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On the rigidity of PL representations of a surface group

By Norikazu HASHIGUCHI

§0. Introduction.

Let X, be a closed oriented surface of genus 2 with a hyperbolic
metric. The geodesic flow of the unit tangent vector bundle T,%, of %,
is an Anosov flow. So, there is an unstable foliation of this flow and
this foliation is transverse to the fibres of the projection T,¥,—3,. Since
Y, has a hyperbolic metric, there exists a total holonomy homomorphism
of this foliation

v. m(3,) — PSL(2, R).
¥ is conjugate to a PL-representation
@: 71-1(22) _— PL+(SI)

as follows. Here PL_(S") is the group of orientation preserving piecewise
linear homeomorphisms of S* (see §1).

Ghys showed that this flow is obtained from the suspension flow of
some hyperbolic toral automorphism

A T'— T

by a certain Dehn surgery (see [G] and [H1]). In other words, there
exists a homeomorphism between T,X,—{12 closed orbits} and the mapping
torus of A—{12 periodic orbits} such that it preserves orbits and the
unstable foliation. Since the suspension of the unstable linear foliation
of the torus by A is transversely affine, certain Dehn surgeries along
leaf curves with non-trivial holonomy give rise to a transversely PL
foliation (see [G] and [H2]). Moreover the unstable foliation of the
geodesic flow is transverse to the fibres of the projection 7T,Y,—JX,.
Hence, this transversely PL foliation can be seen as a PL foliated S*
bundle. So we obtain @ which is topologically conjugate to ¥.

For any homomorphism h: z,(Y,)—Homeo(S"), we defined the Euler
number eu(h). Wood shows that |eu(h)|<2 in [W]. When the absolute
value of the Euler number is maximum, Matsumoto shows the next



230 Norikazu HASHIGUCHI

theorem.

THEOREM ([M]). Let @, ¢: m,(3,)—Diff%(S") be homomorphisms such
that
eu(p) =eu(¢) = +2.

Then ¢ and ¢ are topologically comjugate.

Hence if {¥.},;;<. is a smooth perturbation of ¥, then ¥, is topolog-
ically conjugate to ¥. On the other hand we will show if {®},.. is a
perturbation of @ which satisfies some conditions then @, is conjugate
to @ by a rotation.

The presentation of x,(%,) we used to describe @ has a symmetric
form (see (1,2)). Considering a fundamental domain in the Poincaré disk
for this presentation, we showed that there is a 6-fold covering

po: T2, —> M(3, 6, 6)

where M(3,6,6) is a Brieskorn manifold {(z;, 2., 25) € C% 2zi+23+25=0,
|2,°4 |25|*+ |2s)?=1}. M(3,6,6) can be considered as a Seifert fibred
manifold over S? with three singular fibres. The covering p, induces a
transversely PL foliation which- is transverse to the fibres of this
Seifert fibration. So there exists a homomorphism

& m(M(3,6,6) — PL7(SY)

such that ¢(z)=T(1) (see [E-H-N]). Here PL3 (S is the universal cover-
ing group of PL.(SY), z¢€ m,(M(3,6,6)) is the class of a general fibre and
T(1) is a translation of R by 1. Let I" be a triangle group I'(3,6,6)=
{ty, Ts, T (11)* = (14)° = (z5)® =1,727s=1) Which is isomorphic to z, (M} (3, 6, 6))/{2).
$ induces a homomorphism

¢. I'—> PL. (S
such that @=gop,sx where
Dox: 71'1(22) :771(T122)/<z> E— F:ﬂl(M(& 6, 6))/<z>

is induced from p, and z € n,(T\2,) is a class of a fibre of the projection
T.2,—2, (see [H2]).
The purpose of this paper is to study the rigidity of ¢.

THEOREM. ¢ cannot be perturbed under the condition that the image
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of t, 18 the rotation by % and the number of bending points of the image
of t, 1s 4.

So @ cannot be perturbed keeping the symmetric relations.

The organization of this paper is as follows. In §1, we prepare
some notations. We define PL3(S") and PL,(S'). And we explain how
to describe the elements of PL homeomorphisms. We also review the
PL representations ¢ and @. In §2, we prove the Theorem.

Finally, the author would like to express his gratitude to Professor
T. Tsuboi for valuable advice and continuous encouragement. He also
thanks Professors Y. Mitsumatsu and H. Minakawa for helpful conversa-
tion.

§1. Preliminaries.

In this section, we prepare some notations which will be used in
this paper.
Let T(6)(6@ € R) be the shift of R by 6, ie.,

(T6)(x)=2+0 (x€R).

Homeo: (S denotes the set of orientation preserving homeomorphisms
F of R such that FoT(1)=T(1)oF. Every F ¢ Homeo;(S' induces a
homeomorphism f: R/Z=S'->R/Z=S".

n:  Homeo3(S') —> Homeo (S

is defined by 7:(F~) =f. Conversely for every f¢c Homeo,(S'), there exist
countably many fe& Homeo3(S") such that =(f)=Ff.

DEFINITION. Such an f¢ Homeo3(S") is called a lift of f.

DEFINITION.

(1) F€ Homeo3(S") belongs to PL7(SY) if F is piecewise linear and
bending points of F' do not accumulate in R.

(ii) Let PL,(S') be n(PL7(SY).

REMARK: In this paper, Homeo3(S") and Homeo,(S') are given the
topology induced from the maximal norm. Then x is a covering.
PL7(S*)CHomeo3(S") and PL.(S')CHomeo,(S") have the induced topology.
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We describe F'¢ PL7(S') by its bending points and its derivative.
Since FoT(1)=T(1)oF, it is sufficient to describe the restriction of F on
some closed interval [x,, z,+ 1] where z, is one of the bending points of F.
More precisely, if the bending points of F|;, . .1 is {a;, 2, @5, - - -, @, 2, +1}
and F| .. is given by,

Alx—z)+y, on [z, x,]
A(x—2,)+Y:  on [, x4
Fl[xl,x1+1](x): A(w—zg) +ys  on [wg, x,]

'zp(x_xp)'*'yp on [x,, z,+1],
where y,=F(x;) (¢=1,2,3, --.p), then we write

F: o

(4]

Lo > Y,

(2]

L3 ——>Ys

To——>Y,
[2:]
,+1— y,+1,

or more simply

x, X, Zg Ty o Lpg Xy 241

or

A e Ag ce Aot Ay

In order to describe fe& PL,(S'), we also use the description of some
lift of f.

For F,Ge PL7(SY, the composition GoF is deseribed by a two-
column table. For example, if
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T T, T X4 41
F A A, A5 A

Y, Y. Ys Y Yi+1

x x4 x4 x4 zi+1
G Y A Y 2

Y1 Vs Ys Yi yi+1
and
y1<x{<yz<xé<ya=x§<xi<y4<y1+1,

then GoF is described by the following,

Ty ce z,+1
21 22 23 24 21

By a one-column table

X, e x1+ 1
GoF" A2 A A i A% A2, A

DEFINITION. For F ¢ PL7(SY), the bending points of F' has the period
1. Hence it is possible to consider the bending points of F' in R/Z. Let
BP(F') be {bending points of F'}/Z.

Now we define an important element f of PL,(S*) which is needed
to describe the homomorphisms ¢ and ¢. f is defined by

s A-VE V-8

(L 12 12
[477]
10+4/3 : 10—-384'3
12 12
[1]

84+3v3  8-+4F

12 12
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[4]
26—T4v/3 14443
12 12
[1]
16—4v3 T4/ 3 +4
12 12
where 4=T7+44/3. f has the next properties:
(1) {fP=1,
._o —1—> 6_
o) [

where fzfoT(——é—) and T(6) (€ S'=R/Z) is the rotation of S*' by @

(for convenience, we use the same notation as the shift of R).
3, denotes the orientable closed surface with genus 2 and its funda-
mental group =,(%,) has the next presentation

(1.2) 71(20) =@y, Ay, Ag, Ay, A, Ay G A0s=1, AA0=1, 0,0,A00:05=1)
=L@y, s, A4, Gs; [@s, a7 ][as, @' ]=1).

Let I' be the triangle group
(1.3) I'(8,6,6)={t,, 7p, t5; (71)°=(1,)"=(r3)'=117,7s=1).

In [H2], we obtained a piecewise linear representation @ of the unstable
foliation of the geodesic flow on X, with a hyperbolic metric.

O: m(2,) — PL+(SI)
is defined by

@(a,-)=T(— ’3;1 )ofoT( ’;1 > (i=1,2 3,4, 5,6).

@ is topologically conjugate to a total holonomy homomorphism ¥ of the
unstable foliation of the geodesic flow on the unit tangent vector bundle
T.Y, (see §0). Moreover we obtained two homomorphisms. One is

¢: I' —> PL(S")
defined by

(r)=f
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pr=r(1)
which represents a foliation on the Brieskorn manifold M(3,6,6) trans-
verse to the Seifert fibration. And the other is
Dos: Ti(Zy) —> I
defined by
Do (:) = (72)' 77y (7)) (t=1,2,3,4,5, 6)
which is induced from a covering map p,. T,3,—M(3, 6, 6).
ProrosiTiON 1 ([H2, PROPOSITION 7]).

D =G oPyx.

§2. Rigidity of &.

In this section, we prove that ¢ cannot be perturbed under some
conditions.

DEeFINITION. For g€ PL.(S")

B,(9)={x € BP(g); g(x) & BP(g)}
B,(9)={x € BP(g); g(x) € BP(g9) and ¢*(x) € BP(g)}
Bi(9)={x € BP(g); g(x) € BP(g) and ¢*(x) € BP(g)}.

DEFINITION. For a finite set B, let #B be the cardinal number of B.

LEMMA. Suppose that g€ PL.(SY) has no fixed points and ¢*=1.
Then

(1) #Bs(g) ts a multiple of 3,
(2) #BP(g9)=2¢Bi(9)+#Bs(g),
(3) #Bi(g)=#B.(g).

Proor: Since ¢°=1, B, is invariant under g. From the assumption,
¢ has no fixed points. So (1) holds. Let z€ B,(g). Then

(4]

g x+— g(x)

(]

and
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[4]
g: 9(x) —> ¢*(x),
[#]
where 1#p and /#4/. If 22+ py/, then x € BP(g?). Because g*(x) ¢ BP(g),
x € BP(¢°) = BP(identity of S)=. This is a contradiction. So x is not
a bending point of g*=g~'. Hence,

¥BP(g") =4BP(g) + 49 (BP(9)) — 24 B,(9) — # Bs(9)
=24B.(9) +4B(9)

for $ BP(g) =#B,(9) +#B:(9) +£B:(g). (2) is proved. Now (3) is obvious.

PROPOSITION 2. There is a meighborhood U of f in PL,(SY) such
that ©f g€ U satisfies the next three conditions

(1) #BP(g9)=4,
(2) ¢'=1,

3 { T 1) —1

(3) {oo7(5)}=1

then g is conjugate to f by some rotation of S
Therefore,

THEOREM.
¢:. I'—> PL(8Y

cannot be perturbed under the condition that the tmage of t, s the
rotation T<—(13—> and ¥BP(the image of t,)=4.

REMARK: Up to the conjugation by some PL-homeomorphism of S
every homomorphism

& I' —> PL.(SY

satisfies {(r,)=T (%)
From proposition 1,

COROLLARY. @ cannot be perturbed up to the comjugation by PL-
homeomorphisms of S* keeping the properties
(1) the image of a; ts conjugate to that of a, by the rotation
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T(i“1> (i=2,38, - -, 6),
4

6
(2) $BP(®@(a))=
PROOF OF PROPOSITION 2: Suppose there is g€ PL,(S') near f such

that #BP(g)=4, ¢’°=1, {goT(%)}szl. From the above lemma (2), 4=

24B,(g)+#Bs(g). From lemma (1) and (3), #B,(g) =§Bi(g)=2 and ¥B;(g) =0.

Step 1. To begin with, we consider the case that the derivative of

gare 2%, 1, 2, 1 (2>1), ie,

X T, T x4 z,+1
g: At 1 A 1 .
Y Yo Ys Ys ¥h+1
The two-column table of {f}® is
A 1 A 1
1 A1} 471 1

Conjugating by some rotation, we may think that x2,=0. Since g*=1
and g is near f, B,(g)={x x,} so y,=z, and y,=x,. Hence if we set y,=a

and x,—x,=«, then
g 0—a

[277]
(44
at—> a+7
[1]
a—a—2%+—0
A
(4]

a—a—>«

(1]

11— a+1.

The two-column table of g¢* is obtained from the above two-column table
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of {f}* by replacing 4 by 1. Hence,

2

g9 0+— 2a+%—a
[(47]
o —> 2a+2—‘;——a
[1]
20:—2(1—-2%—1}—) —1
[4]
2a—2a—%—1 —>a—1
[1]
11— 2a+%—a+1.
Since g*=g",
(2a+%—a+l>—(a—l)=<a—a—%>—a.
So,
2.1) | 30+2% —2a+2=0.

The two-column table { goT (%)}2 is also obtained from that of { i oT(%)}2

which is
a |t 4]
A1 1 y| 1
Hence,
1\\? 1 1
O
{g 6 6 g T
[47]
——'z——al——k——nz
6
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Q—F + +62 +a
(271
_g_a_1 1
*4TT78 a1
[1]
1 1 a
S TR LAY
[4]
a @ 1 1
—g—__* - = 0
AT T E e 6
(2]
a—a—%l—)a]-l-a-l—-——
(4]
a—2a—l}—>a
3
[1]
%|—>2a+%.

The ecyelic order of elements of

(o1 (5)f (er({7r (@) v 8R(77(3))
is shown in the center horizontal line of the following two-column table

t{rr()

A a2 a0 | 1 |4 2 All

2.2)

Two points by, b, € BP< FoT (6 )) belong 5o {For ( )} (BP({ FoT < )}2))
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Since g is a perturbation of £, two bending points of g corresponding to
2
b, b, may move to the left or right of some points of {goT(%)}

(e ({e-7(3)))

{Case 1y We assume b, and b, do not move. Then

I §
"%
1
Mltat+-=a—=,
6
ie.,
1 1
2.3 2 4q=—1
(2:3) 61 9T TG
1\E 1 1.1
T 3l
{g 6 6 %176
[271]
——'i-—ai——n—uz——l—
6 62
[27%]
1 a a
e Tttt
[271]
11 a 1
TR e T e
[1]
@ _a_1_1 a1
T T e 6 ¢ 67
(1]
a—a—2—2 1, g
1z 6
[2%]
a—2a—-—r—>a2+a+%
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a—3a——1-l——->a

In order to satisfy {go T <%>}3= {go T (%)}_3

_ _a__a___1_>_( _ _L_l>:<2 _1 _7_>_
<““72262 *%1 6 i Te) T
So,

1 —a+—7—=0-

2.4 24+ L @ 1
(24) L N T 6

From (2.1) (2.3) and (2.4), we obtain

A=T+44/3.
Since we assume A>1, 1=T+44//3 =4, a:w, and a=3+;/3.
Therefore,
_m(_8=+3\_ 7 m(8—+3
g"T< 12 )f T< 12 )

This implies that g is conjugate to f by some rotation of S

{Case 2> We assume either b, or b, moves to the left or right.
For example, if both b, and b, move to the right, then the derivative

of {goiT(-é—)}s is

el el alelalelals

. . 1\ 1\ ..
So it contradicts {goT<€>} ={goT<€>} for A>1. Similarly, unless

both b, and b, move to the left, it is impossible. In this remainded case

that both b, and b, move to the left, we calculate BP<{goT<%>}a> and
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)
BP({goT <%>} ) using the presentation of g as in Case 1. Then we

obtain (2.3) which implies that both b, and b, do not move. This con-
tradicts the assumption.

Step 2. We study the general case. That is to say, the derivative
of g are a, 8,7 and 0. As before we may assume that g is

0 x, T, g 1

Y, Y. 0 X, Y, +1
where 0<a<1, y>1 and B,0>0, g¢*is

a B 7 0

B |r|d| a | B

Since g*=g~', there exists a lift § of g such that §%(0)=g(y,) =2.—-2,
G (@) =G (ys) =25—2, §7*(—1)=97"(x,—1)=9,+1 and §*(x,—1)=F*(x;—1) =
9¥,+1. So, we obtain
g 00— x,—2
[af]
Ty —> Ty—2
(84
h+l— —1

[Br]
Yot l—> x,—1

(B3]

Xy —> Yy

[ar]

Xy —> Y,

(B3]

1— x,—1.

Thus we get



PL representations of a surface group 243

Y Y 0 Ty Yi+1
gn at g 7 o1

0 x, X, Ly 1

It implies that af=7"" and =07}, ie,
{aﬁr=1
po=1.
So, we get ,8:L and d=(ay). As in Step 1, the two-column table of
ay

{goT (%)}2 is also obtained from that of { foT(%)}z. Therefore, we

obtain

1 2

The bending points of goT(-é-) corresponding to b, and b, in (2.2) may

also move to the left or right. When b, and b, do not move, {goT(-(l,)—)}a

is

4 4,2 2 1

\ asr a r a r ar? azr‘i a4r5 aGTG

Since { geT (%) }3 = { goT (%)}—a the derivative satisfy the relations;
aﬁr'i: (arz)—-l, a47,2: (aZTA)—l’ azr . (adrﬁ)—l and 1 — (aﬁrﬁ)—l’ i.e',
a’r'=1L

Now ay>0, so ay=1. It is the case that we consider in Step 1.

If either b, and b, move, it is impossible that { go T(%)}:{ go T<%)}_3
with the same reason of {(Case 2) in Step 1. Hence, Step 2 is reduced
to Step 1. K
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