.000 00007 2 0.000 01345 214
00012 0.000 00006 ! 0.000 01146 199
0.0011 0.000 00004 2 0.000 00964 182
00010 0.000 00003 0.000 00797 o
1
0.0009 0.000 00002 o 0.000 00646 16
00008 0.000 00002 0 0.000 00510 136
00007 0.000 00001 ! 0.000 00391 1
0.0006 0.000 00001 0 0.000 00287 1o
0.0005 0.000 00000 ! 0.000 00200 A
0.0004 0.000 00000 0 0.000 00128 2
0.0003 0.000 00000 0 0.000 00072 p
0.0002 0000 00000 0 0.000 00032 a0
00001 0.000 00000 0,000 00008 -
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~ § 5. The following two examples will serve to illustrate the
present method of calculation.

(1) TFor k'=0.3420201=gin 70°, we find by (5)
=0.1310618

Table I gives l0g10 (1 +¢)=0.0003758
Direct calculation gives Zogm 47qt =T.7754242

By addition logy, ———— 1/Aa =1.7758000,
which commdes with the value found by Maxwell who calculated
it by using Legendre’s tables.

(2) For £=0.9975641=gin 86°, we find by (5)
¢,=0.0003048651,

Or from (5')
_’“16_ =0.000 3041228
k' ol t
 =0.000 0007399
%’;’Z =0.000 0000024

7, =0.000 3048651

which is the same as found by (5)
By direct calculation

Ingn ( 1

1

):8.115378

Table 1T gives —e/, =0.0000007
Consequently 1+ 8g,+¢’, =1.0024382
and 1—2q,=0.9993903

By @) log—Mo _ —03139007

4nv/ Aa

as given by Maxwell.

It may be remarked that a slight disadvantage of the pre-
sent method lies in the fact that ¢, must always be calculated
with great accuracy, however small it may be.-
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§ 6. When two circles are near each other and of neally
equal radii, so- that # and y in " '

A=a+w o "-C='?/' : , 7‘2=.$2+@/2

are small, the mutual inductance can be expl'essed in a series

_ Sa. 1 z, &+3y* 2°+3z° }
My=dza log 7{“’57* o 3@
1 o, 32—y = a®—06xy? } ) :
_+47m{—2— 2T 16a> - 4847 Feege ()

as ‘shown. by . Maxwell. S
We can easily show that (4') can be so transformed that it
coincides with- Maxwell’s expression. Evidently

i

ok L' ) g2 4y
g-‘—_ﬁ_*- —3?+ . , where % —;Q(HE_—MT
' a 4a? . )
Consequently
1 Sa 2+ ( k" \
log . =21log —+log(1+ + ) —log 1+T}

— 1 2° 3 =
Aa = a1 B A T U
v/ Aa ( o0 ‘Za 8 «? + 48 o )

To first approximation
- 4#/%{% zog%. (1+12q,)—2(1+4g1)} ,
I BT )

and by expansion

— 8a~ Baf,, = P+ 3y2 2P+ 3z’
/ + — — h + ‘_ . .
v/ o (1+12g,) log o @ log 7 (1 2a 16a* 32a® )

7 (1+129) ( L & 0° )_ (w 24y w\w+3y))
v/ da = log | 1+ 2+ 70 )= 5+ =gt g5

— (1+12¢,) 2N (m2+y2 @ (22 +9%)\
—VAe 1109(“’52"). TN\ 16 T 3248 )

= T I T Cara Ny
—vda . 2 (L+4g) 7.7‘%(”3.‘. @ T 162, )
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Adding these four expressions, we obtain the formula. (6) as given
by Maxwell. Proceeding to the second .approximation

Sa 243y a®+3xy® 172+ 42m2y2—15y4}
M, = dra log—— {1 + a0 + 16a® 32a? . 1024¢*

oy 3al—~y’ a'—6ay’ 19+ 534w2y2~93y“}... '
+4¢“{ ~ %t Toa ~ iss 61440 )

This extension of Maxwell’s formula was ﬁrat ngen by Rosa
and Cohen.®

II. Mutual Inductance of Coaxal Solenoids. .

§7. Retulnmg to formula (3) for the mutual inductance of
two coaxal solenoids with the number of turns per unit length

n and »/, we have
a+y e o .
M=t f f M, ds de. \ )
da-u -1
Substituting for M, from (2), the integral can be easily
transformed into |

[T 47r'rm’fd+”f+l T Aa cos ¢ dz di d
. b % 8V A+ () +24a cos 3

— 47 f(l+l’f+zlf A% sin? ¢ d'ddz'clg!}-
. (A2 +a’+ (x—#' P—2 Aa cos )t

a=i -4

Integrating with respect to z and 2/,

M = drn ! do (L,—L,— L+ 1,) )
I = sin’d /A +a’+c—24acos '
where Aaf (% + =2 4 005 ) dg, . . (8)
and I'=1 for c=d+i+0 , ,
=1 ’ c=d+1-0U R %)
=1 » c=d—1+1 )

=1 ,  e=d—l-V

(1) Rosa and Cohen, Bulletin Bur. Standards, 2, p. 366, 1906.
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I can be written

I=f“ sin’g d¢
v /A +at+E—2 da cos

'H’ﬂfﬂ. sin’ d¢ ‘ - (8")
(A2 +a*—24a cos §) / L+ aF+F—2dacos

| Putting cosp =as+ f

2\ _Ata’+c )
a'(7)3 7"
1— 1+
61=—aﬁ ’ €= a‘@ s 3= — aﬂ 3
-2
SO that cl+62+33=0 alld 62—e3=_a_ , } . (9)
g, =2 (el +e’+e) = ~40 ‘(;3‘8 ) ,
S -1
g8=4616263 =_ﬂ_(%_)’

we have

sin o/ L+ +F—2 Aa cos ¢ = /4(s—e;) (5—€) (5—€5)

=/45— 95— g5 —g5—g; =/8.
Let “fﬁ & so that  s=pw ,
and let pv= 44 6262:{;&2 f/.ACL : = z (/g ;ZZ();— ¢ 5
then :
pv— 61=—-4—f:7 (eg—e5) = -~ hﬂ%;_a ,
| pr=a= %‘_—4“&)2- (er—es)= (;{;{a{zq .’

whence ¢;—e;= M (e,—€s) l’v (10) |

4 Aa
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61_62=—‘%);;+—¢‘(62"63) ) o ;
Pv =/ 4(pv—e,) (pv—e,) (pv—es) s
S (L2—a? )
T 7 24a

By 31mple substltutlon

_ — [ —2afpu — ﬁu
Aaa—f (1—F—20f pu—a’p? w)dw—(pv—c )f T du

Since pu= —()rp”u + T12" g and pw,=o, Pw,=o,

‘1)2

_I_={1— ?— “gs —a(pv—e,) (g ’b-}-Zﬂ)} fwilu —a‘“"n) fmjsno du
daa -+ 127 7 ! P 4

(p'U /3 asp
| (lﬂ2ﬂpv mf T

Again

—e) (2 pv+28) = &? (# ——p?v):"
1—f° -Ja,?pv ap v = (pv—cy) (pv—e;) .

Thus by integration -

’, ’
I = 2{( — 7 v) ©; + pu.p, + p—;—@l LU wlfa— ) } --+(11)

This expression for I is to be substituted for 7, £, I; and
I, in (7), for evaluating the mutual inductance M of coaxal
solenoids. S ) _
§ 8. Evidently the first two terms of I

(o

and . pUag,

are easily expressed by means of complete elliptic integrals of
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the first and second kinds, while the third term corresponds to
to an integral of the third kind and forms the chief difficulty
in the numerical calculation.. . ‘
~ In the refined experiments of the present day, a formula
which admits of exact calculation is found -essential. The usual
formula for M expressed in terms of elliptic integrals of three
different kinds is not easy to evaluate. The calculation of the
integral of the third kind, which is - usually expressedi_ by in-
complete integrals of the first and second kinds requires a good
deal of labour, even when Legendre’s table is accessible, as it
is of double entry. When the integral is expanded in powers of
k, as in Russell’s formula, the convergence is rather slow and
the caleulation of successive coefficients by the formula of recur-
sion is not easy. In place of the usual method of reduction, the
evaluation by means of the g-series, which is rapidly convergent,
may be used with great advantage. -
§ 9. The expression for 7 in the above form (11) leads to
cumbrously large values of ¢: and p*v, so that for exact calculation,
it is convenient to reduce the above to a simpler form. It can

be thrown into various forms suitable for numerical calcilation.

.o ' DR S ()
Since n= o= B0)
R S )
=TT L T80

we remark that the first two terms in Z involve as the coefficient
- of o, either" o

%— PU—espv
or

_ %——p% — e;pu.
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Bﬁt . %: 3‘82+ ), Whence

HAL+a®)  pv + 2
4 a’* a @ 3a

G P epv=

e o om SLEEE) g 2
R A V777 o T

Remembering that

pv—"x:_'éa(%—es) =P, .

pv—gz— (xiACL) /32 e'a) =P27 ‘
prv=ey= (iza) (ex—€;) =P, -
we easily ﬁnd that
A AL+a)y (p@—el){(p@—62)+(pv—-eq)} o P(P +'P) -
4 La*a®> L2 -2 . ’
_’ﬂ_i_ _2_= '_' {(]w—cl) +2(p”_62)}(6-2—33) — _(P1 +2Pz)(€2—es)
a 3d® - L 6 . ) o 6 ?
+£1+__2__= . {(pv—e) +2(pv—es)j(es—es) _  (Pi+28)(es—e5) .
3 - - T
a 3 R 6 _ 6

Consequently the first two ferms of 1 in ‘the parenthesis -are - . ..

2 G v P 9(0)
( pv)w1 po. 771_( -p*y erv)ml dor F70)

__§P(P+PR) , (R+2P)(e,—e)] - pv &)
{ gt 6. fon- fo o P
—( 92 2, _pv 290”(0)
or _(T P egpv)w1 4, o)
=_{P](P2+P3)'_ (P1+2P:a) (62—63)} pv 19"(0) (121)
2 6 o 4o, Fo0)

The quantities within the parenthesis in (12) and (12') are
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easily calculated from the known dimensions and position of the

éoils, and
= 2ry/1 (1+9 +¢ g%+,
1/ €y— €3
. T
or =—— (14+29+2¢*+2¢°+...} ,
2-‘/6,—63( 7+29"+2¢"+....)
or =— - (1-29+2¢"—2¢°+...)°
2‘/e’_eﬂ( 9+29"—2¢"+ ...)
and
dy"(0) _ _ 87%(q+ 49"+ 9¢°)
J4(0) 1+2q9+2¢*+2¢°
8y'(0) _  8n%(g—4¢*+9¢°+...)
Fo(0) 1—-29+2¢*—2¢°+...

For long coils, direct calculation of ¢. invbNes ¢!, which is
inconveniently large; but in the above form, there only remains
@4 or ¢, and the expression becomes free of one source of error.

Another advantage of the above transformation is that we can
check the result of calculation for the terms (—%’-—-p’v) w,+po.y,
by taking either form requires little labour as soon as pv—e,
pv—e,, pv—e, are once calculated. By summing these quantities
and n'o'tici‘ng that e, +e,+e;=0, we find pv; mutual 'sub'traction‘
gives e,—e;, e,—e;, e;—e,; this again leads to the evaluation of ¢
which is generally very small. These being known, @, and con-
sequently 7: is calculated by means of the formule- already given.

It is also worthy of remark that

_%L —pv—epv

o gy

can be expressed in terms of G-functions'b'y' utilizing the formula
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2
pv—ex=%(v) , where 1=1,2,3.

. !
§ 10. The numerical evaluation of the term p’v(m'v—_wl%(v))
requires little explanation. By means of the formula

- P’Q"='_J/4(P'U_el) (pv—es) (P”;es) 5
pv can be calculated from the values of the three quantities

under the radical; but it is more accurate to calculate it by
the relation (10) . o

(AL’
p’v: —-Z(——) ,
2 Aa

) 4 1 2n,-2 2n,,2

. G . zta 29" 29"
Since ‘”1’;‘(”) —N —'LT_‘)‘{ P T-g@2? L T2

' 7 n
L
where 20, ? eﬂwz s

it is necessary to calculate » from the known values of pv. Practi-
cally the quantity within the parenthesis is neaﬂy équal to 1, so
that only for very accurate determinations is it necessary to take
the first term of =’s into account.

In the present case e,<pv<e,; then

1 Ve—e Vipv—e,—Ve—e, vVpv—e, qcos2mw — g°cosbrw
B} T - = —- - =g
e,—e; Vpu—e,+ Ve —e, Vpu—e, 1+ 2¢*cosdrw + ..

L

With great approximation
s
cos2mw = —— ,
9
since ¢ is generally small; sometimes g¢‘cosmw may enter as a
small correction. Knowing s, we can accurately find cos2rw= —0.
Thus P4at=—20 ,

whence - |z +2'=4/2(0-1) ,
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7z —z =?:1/-2(b-}- 1)" ,
and

o ()70 =z§[ T/ FII0 g1} (13)

in which the term involving ¢' is generally negligibly small, and
the whole expression is nearly equal to @% in most practical cases.

Although the expressions (12). and (13) appear somewhat
abstruse for numerical calculation, the calculation is not so labori-
ous as in dealing with a formula involving incomplete elliptic
integrals, even when Legendre’s table is accessible. Taking the
case d=o, 20=200, 2!'=20, 4=15, =10, I found M=4ann’ x 6213.51,»
which coincides with the value deduced from Roiti’s formula.

It is evident without proof that the formula given by Viriamu
Jones for a helix and a circle, and the formula arrived at by
Russell for the mutual inductance of a cylindrical current sheet
and a coaxal helix can be deduced in a similar manner, and

expressed in terms of p-functions.

III, Self-inductance of Solenoids.

§ 11. For the self-inductance of solenoids, several formulee
have been deduced by different physicists. They generally assume
different forms according as the solenoid is short or long; Most
of them are, however, complicated and not suitable for the use of
experimental physicists and engineers. In the following I propose
to show that the self-inductance of a solenoid can be easily cal-
culated by tabulating a certain coefficient Q. Evidently the self-
inductance of a very long solenoid is given by

(1) For numerical calculatioﬁ, see Proc. ’i‘okyo Math. Phys. Soc., 4, 284, 1908.
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_L=4rn’x Area of Cross SectlonxLength

where # is the number of turns per unit length; for solen01ds
of any length, it will be shown that

L=4a*x Area of Cross Section x Length x L.

where € can be tabulated once for all as a function of angular
aperture or of the ratio of diameter to length of the solenoid.
When once the values of € are known, the calculation is greatly
facilitated, as the rest of the operation is a simple multiplication.

§ 12. It has already been shown in § 7. that the mutual
inductance of coaxal solenoids

M=d4mnn’ da [1,— I,— I+ L] ‘ S - (7)
wheré I=2[(T —p ?/)ah +pr.g + =5 P (7717) W, '_(U))] (11)

The case which deserves special attention is' when' the radii and
the lengths of the solenoids coincide; i.e., when d=o, -d=q, I=7,
n=2n'. In this special case, 2/ is transformed into L

. For c=2l, pv=e,, Or v=w, and pv=o.
2 ‘ 2_J2
e—ey=— . (e,—e, ‘ e—eg=—75— . (C—¢;
1 2= s ( 2 3): 1 3 az ( 2‘ 5)
1 at— s €G3—e€ a’
e =— Cr—€3) , P=—r=
2 ( S 3) ’ y e, — e, “2_*_12

For - c=0, pr=e=e,, Or u=w,=o, and pv=o.

Thusl L:L :2{ 61(62— es);eg(c}— 62) w, + 82771}

L= I_—éi. : s

Utilizing the relation

® N
_—, e —67E——~——-
Ve —es l/ ' Ve —es

w, =
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where K and £ are éomplete. elliptic integrals of the first and
second kinds resp., we find that
_4 /I
—3 a’

L—I= 34;6 i {'1/52—+ E (PK+(a?-22)E)—a3}

I K+ (@—I)E) ,

Consequently

L= 47m2§-{,/ a*+ 0 (PK+(@*—P)E)- a3} , (15)

which is identical with the formula obtained by Lorenz® and
Cohen.®

. R a? ) A
Remembering that k‘:m , 7c’-=az TF We find
4 9 > 2 17 3 .
L-L=% o0 {k/~(A—E)+k-A—ka} :
The self inductance of the solenoid is thus
L=t . g 4 oy (K= E) + E—l (16)
AT T g
Putting € =& S8 _my+p-8], o
& =3 W\R ,
we get L=4mn?x Area of Cross Sectionx Length x
AN Area of Cross Section e (18)

Length
where N is the total number of windings.
Putting k=sing, tga:%:%, we see that « is equivalent
to a semiangular aperture of the solenoid at the centre. Thus

€ can be generally expressed as a function of angular aperture.
In practice, it will be convenient to tabulate € as a function

1 Lorenz, Wied. Ann., 7, p. 170. 1879 ; Oeuvres, 2, p. 196.
2 L. Cohen, Bull. Bur, Stand., 3, p. 303, 190.
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of tgaz%%. These tables are given at the end of the
paper. ‘
§ 13.  The coefficient € can be expressed in various ways.

0E 1P JF .

 Since - L = /7 =K E ’_»
and 7,2-'5(191«7)4&—% LA
g
=y v (- ’éf * H) @
N

The expression (19) can be conveniently used when the 1ength
is very large as compared with the diameter of the solenoid,
while the second expression (19') will be found useful ‘when the

said ratio is very small.

By differentiating the power series in %* for E
T 1\ %2 1.3\ & 1.3-5 \* %5
Eﬁ{“(ﬁ)Ti(ﬂ)?‘(—zzys)f‘ """ f
we find by (19) _
oo {1 4 p_(l)g?" i (_1;?1)?5 4 (1-3-5 )27_ E
TTELU 3z \2/2'17\24)3 3 \245/)4 5

(1-3-5-7)2 9 1 ( 1.3:57.9 )21176_“.’- } 20)
—\2268) 5 7\ 2t6810) T 95— @0)

For convenience in calculating the coefficients, the following tdble
is added ‘

%=0.4244 1318, lbgm% =T'.6277888_7', N
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logyo[ ] =-15740313,  log, [ #*]=2.8927890,
log,[ £°]=2.5337681, 10g,o[ k] =2.2838906,
logy[ "] =2.0912009, log, [ /5] =13.9280777.

The above series is only slowly convergent when the angular
aperture is large, so that its application is limited to small values
of a )

The second ope'ration (19') above indicated can be applied
to the expression for £ under the form given by Schlémilch.

(1, 3( ! (13)5,6 ) 4
17_1+(_2_7u > )7a+ N

8., (1\23 . [13
~ gt (3) Sk ari— (7)ot e
1 1 1 1 1
where So=p—g g T —
Thus _
_4 43, 7., (1311 ) 4  1—Fk
8_ 37 {(?7" (2) 4]\/ +(24> 6]» Foieenas lOg—LT'*'T
1( 1\ 3

— & LB -—(—2—)9.?(1+5(82+84)) LI } 20')

This formula corresponds to that usually given for short solenoids.
The above expression can only be used for values of « close to
" 90°, |

§ 20. On account of the simplicity of calculation in series
proceeding according to powers of % or %/, the two series (20)
and (20') above given will find special favour among practical
scientific men, but the limits within which the series may be
safely applied is.so narrow that it is necessary to deduce other
series which can be easily used within a wide range in the value
of « TFor this purpose, expansions in g-series are specially to

be recommended.
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Starting from the well-known expressions®

K (K~E) = 22°q(1+2g +4¢°+ 4¢°+ 6 + 8¢+ ++-.2)
7° ' : ‘
KE =7 {148¢ (1" +4¢'— 5+ ++---)}
WK = 3 (1- 4g+40°+ 49"~ 8¢7+ 4¢°~ )}
B K= 47(q+4g°+ 60°+8q"+ +-+--+)

we easily find by (I)

k

%W +99+12¢° + 447 + 1164+ 260g° + 576 4 -+ @1)

L=1-

The limits of «, within which the above series can be convenient- »
ly used are wider than the expansions already given; for «=45°
576¢° = 0.00000375, so that the values of € are right to six
decimal places for the above argument. By the way, it may be
noted that for the same value of ¢, the term affected with %° in
(20)=0.0001324, and the -convergency of (20) is slower than that
of (21).

§ 21. In order to arrive at expressions, which would give
more exact values of £, it is necessary to transform formula (17)

into d-functions.

. o 1) 1 90)
Since = ao— g 3(0) == o)
E = +e
. 1/61—63 (771 1‘”1)
Ke B=— (9 + €500,) and ¥ =Y4"%
Ve—e; , Ve —e;
E 1 8/o) 1 8,0)
) d o 2 - 2
we find 4w,/ —6, O40) 27070) ~94(0)

(1) Jacobi, Fundamenta Nova, 105; Werke. 1, p..161.
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K=BE_ 1 9/ _ 1  8/0)
7"  dople—e o) — 2mdF(0) T Fy(0)

whence

1§ o K ( ! 8/"(0) & 192"(0))
P E-I) -+ B }— G ( 50 T o) )

Expressing this in terms of ¢’s, we find for €

L

_ 2 (., 8(@+3°+ 69"+
a 3(1—QQ+29“~29“)“’{ 1+¢°+9"+¢"
8(g—4¢*+9¢°—--) k"

4 k ,
S B e 7?}“3?@ (21)

The above expression is applicable within wide limits of ¢, and
is rapidly convergent; although ¢" is retained, it is generally suffi-
cient for practical calculation from «=0 to a=45° to suppress terms
beyond q“ ‘For =45 ¢*=0.00000349 and ¢°=0.0000000065, so
that between the said limits |

2 8(9— 4q4) Kk 1 _ _4_ ﬁ (21//)

B gy (O T g T e

will give values accurate to six decimal places, which is super-
fluous in practice. Since % = cotga - enters into the calculation
before finding ¢, it would be more convenient to.retain it in this
form than to change it into a g-series.

To find an expression of € in terms of gy, by which the
calculation of self-inductance for values of « from 45° to 90° may
be easily effected, we have to express E and K—F by means of
w; and 29(0,7_1)’s'. o

Since E=4‘— (77_-@_ W 1}0”(0:71) )
. 205/ 6, — € 2w; Fy(0,7y)

1(;. E’= _ ____1__(,?5; 121_ M)
2w/ ¢;—e; 2“{3 Jy(0,1) i
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o1 g (_1_) .
w, 7 g g ’

we find by (17)

Q 4 {( ’(92"(07?1) k* 190”(0,?])) 1 log %-*— T (1-—&)} -
\ .

= 37%3.5o,r) W\ F(o,rr) B Io,r) ) 270 72
41
T3k
Expressing the d-functions by means of. g,-series, we find
1 [{(1_’_ ‘S(q12+ 3q,°+ 6¢,® +_)) )%
31/ (14 92+ 40+ 2+ -+ ) 1+q’+¢'+q.* k?

— 4 9_.” 512 o :
8(¢:—4q:"+9¢, )}—l—log l_*_]_ I ] 4 I (22)

1-2¢,+2q*—2¢,"+ .- § 2 % Tk 3 W

For practical calculation, it is superfluous to retain " terms beyond

¢:*; whence the simplified expression for & becomes

1 [{( . ) E? v 8(gi—4q) } 1, 1
= M 1+8(g— 49 ) 24 2020 L L g
g 3y (L g L\ o040 ) Tt o o 9 10,

k'? ] 4 k

- s e ()

It is needless to remark that the convergence is extremely rapid.

The slight inconvenience which is felt in the evaluation of the

-above expression is due to the presence of the term 1/1_ log—;—.
. 1 1

Even for small values of ¢, it must be accurately known ; in fact,
we shall have to push.the calculations for ¢, to several decimal
places, which is quite unnecessary for finding the values of &' s,
for the simple reason that the expression contains terms mﬁltiplied

by l_log%. It is convenient to calculate ¢, from I, where

V&

11—k R
1+ (A+/EFQ+k)
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The two expressions (21) and (22) for € in terms of ¢ and ¢
resp. will enable us to calculate the self-inductance L by the
formula (18) with any desirable accuracy, while for practical
purposes, the simpler expressions (21') and (22') will generally
suffice. ' |

§ 22. The application of quadric transformation to the
elliptic integrals which enter into € will lead to an expression,
which is expedient for the evaluation of the coefficient, but for
the use of physicists and e.ngine_ers,v those'already given would be
efficient for numerical calculation. It would however not be out
of place to notice the different gates,”vAvhic'h are open for expres-
sing € in a convenient manner. = _

§ 23. The following numerical examples are given for the

sake of comparison of formule (20) and (21)

v For a=4'5°, formula- (20) gives

1 = 100000
—[ 1k = —018750
—[ 1k = —0.01953
—[ Jk = —0.00427
— [ 1k = —000120
— [ ]k° = —000039
— [ Jk= = —0.00013

1-021302 = 078698

0.78698

T = 11129

4k _

- " 0.4244
L = (.6885

~ The fourth figare is slightly in error as formula (21) will
show. -
For a = 45°, ¢ = 0.04321392; by formula (21)
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1 = 1.0000000
29 = 0.0864278
T 1247 = 0.0224093
449® = 0.0035509
116+ = 0.0004045

26095 = 0.0000392

576¢¢ = 0.0000038
37??0 , =. 00000004 . .. .’

1.1128359

?4;_ li_/ = 0.4244132

L = 0.6884227

This coincides with the values found from (22) or from (17)
by using Legendre’s tables of elliptic integrals.

§ 24. 'Most of the formule above deduced admit of easy
calculation, but when the values of & for different «’s are once
tabulated, they will have only a theoretical interest. In the
eyes of practical men, the result of the various caleulations above
given for finding & will be of little value, when the table is
constructed.

The following tables of logy € and € as functions of « were
calculated ‘by Mr. G. Sugimoto from formula (17), by making
use of Legendre’s tables of elliptic integrals given in ¢Exercises’
vol. 3. It is given for every degree of «, but in practice it will
be more convenient to tabulate € as a function of

tog— Diameter _ _2_0,_
ga= Length — 2

The last table gives & with g « as argument. It was obtained
from the foregoing table by interpolation.



ART. 6.—H.

NAGAOKA :

TABLE OF LOG,8

THE INDUCTANCE

7 Log & 4, 4, o Log & 4, 4,
0°| 10000000 | __ 307 9900 397 | _ 00| — 000 047
1| 9996787 | oo M%) 000000 | 3y | 9+836 680 | o T =000 050
2 |- 97993583 | 000 %) 000005 | 32 | 9°892 913 | T oo | —000 051
3 | 9-990 384 | 000 000004 | 3y | 9889 095 | o | —000 056
. - -000 004 : =000 059
: PR | oog 101 Tggopr | B2 | TP # | —oos e Z0 000
5 | 9983998 | 35 | 9881238 | _ o o
z -9-980 808 —.003 130 "—+000 000 || 3 ¢ 9-877 292 __034 021 —000 065
7 | 9omrei | 000N 000001y | 9ug73 21 | T 000 070
s | 9oradr |00l 00000 zg | 9869 100 | T o8| —000 074
o | 9971232 | OB 000004 39 | 9864 895 | 000 078
—+003 199 —+000 007 —-004 283 000 083
10 | 9968033 | 40| 9860612 |
11 | 9964827 | "0 2| 000008 | gy | 9856 246 | ooy oo | —000 057
12 | 9°061 613 [ 000 T | 000000 | 4> | 9+851 793 | .0 c0 | —000 093
13 | 9°958300 | 00| 000012 g5 | 9847 247 | T o 000 098
. -_ O 4O —000 012 . ~-000 104
14| 990155 | Ty, | U0 4 | 0BR203 | T gy, gy | 00 108
15 | 9'951 908 | 45| 983785 |
16 | 9948646 | 02| 000016 | 46| 9832907 | o0y s [~ 000 117
17 | 9945368 | 02| 000019 | 4y | 9'B28 022 | oo 00 | —000 125
1s | 9aa2071 | TR —o00010) as | 9822922 | 0P 0| 000 131
9 B — . —+000 141
19 | 90785 | Ty <000 4 | 9BIT 1 | gy ppy | 000141
20 | 99B48| . 50| 9812319 |
21 | 9:932086 | T2 000025 5 | 9-806 798 | 000 2| —000 158
22 | 9°9B660 | oo | —00002| 52 | 9:801 119 ot sig | —000170
2y | 9:925 255 | 0yt 000030 | 53 | 9795 270 | T 000 o0 | 000 181
: . - — . —+000 193
2| 9B | Ty | 0000 B | 9789 20| Ty | 00 1
25 | . 9918335 [ Clss| oo
26 | 9914825 | 0000 000037 56 | 9776 587 | 00 30| —000 221
27 9-911 278 —-oog S5 | 000038 | 57 9:769 936 | _ oo | —1000 238
. - - © 9. —+000 275
20 | 9908 06T | Ty | —O00K | 39 | 055 908 | T gy | 00021
30 | 9°900 397 60| 9748 4%
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a Log & 4, 4, a Log Q 4, 4,
60 9°748 484 . —-000298| v5° 9-580 159 . o —*001 376,
61 | 9740767 | ot T —0o0520( 76 | 9562 126 o oo | 001 592
62 | 9732730 | T\ oan| —00034 | ww | 9:542 501 | 0% o0 | 001 867
63 9°724 344 —-008 763 —000377 | 78S 9-521 009 —-023 704 —-002 212
64| 9715581 | 000l —o04i2| e | 9:497 305 | oo —002 658
65| 9706406 | oo NN g | garnamz | 0. | TP
66 | 9696781 | 00| 00049 81 | - 9441 320 | om0 012|004 38
67 | 9686 663 | 108 000541 | 82 | 9407 657 | _ooe o'% | 005 196
68 | 9676004 | 000 000509 | 83 | 9:368 789 | o0 sos | —-o06 874
69 9°664 746 —011 920 —000662 || S 4 9:323 047 —-055 236 —-009 494

—+000 737 . —-013 918
7o | 965282 | _ .. 85 | 98| _
71 9°640 169 | _ o oo | —000825) 8 6 9°198 657 | _. 01 4ng | —'022284
v2 | 9626687 | % 000028 | 87 | 9-107 210 | T0L 1% g4y o7y
73 | 9612217 | T <t 001051 | 88 | 8974 507 | o0 12| 10270
w4 | 5596816 | 004 001196 | g9 | 8739 056
—-001 376
w5 | 94580 159
TABLE OF €

a . 4, 4, a Q 4; 4,

0° 1-000000 | . ... 15° 0895175 | . +°000 019

1| 0992630 | o ord| +000072| 16 | 08BB4T6 | Toop oot | 1000 015

2| 0985332 | o0 2| +000067 | 17 | 0881795 | 00w oo | oo 014

a | oo ion | 00BN 000068 | 18 | 0875 128 | onn ool | 000 010

4| 0970933 +000060 | yo | 0868471 | ++000 008

> —+007 108 o —*006 649
. +°000 054 +-000 004

5| 083es | o 20 | 086182 | .

6| 096771 | 0 1000 05|y | 07855 177 | Zlome 01® | oo o2

7 0949 770 —-006 955 4000046 | 2 2 0°848-534 006 645 —+000 002

S 0-942 815 —-006 909 +000 046 | 23 0°841 889 —006 650 —+000 005

© | 0:935 9065 | “oop oo +000089 | 24 | 0835 239 | o 0| 000 o0g

4000 037 —-000 010
10 | 0929 036 | _o0s s 25 | 0828560 |_ oo
11 07922 203 | _ 06 7gq| +°000034) 26 0°821 311 | 16 ggs | 000 016
12 0°915 404 —+006 769 4000030 || 2= 0°815 226 —+006 702 —-000 017
13 | 0908635 |~ oo ol 4+000027 | 28 | 0808 524 | 0007 | —000 021
14| 090183 | 002l voo002t | 2o | 0801 801 | Tiooo 22| o000

++000 019 —+000 028
15| 0895175 30 | 0795054
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a Q 4, 4, a Q 4, 4,
30° 079505 | . _|—000028 60° 0560 382 | . 000 214
31| 0788219 | o0 —000032| 61 | 9550 513 | Zoro oon| =000 226
B2 | 0781 472 | oo —000034) ¢z | 0540 418 | T oo —000 250
33 0-774 631 | _ 06 sa0 ~000039 | 63 0°530°084 | _ .10 5qq| —7000 256
B4 | 0767751 | oo oor| —00041| 64 | 0°519 494 | | —000 270

—000 046 —000 288
35| 0760830 | _ou6 0 65 | 0508634 | _.

36 | 0753863 | oo oor| —000050| 66 | 0497 486 | o % —000 508
37 0746 845 | . 07 g71| —000 054} 67 0486 030 | _.)1; vo,| —'000328
B8 | 0739775 | _.go7 08| ~0000571 68 | 0474 246 | _. 1 05| — 000 351
39 | 0732647 | g g0 —00006L) 69 | 0462 111 | _ o "2 —000 276

—-000 067 —-000 403

40| 07548 | oo 70 | 049600 | .
41| 0718202 | o b —00007L| TX | 0436 686 | ore ore| ~000 435
a4z | 0TI0815 | T ool 000075 72 | 0428337 | T | 000 467
43 | 0703473 | oo —000 081 | 7% | 0°409 521 | oo 0| 000 506
44| 0695990 | Zoq sor| 000084 74 | 0°305 199 | T °%| —000 549

: —+000 092 —-000 597
45| 0688423 | _. 75| 038038 |

a6 | 0680 760 | ool ooa| ~000005 | 76 | 0364 860 | o 4% 00 653
a7 | 0613010 | T el —000102) 77 | 0-348 739 | n0 12| o0 117
48 | 0°665 154 | g oci| 000108 | 78 | 0331 901 | 010 S5 00701
49 | 0°657 190 | e ol —000 115} 70 | 0314 212 | 007 20| —000 851

—+000 120 —+000 985
50| 0649 111 | oo, 80 | 0295 762 Al

51| 0640912 _ggg ig; —000128 | 81 | 0276267 | ~ L0495 i
52| 09632585 | o aea| —0001361 82 | 0255 656 | 020 S| T s

- ol _. —-021 886 =

5| 0624122 | T o]~ 00012 83 0233 770 025 370 —"001 484
S| 0B SIT | g pgy| TO0102] 84| 0210400 T 2| —001 755
55 | 0606 760 IS5 | 0185 212 o
56 | 0597 843 ggg ?éé —000169 | 86 | 0158000 | 02 Z2| _onos

. —-00¢ oetn —+029 997 2
57 | 03875 | 965 000179y 87 | 0128003 | _ oo | 003 707
58| 0579492 | o0 —0001901 88 | 0094 209 _.8;’; 434 005 760
359 0570 037 | _.009 65| /000200 89 0°054 835 |~ °
: —+000 214 !
60 | 0560 362
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TABLE OF & AS FUNCTION OF Dimeter
. S
Diameter . 4 Diameter :
Length ¢ 4, Length e 4,
0°'00 . 1+000 000 ._ 0004 231 0°'30 0-883 803 —0003 498
0°'02 0°991 562 —0004 181 | 0°32 0876 829 | _o-003-452
0°'03 0°987 38t 0004 157 0'33 0-873 377 —0003 429
0°04 | 0983224 0°34 | 0°869 948
. —0004 132 —0'003 406

0°'035 0°979 092 ’ —0:004 107 0°'35 ) 0°866 542 ;.0-003 384
0°06 0974985 | _oqosos2 | 036 | 0863158 | _0003359
0’07 | 0970 903 0004 056 | ©°'37 0859 799 —0003 338
0°'09 0962 815 0°'39 . 0°853 146

—0004 008 : —0003 293
0°'10 0°958 807 —0003 982 0°40 0°849 853 —0003 270
0°11 | 0954825 | _ 00395 || 0°41 | 0846583 | _o003 243
0o°'13 0°946 935 —0:003 910 0°'43 0840 110 —0003 204
0°'14 ] 0°943 025 0°'44 - 0+836 906

—0-003 884 - —0003 183
0°16 | 0935284 | o33 | 0°46 | 080563 | 03139
LLAS B4 0°93t 450 —0:003 811 0°47 0827 424 — 0008 117
0°'18 0°927 639 _0.003 785 0:48 0°824 307 —0003 096
0°'19 0-923 854 0.49 0°821 211

—0003 761 —0'003 075
0°'24 0°905 290 0°'54 . 0-806 046 ‘

—0003 641 —0002 971
0°'26 0°898 033 — 0003 593 0°'56 0-800 125 —0:002 930
0°'28 0°890 871 — 0003 546 0°'58 0-794 285 —0:002 890
0°'29 0°887 325 0'59 0-791 395

—0003 522 —0-002 870
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Diameter

Diameter

Tength g 4, Length ¢ ' .Al
0°'60 | 07855 | ;50085 | 095 | 0699500 | oo
0°'61 0°785 675 —0002 831. 0°'96 0697 262 —0:002 232
0°62 0782844 |\ _opo2g12 | 0°97 0°695030 | _ 009 977
0°'63 0-780 032 —0'002 792 0°'98 0-692 813 —0002 202
0'6a | 0717240 0°99 | 0690 611

—0002 773 —0002 188

- 0°65 | 07774467 | _gqop 754 | 1700 | 0°688423 | o000 g0

0°66 0:7T11 713 | _go02 735 | 1°05 0°677 697 | _ 010 382
0'67 0-768 978 | _gop2 716 || 1710 0%667 315 | _ 4010 052
0°'6S 0°766 262 | _gop2 697 | 17153 0657 263 | _ .09 735
0°'69 0°763 565 1'20 0°647 527

—0:002 679 -1 —0009 432
0°'71 0758 225 —0'002 643 1°'30 0628 950 — 0008 864
0°'72 0°755 582 —0:002 624 1°'35 0620 086 — 0008 599
073 0752 958 —0002 607 1°40 0611 487 —0008 343
0°'74 0+750 351 145 0°603 144

—0:002 589 —0'008 099
0'75 0:747 762 | _poo2571 || 1°50 0°395 045 | _ o007 863
0°'76 07745 191 —~0002 554 | 1°55 07587 182 | _ 007 630
077 0:742637 | 002537 | 1°60 0-579 543 | _ 4007 424
0'78S 0°740 100 0002 519 1°'65 0°572 119 —0007 216
0°79 07737 581 170 0°564 903

—0002 502 —0007 018
0°'S0 0°735 079 —0:002 486 1'75 0557 885 — 0006 828
0°81 0°732 593 —0002 467 | 1°S0 07551 057 —0°006 644
0°'S2 0°730 126 —0002 451 1°'S5 0°544 413 —0006 468
0°'S3 0°727 675 —~0002435 | 1°90 0°537 945 —0-006 298
0'S4 0°725 240 1°95 0°531 647

—0002 419 : —0°006 137
0°'85 0°722 821 —0002402 | 2°00 0525 510 —0-011 809
0°S6 0°720 419 —0:002 386 210 0-513 701 —0011 229
0°'87 0°718 033 ~0002370 | 2°'20 0502 472 —0:010 690
0'SS 0°715 663 —0002 855 2°'30 0491 782 —0°010 191
0°'S9 0+713 308 2:'40 0481 591

—0:002 339 —0:009 726
0°'90 0°710 969 000232 || 250 0471 865 —0:009 292
0°'91 0+708 647 —0:002 308.] 2°60 0+462 573 —0008 887

092 0°706 339 —0:002 292 2°'70 0°453 686 —0°008 509

0°'93 0°704 047 —0:002 277 2°'S0 0445 177 —0-008 154
0°94 _0°701 770 2°'90 0°437 023 ' ‘

—0002 261 —0007 824
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Diameter Diameter
Length U 4, Length U 4,

3:00 0429199 | _ 007 512 | 4 50 | 0340 88 —0:004 467
3°10 0°421 687 —0'007 219 4°60 0°336 431 —0004 33«.‘;
'3°20 0414 468 | 405944 | 4°70 07332 098 | _ 004 908
3°30 | 0407524 | _oocesa | 4780 | 0732780 | o0 o0

3°40 0°400 840 : 4°90 0-323 800
, | =0006 439 —0:003 975
3°60 0°388192 | _gq05980 | B 50 0°301 502 | _ 016 gg6
370 0382203 | _go057s2 | 6°00 0°285406 | _ (014 262
3°'8S0 0376 421 0005 587 | 6 30 07271144 | _ (010 737

32°90 0°370 834 700 0°258 407
—0:005 401 —0:011 425
4°00 0°365 438 —0°005 227 7°'50 07246 982 —0'010 401
4°10 | 0360206 | _qqo5050 | SO0 | 07286581 | o550 454
4'20 0355 147 | _gooas9s | S°50 0°227 147 | _.008 619
4'30 0350 249 | _qooaag | 90O 0°218 528 | _ 007 911

4°40 0°345 503 } 9°'50 0210 617
—0:004 605 —0007 302

10°'00 0-203 315

§ 25. The formul® above deduced do not apply to solenoids

wound with wires or strips, inasmuch as the calculation is based

on the supposition that the solenoid forms a cylindrical current

sheet. In the practical problem, we have to take into account

the thickness of the wire and of the insulation, for which it will

‘be necessary to add small corrections to the numbers which are

obtained from the tables already given.

Important formule as

well as tables to meet such practical problems have been calculated
by Rosa® and Cohen®. '

(1) Rosa, Bull. Bur. Standards, 2, 161, 1906 ; 4, 369, 1908.
(2) Cohen, Rull. Bur. Standards, 4, 183, 1908.



