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Global existence of the universal locally trivial family
of analytic subvarieties with locally stable

parametrizations of a compact complex manifold
By Sy6ji TSUBOI

Abstract. We define a notion of analytic subvarieties with locally
stable parametrizations of complex manifolds (Definition 1.8), which
is a unification and a generalization of closed complex analytic subsets
of normal crossing and analytic subvarieties with ordinary singularities
([231), and prove that; for a given compact complex manifold Y there
exists a universal family #: &(Y)—E(Y) for locally trivial families,
1. e., families which are locally products, of such analytic subvarieties
of Y, parametrized by (possibly nonreduced) complex spaces; moreover
it turns out that the underlying C= structure of the family #: &(Y)—
(YY) is such that it is C= trivial at a non-singular point of E(Y);eq
(the reduction of K(Y)) and the C* type of the fiber is constant over
each connected component of (YY) (Theorem 4.8).

Introduction

Let Y be a compact complex manifold. We denote by E(Y) the set
of all analytic subvarieties with locally stable parametrizations of Y (cf.
Definition 1.3 below). We denote by Z, an analytic subvariety with a
locally stable parametrization of Y corresponding to a ‘‘point’’ t=E(Y).
We define a subset &(Y) of the product space Y X E(Y) by

Z(Y) :={y, OteE(Y),yEZ,}.

We denote by #: &(Y)— E(Y) the restriction of the projection map
Prp,: YXE(Y)—>E(Y) to Z(Y). In this paper we shall prove that the
sets E(Y) and %(Y) have the structure of Hausdorff complex spaces such
that £(Y) is a closed complex subspace of the product complex space Y X
E(Y) and 7: &(Y)—E(Y) is a universal locally trivial family of analytic
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subvarieties with locally stable parametrizations of Y, parametrized by
E(Y). Here a locally trivial family means: for each point p=(y,t)e Y X
E(Y), there exist an open neighborhood U C Y XM of p and a biholomor-
phic map ¢ : U— U x V, where we define U:=U (Y Xt) and V:=Pr,(U),
such that ;

(a) the diagram

vu L4 UxXV
P

rM\A /P’ry
%4

commutes,

) p(UNZ(Y)=(UNZ(Y) XV, and

() ¢w«=1tdy., the identity map on U Xt.

Universal means: for any locally trivial family =: 2% — M of analytic
subvarieties with locally stable parametrizations of Y, parametrized by a
complex space M, there exists a unique holomorphic map f: M— E(Y)
such that f*&(Y)=%. Here f*%(Y) denotes the pull-back of the family
#: Z(Y)>E(Y) by the map f: M—E(Y). From the local triviality it
follows that the family #: Z(Y)—E(Y) is C* trivial at a point t€E(Y)
whose corresponding point of E(Y),., (the reduction of E(Y)) is non-
singular. From this fact it follows that the C* type of the fiber of the
family #: &(Y)—E(Y) is constant over each connected component of E(Y).
The relation between our family #: Z(Y)— E(Y) and the universal family
#: UY)—>D(Y) of closed complex subspaces of Y, parametrized by the
Douady space D(Y) (cf. [1]) is that the natural inclgsion map ¢: E(Y)c,
D(Y) as sets is a holomorphic immersion and *U(Y)=%(Y). These
results are summed up in Theorem 4.8, which might be considered as a
generalization of Namba’'s results in [18] or [19] to higher dimensional
singular cases.

Our essential contributions in this paper are to give the definition and
examples of analytic subvarieties with locally stable parametrizations and
to prove Relative Normalization Theorem (Theorem 3.6), which is a ge-
neralization of Theorem (10.1) in [23] to the case where a parameter space
is possibly a nonreduced complex space. By Relative Normalization
Theorem it turns out that locally trivial displacements of an analytic
subvariety with a locally stable parametrization are equivalent to deforma-
tions of a locally stable holomorphic map. Consequently, Flenner’s theorem
on the existence of the semi-universal family for deformations of a holo-
morphic map between compact complex spaces, parametrized by a complex
space (cf. [3]), implies the existence of the semi-universal family for locally
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trivial displacements of an analytic subvariety Z with a locally stable
parametrization in a compact complex manifold Y. Furthermore, comparing
this semi-universal family with the locally trivial family of displacements
of Z in Y, which is obtained by applying Flenner-Kosarew’s theorem in
[4] to the universal family #,: U(Y)—D(Y) of closed complex subspaces
of Y, parametrized by the Douady space D(Y), we conclude that the semi-
universal family for locally trivial displacements of an analytic subvariety
Z with a locally stable parametrization in a compact complex manifold Y
is in fact the universal family. Patching up these local universal families,
we give a complex structure to the family #: &(Y)—E(Y). Following
Namba’s proof in [19], we can prove the Hausdorffness of the space E(Y).
The C* triviality of the family 7#: Z(Y)—E(Y) follows from that of de-
formations of a locally stable holomorphic map, which has been proved in [24].

Throughout this paper we use the terms of an analytic variety and
an analytic subvariety in the sense of a reduced complex space and a
reduced, closed complex subspace, respectively. The author expresses his
hearty thanks to his colleague Prof. K. Miyajima of Kagoshima University
for useful discussions with him during the preparation of this paper.

§1. Definition and examples of analytic subvarieties with locally
stable parametrizations of a complex manifold

Let X and Y be complex manifolds, S a finite subset of X, and ¢ a
point of Y. A multi-germ f: (X,S)—(Y,q) of a holomorphic map at S is
an equivalence class of holomorphic maps ¢: U—Y with ¢g(S)=¢q, where U
are open neighborhoods of S in X. Throughout this paper we shall in-
terchangeably use a multi-germ of f and a representative ¢ of f. A germ
of a parametrized family of mult-germs of holomorphic maps is a multi-
germ F': (XXC",Sx0)— (YXC",qxo0) of a holomorphic map such that
F(Xxt)cYxt for any ¢ in some open neighborhood of the origin o in C.
An unfolding of a multi-germ f: (X, S)—(Y,q) of a holomorphic map is a
germ of a parametrized family of multi-germs of holomorphic maps F':
(XXC7,Sx0)—(YxC7,qgxo0) such that F(x,0)=(f(x),0) for x€X. Wesay
that an unfolding I': (X XC", Sxo0) = (Y xXC7, ¢gxo0) of a multi-germ f:
(X,8)—(Y,q) of a holomorphic map is trivial if there exist germs of i-
levels (t€C") preserving analytic automorphisms G : (X XC", Sxo0)—(XXCT,
Sxo0) and H: (Y XC", gx0)—(YXC", gXo) such that G ,x.,=idy, Hy.,=1dy,
and HoFoG '=fXid¢-r.

1.1 DEFINITION. A multi-germ f: (X, S)— (Y, q) of a holomorphic map
is said to be simultaneously stable if any unfolding of f is trivial. In
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particular, if S is one point, say p, a ‘‘simultaneously’” stable germ f:
(X, p)—(Y,q) is said to be stable.

1.2 DEFINITION. A holomorphic map f: X — Y between complex mani-
folds is said to be locally stable if, for any point ¢ Y and any finite
subset SCf"!(q), a multi-germ f: (X,S)—(Y,q) is simultaneously stable.

1.3. DEFINITION. An analytic subvariety Z (possibly not of pure
dimension) of a complex manifold Y is said to be with a locally stale
parametrization if

(i) its normal model X is non-singular, and

(ii) the composite map f:=c¢om: X— Y is locally stable, where n:
X —Z7 is the normalization map and ¢: Zc, Y is the inclusion map.

1.4 REMARK. The above definition is based on the following facts
which have been proved in [23]: If f: X—Y isa locally stable holomorphic
map between complex manifolds, then it is a Thom-Boardman map satis-
fying a certain momal crossing condition (cf. [23, Theorem 4.2]). For
definition see [6, Chapter VI, §5]). From this fact it follows that if we
assume furthermore that f: X—Y is a proper map with dimX<dimY,

fl
and if X—Zc, Y is the factorization of f, where we define Z:=f(X),
then f': X— 7 is the normalization map of Z (cf. [23, Proposition (4.2),
Corollary (4.2)]).

In order to give examples of analytic subvarieties with locally stable
parametrizations, we quote a proposition from [23] which give a criterion
for a multi-germ of a holomorphic map to be simultaneously stable. The
proposition is originated from J. N. Mather’s characterization of simul-
taneously stable map germs by using contact classes in [14]. In order to
state the proposition and for use later we introduce several symbols. For
a holomorphic map f: XY— Y between complex manifolds and a point pe X,
we define the following local C-algebras:

R(f)p:=0x.plf*myOx.,  (¢:=f(D),
where m, dnotes the maximal ideal of Oy ,;
Ri(f)p :=R(f) | M5,
where & is a non-negative integer and M the maximal ideal of R(f),:

R(f)p :=lim Bu(f),.
k
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Suppose we are given a local C-algebra A, then, for a holomorphic map
f: X—Y between complex manifolds, we define

C(f, A) :=peXIR(f),= A4},

Ce(f, A) :={pEXIRi(f), = A},
and . .
C(f,A) ={peX|R(f),=A}.

In particular, if f: X—1 is a finite map, then we have dimcR(f),<oo

for a point peX (cf. [2, Theorem (1.11]). Hence, in this case there is a
natural nnmber k, such that SMj*'Cf*m, Ok ,. Therefore we have

A

I“)’(f)]).:[{ko(j.)[]:1€k0+l(f)p: <o =1 (.f)p (pEX):
C(f, A)=Cy(f, A)=Cypr(f, A) = - =C(f, A).

and

1.5 PROPOSITION. Let f: X —Y be a holomorphic map between complex
manifolds (possibly X 1is mot pure dimensional), ¢ f(X) a point of the
image of f, and S={p,, -+, p:}CF (q) a finite subset of the inverse image
of q by f. We define

Cii={peXIR.(),=B(f),} (1=1<5s),

where m denotes the dimension of Y at q. Then the multi-germ f: (X, S)
—(Y,q) of a holomorphic map ts simultaneously stable if, and only if,
the following two conditions are satisfied :

(i) for every i (1<1=s) the germ f: (X, p;)—(Y,q) of the holomorphic
map 18 stable,

(i) (@) p (T, ), (df)p(Te,. ) are in a general position in the
tangent space 1y., of Y at q, i.e., the codimension of {Ni-\(df)p,(Tc, 1)}
m Ty, is equal to 3= {the codimension of (df),,(Tc, »,) in Ty, where
(df)p,: Tx.p,— Ty, denote the Jacobian map of f at p: for 1=1<s (We
should note that ; 1f the conditton (i) is satisfied, then by the condition (d)
in Theorem (4.1) in [14], at every p; (1L1<s) the m-th jet extension j™f: X
—=J"X,Y) of f intersects transversely with the contact classes contact
classes C,,CJ™X,Y) containing the m-th jet ¢,=3"f(p:), where J™(X,Y)
denotes the m-th jet bundle over XX Y ; hence C;=(3"f) "(C,,) is @ submani-
fold im a suffictently small open metghborhood of p, in X).

For the definition of contact classes, see [6, Chapter VII, Definition
3.11]. For the proof of the proposition we refer to Proposition (7.1) in [23].

1.6 Example. An analytic subvariety Z of normal crossing of a
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complex manifold Y is an analytic subvariety with a locally stable para-
metrization. Here we say that an analytic subvariety Z of a complex
manifold Y is of normal crossing if the following condition is satisfied :
For any point peZ, if we let Z,, Z,, -+, Z, be all locally irreducible
components of Z which are through p, then there exists a local coordinate
system (21, '+, 2., 2141, 7", 2y, Bl a1y 0y R Brgats 7 Zn) of Y with
center p such that each Z, (1a<k) is defined by z,,_ .= =2,,=0,
where we understand r,=0. Indeed, by an infinitesimal criterion due to
J. N. Mather for a multi-germ of a holomorphic map to be simultaneously
stable (cf. [24, Theorem 1.4]), embedding maps are locally stable: hence,
by Proposition 1.5, analytic subvarieties of normal crossing are with locally
stable parametrizations.

In order to give another example we quote one more proposition from
[23].

1.7 PROPOSITION. Let f: (X, S)— (Y, q) be a simultaneously stable
multi-germ of a holomorphic map with dimX <dimY. Then there exist
open neighborhoods U of S in X and V of ¢ in Y with f(U)CV, enjoy-
wng the following properties:

(i) fiv: U->V 4s a finite map, i.e., a proper map and fg(q") 1s a
finite subset of U for any point ¢’ in f(U);

(i1) fig: U-V 1s a locally stable holomorphic map.

For the proof we refer to Proposition (6.2) in [23]. By (i) above, we
can see that; for a simultaneously stable multi-germ f: (X, S)—(Y, q) of a
holomorphic map with dimX <dimY, there is an open neighborhood V of
¢ in Y snch that f(X)NV is an analytic subvariety of V.

1.8 DEFINITION. Let Y be a complex manifold. A germ (Y, Z, q) of
an analytic subvariety of Y is an equivalence class of analytic subvarieties
Z in open neighborhoods D of ¢ in Y with q=Z. Here we say that ZcC
DcCY and Z’CD’'CY are equivalent if there is an open neighborhood D”
of ¢ in DD’ such that ZnD" = Z'nD”. If an analytic subvariety 7’
of an open neighborhood of ¢ in Y is a member of an equivalence class
(Y,Z,q), we call Z' a representative of (Y,Z,q) and (Y, Z, q) the germ of
Z" at q.

If there is no fear of confusion, we shall interchangeably use a germ
(Y,Z,q) of an analytic subvariety Z of Y at ¢ and a representative Z of
a germ (Y, Z,q).

1.9 DEFINITION. Let f: (X, S)— (Y, q) be a simultaneously stable
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multi-germ of a holomorphic map with n:=dimX<m :=dim,Y (the di-
mension of Y at q). We define Z:=f(X). We call a germ (Y,Z,q) of
an analytic subvariety of Y an m-dimensional ordinary singualarity in an
m-dimensional ambient manifold if X is of the same dimension at every
points of S.

1.10 Example. An analytic subvariety Z which has at worst ordinary
singularities only, of a complex manifold Y, is an analytic subvariety with
a locally stable parametrization. (We call such Z an analytic subvariety
with ordinary singularities.) Indeed, by definition, for any point p of such
an analytic subvariety Z of a complex manifold Y, there exist an open
neighborhood V of p in Y and a simultaneously sable multi-germ f: (U, S)
— (V,q) such that f(U)=VNZ. Furthermore, by (ii) in Proposition 1.7,
shrinking V sufficiently small, we may assume that f: U— V is a locally

stable holomorphic map. Then the factorization Ui» fU)=VnNnZaV of
f is the normalization of f(U) (cf. [23, Proposition (4.2), Corollary (4.2)]).
Thus VN7 is an analtyic subvariety with a locally stable paramerization
of V' hence so is Z.

1.11 REMARK. By definition a pure dimensional analytic subvariety
with a locally stable parametrization is an analytic subvariety with ordi-
nary singularities.

Example 1.10 is rather abstract. J.N. Mather, however, gives in
[16] the complete classification of the local C-algebras A for which there
exist stable map germs f: (X, p) - (Y,q) of holomorphic maps with A=
R(f), in the case where the pair of positive integers (dimX, dimY) be-
longs to the so-called *‘mice range’ and satisfies the inequality dimX <dim Y.
(We say a pair of positive integers (n,m) belongs to the ‘“‘nice range’ if,
and only if, it satisfies one of the following conditions: (i) n<(6/7)m+
8/7) and m—n=4; (ii) n<®G/T)m~+(9/7) and 3=m—n=0: (i) m<8 and
m—n=—1; (iv) m<6 and m—n=—2; (v) m<7 and m—n< —3 (cf. [15]).
By this classification together with ‘“Normal form theorem for stable
germs” ([13, Theorem (5.1)]) and Proposition 1.5, we can calculate the local
equations of ordinary singularities in some cases. For instance, if we
restrict our considerations to the case where the pair of positive integers
(n, m) :=(dimX, dimY) satisfies all of the following conditions:

(i) (n,m) belongs to the ‘‘nice range’’,
(1.1) (il) n<m,
(iil) n=@2/8)m+1,
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then the situation is very simple. In this case, according to Mather’s
classification table of stable map germs in [16], local C-algebras A for
which there exist stable germs f: (C",0)—(C™, 0) with R(f),=A are only
the following three types :

Ay:=Cla]/(x), A;:=Clzll(x*), A,:=Clxl/(2®),

where C[z] denotes the polynomial ring over C in one variable z. By
“Normal form theorem for stale germ” in [13], we can give the concrete
expressions in local coordinates of each stable germs f: (C", 0)—(C™, o)
whose local C-algebras are A; (0=41<2) and give the defining equations of
the loci C,(f, A) (=C(f, A) = C(f, A)) of such stable germs f: (C", o) —
(C™, 0) as follows:

(@) The case R(f),=A,:

yiof =, (1<i<n)
yiof =0 n+1Zi<m),
Caulf, A)=C"

(b) The case R(f),=A;:

yof=u, (1<isn—1)

Yaof=ay
Yusiof =Ty (Igsism—n=n-—1),
Cm(fy Al):{x:(xls ot yxn)eculxlzwzz te :xm—n:xn:O}:

where we should assume that m—n<n—1, i.e., m=2n—1.
(¢) The case R(f),=A,:

Yyof =, (1=sisn—1)
(1.2) Yuof=an+ 2.2,
YneiOf =82y + 2w (1S9=m—n),
Culf, A)={x=(2,,2,)EC" |0, =0:=""=Tacm-ny+1 =2, =0},

where we should assume that 2(m—n)+1 < n—1, i.e., m < (3/2){n—(2/3)}.
In the above expression (x,,-:-,x,) and (y,, '+, ¥~) denote linear coordinate
systems on C" and C™, respectively.
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Low-dimensional hypersurfaces with ordinary singularities:

Besides the conditions (i), (ii), (iii) in (1.1) we impose the condition of
m=mn-+1. Then the pair of positive integers (n, m) should be one of (1,2),
2,3), (3,4), (4,5) and (5,6). In this case, by the concrete expressions in
local coordinates of possible stable map germs and by Proposition 1.5, we
can calculate the defining equations of ordinary singularities as follows:

1.12 Example. A pure l-dimensional analytic subvariety of a connected
2-dimensional complex manifold is with ordinary singularities if, and only
if, it has at worst ordinary double points only as singularities.

1.13 Example. A pure 2-dimensional analytic subvariety Z of a con-
nected 3-dimensional complex manifold Y is with ordinary singularities if,
and only if, for each singular point p of Z, there exists on Y a local
coodinate (x,y,z) with center p such that; in a neighborhood of p, Z is
defined by one of the following equations:

(i) yz=0 (double point),
(ii) ayz=0 (triple point),
(iil) ay®—22=0 (cuspidal point).

1.14 Example. A pure 3-dimensional analytic subvariety Z of a con-
nected 4-dimensional complex manifold Y is with ordinary singularities if,
and only if, for each singular point p of Z, there exists on Y a local
coordinate (x,y,2,w) with center p such that; in a neighborhood of p, Z
is defined by one of the following equations:

(1) 2w=0 (double point),

(ii) yzw=0 (triple point),

(iil) zyzw=0 (quadruple point),
(iv) ay?—22=0 (cuspidal poidnt),
(v) wry®—2%)=0.

1.15 Example. A pure 4-dimensional analytic subvariety Z of a con-
nected 5-dimensional complex manifold Y is with ordinary singularities if,
and only if, for each singular point p of Z, there exists on Y a local
coordinate (wx,y,z,u,v) with center p such that; in a neighborhood of p,
Z is defined by one of the following equations, though we omit the local
equations for k-ple point:

(i) a union of k 4-planes which intersect transversely at the origin o
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in C° 2gk<5h) (k-ple point)
(ii) wy*—22=0 (cuspidal point),
(i)  wu(xy®—2% =0,
(iv) wuv(zy®—2%) =0,
(V) V’+2x20* + (2°2° — Byzu+ay®)v — {Z'u 4y (¥ + 22%)}u=0.

Although we can also calculate the local equations of 5-dimensional
ordinary singularities in a 6-dimensional complex manifold, we refrain
from mentioning them here, since they are so complicated (cf. [23, Pro-
position (7.7)]).

For instance, the equation in (v) in Example 1.15 is calculated as
follows: That singularity comes from a stable map germ f: (C*, 0)—(C?, 0)
with R(f),=A,=C[x]/(«#*). Th normal form of this stable map germ f is
given by

yof=v, (1<is3)
Yo f=xi+x,
Yso f = oty + 5%,

where (z,, -, x,) and (y,,++,¥,) denote linear coordinate systems on C' and
C°, respectively (cf. (1.2)). Substituting a,=y,, ¥.=Y, %=y, into the last
two equations above, we have

i+ Y12, — Y, =0,
(1.3)
Yss + Y22, —Y5=0.

We regard this as a simultaneous equation for a; with coefficients in the
polynomial ring Cly,, -+ ,y;). We eliminate x, by calculating the resultant
of the system of equations in (1.83) (cf. [25, Chapter 11]). Then we get
the equation in (v) of Example 1.15 by replacing (y,, -+, ¥, by (x,¥, 2z, u, v).
For the details of the way to obtain the defining equations of singularities
in Example 1.12~Example 1.15 we refer to [23, §7].

1.16 REMARK. The pair of positive integers (n,n-+1) belongs to the
“nice range’ in the sense of J. N. Mather if and only if n<14.

High-codimensional analytic subvarieties with ordinary singularities:

If m=2n—1, then the pairs of positive integers (m,m) satisfy the
conditions (i), (ii), (iii) in (1.1). Hence, in these cases, by the concrete
expressions in local coordinate of possible stable map germs and by Proposi-
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tion 1.5, we also have the following examples.

1.17 Example. Assume m=2n+1. Then a pure n-dimensional analytic
snbvariety of a connected m-dimensional complex manifold is with ordinary
singularities if, and only if, it is non-singular.

1.18 Example. A pure n-dimensional analytic subvariety of a connected
2n-dimensional complex manifold is with ordinary singularities if, and only
if, it is locally isomorphic to one of the following :

(i) non-singular point,

(ii) a union of two m-planes which intersect transversely at a point

(ordinary double point).

1.19 Example. Assume m = 2. Then a pure n-dimensional analytic
subvariety of a connected (2n—1)-dimensional complex manifold is with
ordinary singularities if, and only if, it is locally isomorphic to one of the
following :

(i) non-singular point,

(ii) a union of two m-planes which intersect transversely along a line

in C*"! (ordinary double point),

(iii) the germ of an analytic subvariety f(C*) at the origin o in C*"°',

where f: C*—C?""' is a proper holomorphic map defined by

yof =u; (1£1<n—1)
yuof=uan

Yusi =00, (1=i1=n—-1)
(cuspidal point),

(iii) a union of three 2-planes which intersect transversely at a point
in C* (triple points: this occurs only when n=2).

1.20 REMARK. The concept of ordinary singularities is closely related
to generic linear projections. Indeed, it is well-known that Example 1.12
~Example 1.19 (except for Example 1.15, which, we believe, gives a new
example) are obtained by projecting algebraic manifolds embedded in the com-
plex projective spaces of sufficiently large dimensions into lower dimensional
linear subspaces by generic linear projections (cf. [8, Chapter IV, Corollary
3.6, Theorem 3.10], [26, Chapter I, 5], [22], [21]). This is because of the
following fact due to J.N. Mather (cf. [17]): Let X" be an n-dimensional
algebraic manifold embedded in the complex projective space P~. If a pair
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of positive integers (n, m) with n<wm belongs to so-called ‘‘“nice range”,
then the restriction 7 ,yn_c: X*—C—P™ of a generic linear projection = to
X"—C (C:=the center of the linear projection =: P"—P™, i.e., the locus
where = is not defined) is locally stable.

§ 2. Locally trivial family of displacements of an analytic subvariety
in a compact complex manifold and its characteristic map

Throughout this section, let Y and Z be an m-dimensional compact
complex manifold and an n-dimensional analytic subvariety of Y, respectively.

2.1 DEFINITION. By a locally trivial family of displacements of Z
in Y, parametrized by a complex space, we mean a quadruple (&, r, M, o),
where M is a complex space, & a closed complex subspace of the product
complex space Y X M, = the restriction to & of the projection Pr,: YX
M— M, and o an assigned point of M, which satisfy the following con-
ditions :

(i) for each point t= M, the intertection ZN(Y Xt)=z"*(¢t) is an m-
dimensional analytic subvariety of Y,

(ii) = '(0o) coincides with Z,

(iii) the projection Pr, : Y XM —M is locally a projection of a product
space also on £, that is, for each point p=(y,t)€ Y X M, there exist an
open neighborhood UCY XM of p and an isomorphism ¢: U— UXYV,
where we define U:=UN(Y xt) and V:=Pr,(U), such that:

(a) the diagram

Uxv

M I/P”'V
|4

Cl]
Pr

commutes,
0 o UnNnB)=(UNnZ)xV, and
(C) SDIUxt:?:dU\[.

2.2 DEFINITION. Let &=(Z&,r, M,0) be a locally trivial family of
displacements of Z in Y, parametrized by a complex space, let M’ be a
complex space, and let A: M'—> M be a holomorphic map with A(o’)=o,
where o’ is an assigned point of M’'. We define a family h*E=(ZF’, =/,
M',0') induced by & as follows:

(1) &':=Z&x,M' . (the fiber product over M),
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(ii) 7' :=Pry. : &' -M'.

In particular, if M’ is a closed complex subspace of M and h: M’ — M is
the inclusion map, then we call the family A*& the restriction of € to M’
and denote it by &, ..

2.3 DEFINITION. Let £=(Z&,r,M,0) and &' =(B’, n’, M', 0o') be two
locally trivial families of displacements of Z in Y, parametrized by com-
plex spaces. By a morphism (resp. isomorphism) from &€ into & we mean
a holomorphic (resp. biholomorphic) map h: M— M’ with h(o)=o0' such that
if we define a holomorphic map H: Y XM—Y XM’ by H:=idy Xk, where
idy denotes the identy map on Y, then H(Z,)=Z}«, (Z, =1 t), Zhe :=
7'~ Y(h(t)) for any te M.

Note that the condition H(Z,)=Z}., for any t€M is equivalent to
&' =&. We say that & and & are equivalent if there exists an isomor-
phism from & onto &".

2.4 DEFINITION. We say a locally trivial family &=(3Z, =, M,o) of
displacements of 7 in Y is mawximal or wversal at o, if, for any locally
trivial family &' =(2&’,z’,M’,0’) of Z in Y, there exist an open neigh-
borhood N’ of o' in M’ and a morphism from the restriction &y of &’
to N’ into &. Furthermore, if it is maximal at every point t= M, we say
the family & is maximal or versal.

2.5 DEFINITION. We say a locally trivial family &=(Z,r, M,o0) of
displacements of 7 in Y is universal (resp. semi-umiversal) at o if it
satisfies the following :

(i) & is maximal at o, and

(ii) for any locally trivial family &' =(2Z',z',M',0’) of Z in Y and
a holomorphic map A: N'—M from an open neighborhood N’ of o’ into M,
which give a morphism from &, into &, the germ (resp. the Jacobian
map (dh)o : Tw..oo.—Twy.,) of such a holomorphoic map & at o’ is uniquely
determined.

Furthermore, if it is universal (resp. semi-universal) at every point
teM, we say the family & is universal (resp. semiuniversal).

We denote by @, the sheaf of germs of holomorphic tangent vector
fields on Y and by 6Oy(logZ) the sheaf of germs of logarithmic tangent
vector fields along Z on Y, i.e., the subsheaf of @, consisting of deriva-
tions of Oy which send J,, the ideal sheaf of Z in O, into itself.

2.6 DEFINITION. We denote by Jlz,; the quotient sheaf ©,/Oy(logZ)



174 Sy6ji Tsusol

and call this the sheaf of infinitesimal locally trivial displacements of Z
n Y.

We should note that the sheaf J1;, can be considered as a sheaf over
Z, because J;-0,COy(logZ).

2.7 PROPOSITION. For a locally trivial family (%,x, M,0) of displace-
ments of Z in Y, we can define a so-called characteristic map

[ TM.o - HO(Yv mZ/Y) ’

which has functorial property. Here Ty, denotes the Zariski tangent
space of M at o.

PROOF. Restricting M to an open neighborhood of o in A if necessary,
we may assume the following :
(i) M is a closed complex subspace of a domain D of the complex

number space C™ with a system of local coordinate (¢,,--+, t,) and the
ideal sheaf 9, of M in the structure sheaf O, of D is generated by a
finite number of holomorphic functions ¢,(t), -, g,(¢t) defined in D:

(i) the assigned point o of M is the origin of C":
(iii) Y is covered by a finite number of Stein coordinate neighborhoods
Yi, 1€l
(iv) for each Y, there exist an open subset U, of Y,xD and a bi-
holomorphic map ¢;: U,—U,xD, where U;=U (Y Xo), such that:
(a) the diagram

Pi

ﬁi Uixb
P’r'nﬁ'h‘ /PfrD
D

commutes,

(o) </~7i(CUi/-\z):(Uiﬂz)XM;

(©) @iy, ~o=1dy,.,, the identity map on U, Xo,

(d) UNnZ is the zero locus of a finite number of holomorphic
functions defined in Y;;

(v) if we define U, :=9U ., (Y xM), then {U,},c, is an open cover-
ing of Y x M.

Let (yi,--+,y") be a system of local coordinates on Y,. Since U;,C Y,
we may regard (yi, ---,y?) as a system of local coordinates on U,. We
denote by (y.,t) both a set of m++ complex numbers wi,---,y7, ¢, -, ¢,
and a point in Y, X C"™ with the coordinates (yi,---,y", t,, -+ ,t,). For each
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1€ 1 we express the biholomorphic map ¢,: U,—»U;xD as

iy, )=(Yily,, t), -, YTy, 1), 1)

by using local coordinates (y.,t), where Yi(y,t),---, Y7(y:,t) are holomor-
phic functions defined in U,. We have Y$(y,, 0)=y% (1<a<m) because of

$ivxo = 1y, . We may consider (Yi(y,t), -, Y7(y:, t),t) _as another
system of local coordinates on U,. On the intersection U ,N\U,; the coor-
ordinate functions Yi, ---, YT are holomorphic functions of Y} ---, Y7,¢,

S0 we write them as
2.1) Yi=F{(Yj -, Y}, 1) 1Za<m).

We identify 7)., the Zariski tangent space of M at o, with the subspace
{(veTer Jv(Iy.,)=0} of Tcr.,, where 9, , denotes the stalk at o of the
ideal sheal sheaf of M in ©O,. For any d/ote T, , we define

(2.2) 0 :=375-1(0Y$/0t),,-0(0/0y?)
(where oY {jot=3}-,v,(0Y {/ot)) for d/ot=3],v;(0/0ty),

which we regard as a holomorphic vector field on U,:CU,-m(YXO). Then
we have

01 _0]‘
(2.8
=30-d@Y/01) 2o — ZF-10Y 5/08) 110 @F 510 Y ), ,120}(3/0y)

on U;nU,. By (2.1) we have

(2.4) @Y 5[0t)11=0= 510 Y 5/08) 1120 QF G0 Y B) 1o+ (D F 5[0 1<, .
Substituting (2.4) into (2.3), we have

(2.5) 0,—0,=X%-1(0F %/0t),.-," (8/0y?)

on U;nU,. Now we shall prove that §,—6,= I'(U;~U,, Oy (logZ)). Since
@:0¢;" give rise to a biholomorphic map from ¢;(U.NU,NB) to (U
CU;/\Z), if we pull back the elements of the ideal sheaf I3, @2 =
I wnz-n of the closed complex subspace ¢.(U:NZ) = (U:n%) X M in
Oy,«p by the map ¢.0¢;': U;x D—U;x D, they belong to the ideal sheaf
I5@,nz=Jwnzr«u. For each 1 let hi(y,)=---=h%(y,)=0 be the defining
equations of the analytic subvariety U,NZ in U;. Then the ideal sheaf
I3, @.ne is generated by hi(y.), -, kii(y:), 9.(8), -, gs(t). The pull-back of
h¥y:) (1Sk<k;, by the map ¢,0¢;': U;x D—U,; X D is calculated as follows :
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(@:op3)* (hily ) =($7)*((3:)*hily )
=(g7)* (i Yilys, 0), -+, Yy, 1))
=@V W F (Y, 1), -+, YT(y;,0,0), -, FB(Yi(y,, 1), -, YT(y;, 1), 1)
=hi(F 55, 0), -, Fy;, 1)

Since Ri(F'i(y;,t), -+, Fii(y;, t)) belongs to the ideal sheaf J;J.<q7jnz) =
I w;nz>«n, We can express it as

| WF Y5, ), -+, P, 1)
(2.6) o
=3 Laf W, DR Y,) + 25108 (5, )gs(t),

where a%(y,, t), b?(y,,t) are holomorphic functions on U,xD. We operate
d/ot=>1-v;(0/0t;) Ty ., to the both sides of (2.6) and substitute o for ¢.
Here we should recall that we regard d/ot= T, , as an element of Tc¢r,
with (8/0t)(Jx.,) =0. Then, using the identities Y;(y; 0)=v%; and y,=
Y, 00=F:(Y;(y;,0),0=F,;(y;,0), we have

F@F5[0t) (g5, 0) - BRE0Y) (y) = Z oL, (8a3/0t) (y 5, 0)- 5 ()

for any k with 1<k<k,. In view of (2.5) this shows that #,—6, sends
the ideal sheaf J, of Z in O, into itself on U,NU;. That is, 6,—8;<
I'U;nUj, Op(logZ)). Therefore the collection {Q(f,)};c, defines an element of
H(Y, Jlz/v), so an element of H"(Z, Jlzy), where Q denotes the map
['(U;, Oy)—>IT'(U;, J1z,v) induced by the natural homomorphism of Op-modules :
Oy—Jlzv. Obviously, the cohomology class of H%(Z,Jl;,y) defined by the
collection {Q(f;)};c; is invariant under a refinement of coverings and chang-
ing a system of local trivializations {g; : T, - U;XD},e;. Hence it is in-
dependent of the choice of them. We define a so-called characteristic map
0o Ty o—HYZ, Tlzv) of the family (&, x, M,0) by a,(0/0t)={Q(8.)}:c; for
any d/ote Ty, ,. It is almost trivial that thus defined characteristic map
has functorial property, because a morphism from a locally trivial family
(Z,7, M, o0) of displacements of Z in Y to another one (Z&',z’, M’,0’) is a
holomorphic map h: M—M' such that h(o)=o" and (idy Xh)(Z,)=2Z}, for
any t€M by definition. Q.E.D.

2.8 DEFINITION. We say a locally trivial family &=(Z&,=, M,0) of
displacements of Z in Y is effective at o if its characteristic map a,: Ty,
—H%Z, Jlzx) is injective. Furthermore, if it is effective at every point
te M, we say the family & is effective.
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2.9 DEFINITION. We call a locally trivial family (Z,=, M,0) of dis-
placements of Z in Y a Kuranishi family for locally trivial displacements
of Z in Y if it satisfies the following two conditions:

(1) it is maximal,

(ii) it is effective at o.

92.10 PROPOSITION. The Kuranishi family &=(Z,n, M,0) for locally
trivial displacements of Z in Y is semi-universal at o.

PROOF. Let & =(%',n',M’,0’) be another locally trivial family of
displacements of Z in Y. Then, since the Kuranishi family £=(Z,=, M, o)
is maximal at o, there exist an open neighborhood N’ of o' in M’ and a
holomorphic map h: N'— M with h(o’)=o such that A*€=E&'y. By the
functorial property of characteristic maps, we have a commutative diagram

(dh),.
M0 TM,o
Gy g,
HO(EX” mZ/Y)

where ¢, and o, denote the characteristic maps of the families & and &’, res-
pectively. Since & is the Kuranishi family, ¢, is injective. Therefore, by
the commutativity of the diagram in (2.7) we conclude that the Jacobian
map (dh), : Ty oo—1Ty., is uniquely determined. Q.E.D.

§3. Relative normalization of a locally trivial family of analytic
varieties

3.1 DEFINITION. We call a surjective holomorphic map =: & —- M
between complex spaces a locally trivial family of analytic varieties
parametrized by a complex space M, if it satisfies the following conditions :

(i) the fiber Z,:=x"'(t) is an analytic variety for any t M,

(ii) for each point pe %, there exist open neighborhoods U of p in
Z, V of n(p) in M with z(U)=V, and a biholomorphic map ¢: U—UXV,
where U:=UNZ.», such that the diagram

U UxV

”kvn)’rv
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commutes.
In the following, let Z be an analytic variety. We denote by S(Z)
the singular locus of Z. We define Z:=2\S(Z).

3.2 DEFINITION. A weakly holomorphic function on Z is a holomor-
phic function % on Z, which is locally bounded on Z; that is, for any point
pES(Z) there exist an open neighborhood U of p in Z and a real number
K such that |h(z)| <K for any zeU :=U\S(Z).

For a locally trivial family n: & — M of analytic varieties parame-
trized by a complex space M, we define

S(ZIM) :={psZ| tne fiber Z..», is singular at p}.

Since the family n: & — M is locally trivial, the set S(%/M) naturally
has the structure of a closed complex subspace of Z&. We call S(&/M)

the relative singular locus of the family =: Z—M. We define ‘%::
Z\S(Z/M) and denote by ¢x+Og the direct image of the structure sheaf

Og of % by the inclusion map ¢: égz. We want to define the sheaf
g,y of germs of so-called weakly holomorphic functions along fibers of
the family =: Z— M, which is a subsheaf of ¢.Og.

First, we consider the case where both the following two conditions
are satisfied :

(i) % is a product family, namely, Z:=ZXM and z:=Pr,: &=
7 X M— DM, the projection to M, where 7 is an analytic variety,

(ii) M is a closed complex subspace of a domain D in the complex
number space C™.

In this case we define

(3.1) @Z/M ::O$®OZXD[@ZXD/(7T,*JM) '@zu)]y

where @,., denotes the sheaf of germs of weakly holomorphic functions
on ZXD, n' :=Prp: Z'=ZxD—D the projection to D, and J, the ideal
sheaf of M in O,.

3.3 LEMMA. Let Z and W be analytic varieties. Let M (resp. N) be
a closed complex subspace of a domain D (resp. D’) of the complex number,
space C™ (resp. C™). We define & :=ZXM, n,:=Pry: Z=72XM—- M,
Y =W XN, and my:=Pry: W =W XN—->N. Suppose we are given open
subsets U and UV of B and W, respectively, such that there exists a
fiber preserving biholomorphic map f: U—>CV, namely if we define U:=
7 (U) and V:=r,(CV), there exists a biholomorphic map f,: U— V such
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that the diagram

f
Uy
S

U—V

commutes. Then there naturally exists a Og-isomorohism

~

a. @'rr/mcv - > f*(@z/g\uq})-

PROOF. Let p=1(z,, t,) be a point of U. We define ¢ :=f(p)=(w,, o)
e V. We shall show that there naturally exists an isomorphism of
Oq,,-modules

Qq . Ofwuv,q —> Ogyu. D

We write f as f(x, t) :=(fi(x, t), L) €V for (x,t)eU. We take open
neighborhoods U of p _in ZXD, W’ of w, in W and V of t, in D’, and
holomorphic maps F,: U —» W’ and Fy: nj(U) >V, where n{:=P, : ZX
D—D, satisfying the following conditions:

(i) UnZxM)cCU,

(ii) (W' XV)IN(WXN)CV,

(i) fUUNZXxM))CW’ and the following diagram commutes :

I

7 v

I

TNZXM) — W',

(iv) f@(U)NU)CV AV and the following diagram commutes

- Iy
(U) %4
s
(AU VAV,

We define
F(z,1) :=(F\(z,t), Fot) (2, )e D).

Then F is a holomorphic map from U into W’'xV and the following
diagram commutes :
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_F
U W'xV
(3.2) J s |
UN(ZxXM) WxWVnAV).

We say I' generate f at p. Let €0y, We take A<Oy.p , whose
image by the map Oy .p.. —COwn.q is a. Obviously, F*A (the pull-back of
Abvy F)€0;.p.,. We define

a,(a) :=the image of F'*A by the map (pr,,, —>@z,),,p.

We can see that a,(a@) does not depend on the choice of a holomorphic map
which generates f at p as follows:

Let I’ be another holomorphic map which generates f at p. There
is a non-zero divisor d=Oy.p. ,, a so-called universal demominator at q,
with a property d-@wxur,qC@WW,q (ef. [20, Chapter III, Corollary 2 of
Theorem 6]). Hence we can represent A as A=B/d, where B0y .p. ,.
Then we have

F*A—F'"*A=F*B|F*d—F'*B|F'*d
(3.3)
=[(F*B—F'*B)F'*d+ F'*B(F'*d— F*d)]/I'*d- F'*d
Since FF*B—F'*B, F'*d— F*d< (n1*J y) (71 :=Prp: ZxD-D), by (3.3) w
conclude that the image of F*A—F'*A by the map Oz, 7,—»(92”, » is
zero as requied.

THE PROOF OF INJECTIVITY OF a,: By the same argument as used
in deriving the diagram in (3.2), we can take open neighborhoods PV of
q=(w,, 8,) in W' XV, Z' of z,in Z, U of t, in D with Z'xUcq, and a
holomorphic map G: P — Z’'x U such that the following diagram com-
mutes :

G

7'x U0 @y
(3.4) g
7' x (UNU) VAW XN).

Suppose ae(%w,q satisfies a,(a@)=0. As before we take AE@WXD,,(, whose
image by the map @W,,D,,qa@cwm,q is @ and represent it as A=B/d, where
d, BEOy.p..,- Then a,(@)=0 implies F*d-F*A=F*Be (n;*9Jy),. Then
we have G*F'*d-G*F*A=G*F*Be& (n,*Iy),(ns :=Prp. : WX D'—D’). Hence

(3.5) G*F*A=G*F*B|G*F*de (t}* I3y Owspr.q.
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On the other hand, we have
‘ G*F*A—A=G*F*B|G*F'*d—B|d
(36 =[(G¥*F*B—-B)d—B(G*F*d—d)]/(G*I'*d)-d
Since G*F*B—B, G*F*d—de (n;*Iy),, by (3.6) we have
(3.7) G*F*A— A€ (m* I Ow.pr g

From (3.5) and (3.7) it follows Ae(n;"‘ﬂN)q-@ww,,q, that is, a=0. There-
fore we conclude that a, is injective.

THE PROOF OF SURJECTIVITY OF a,: Let b be any element of @z,,,,p.
We take B=0,., , whose image by the map Oz.p. ,—0g,y., is b. We
define

o :=the image of G*B by the map @Wm,,q — (iw,N,q.
Then
a,(@)=the image of F'*G*B by the map Oz.p ,—> Og/y.p.
By the same argument used in deriving (3.7), we can derive
(3.8) F*G*B—Be (x*I ) p-O2.p.,

from the commutativity of the diagrams in (3.2) and (3.4). By (3.8) we
conclude that a,(a)=»>b, that is, a, is surjective. Q.E.D.

Next, we shall show that, for a locally trivial family =: Z—M of
analytic varieties parametrized by a complex space, we can define the sheaf
Oayy of germs of so-called weakly holomorphic functions along fibers by
patching up the sheaves defined locally by (3.1) on sufficiently small open
neighborhoods of each point of &. We take an open covering {U;};c; of &
satisfying the following conditions for each i1[:

(i) there exist an open subset V; of M with =(U,)=V,, a point
t,€V,, and a biholomorphic map ¢,: U,—»U,X V;, where U, :=U,Nrx"'(t,),
such that the diagram

U, —%_’ U XV,

N
Vi
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commutes,

(ii) there is an embedding e;,: V,—1);, where D, is a domain of the
complex number space C":.

For such an open covering {U,},c; of &, we define V;:=¢,(V,); Uj:
=U,xVi; ni:=Pry, . U=V} (the projection to the second factor); ¢;:=
(idy, X e)op; : U;—=Uj, where idy,: U,—»U,; denotes the identity map on

U, and Vi—l> Vic, D, a factorization of e;; Cl(.)],-:chf\S(Z/M); U.=

U\SWU): y 1=UxV!: and g?:é =oad, CloJ,-—>Clo]§. We denote by «; : CLOJQC
U; the inclusion map. The relation among these symbols is illustrated
as follows :

@i
U, — U;
. O
(3.9) U, — Ui
T, 7l';|ty‘t
e
Vi > V:

We denote by ¢ : Ogq,=0q,— (¢i")Oy; the isomorphism of Ow,-modules

r-1

associated to a biholomorphic map ¢;™': U;—>U,. This isomorphism induces
an isomorphism ¢,O0g 4, (0; ™) xr:xOy of Oy,-modules, because ¢; ' induces

a biholomorphic map between CZOJQ and Cl?,v. We denote this isomorphism
by the same letter, namely,

AR l*@éﬂli —> (902_1)*/51'*@‘{1%-

Over U, we define the sheaf @z,,, of germs of weakly holomorphic func-
tions along fibers of the family =: Z—M by

(3.10) Oz, := @ D Lei Oy vy 1.

For this definition to make a sense we need to show that if U,N\U,#4¢,
then

(3.11) (W)—I[(SDQ“I)*@‘UQ/V%]Z(S_D-}_—lrl[(§0;’-1)*6w_’,»/v',] over U.NU,.

Suppose U;NU;+¢, then by (3.9 we have the following commutative
diagram :
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Prepit
<P2(CU:‘/\CUJ) _— SDJ(quf\CUj)
1’”; ejoe;! ln;

e,'(n'(CZJimCUj)) — ej(ﬂ'(CUif\q-]j)) .
That is, pjop; ™ gives a fiber preserving biholomorphic map from ¢i(U.NU,)
to (U, NU,). Hence by Lemma 3.3 there is naturally a O wnwv,-
isomorphism
(3.12) aijt &U'jw} ey UinUp > (SD;OSD;—I)*@‘U',-/V}IW,; WinU -

From this we obtain the following commutative diagam :

~ @-_—‘1)—1
(@5 )5 Owy w00,
(3.13) l (_‘P—’i__l)_l “

(@i 50wy vy U ’ ‘*@.%I‘Uiﬂ“llj:

o
5*@zllvin‘uj

where the vertical arrows on the left hand side is an isomorphism of
&Umq;j—modules induced by a.; in (3.12). Therefore, by (3.13) we conclude
that the equality in (3.11) certainly holds over U ,NU, as required. Ob-
viously, the sheaf O, defined above is invariant under a refinement of
convering and changing a system of local trivializations {¢p, : U,—~U, X V}ic;s.
Hence it is independent of the choice of them.

3.4 PROPOSITION. The sheaf @Z/y of germs of weakly holomorphic
Sfunctions along fibers of a locally trivial family n: Z—M of analytic
varieties parametrized by a complex space is a coherent Og-modules.

PROOF. The quetion being local, we may assume that £=7x M and
a=DPry: Z=ZxM—M (the projection to M), where Z is an analytic
variety and M a closed complex subspace of a domain D in the complex
number space C*. Then, by (3.1) we conclude the sheaf O g,y is a coherent
Og-module, because the sheaf Oyp of germs of weakly holomorphic func-
tions on a reduced complex space Z XD is a coherent O,.p-module (cf. [20,
Chapter VI, Theorem 4]). Q. E. D.

By this proposition, for a locally trivial family =: Z£— M of analytic
varieties parametrized by a complex space, we can make an analytic spec-
trum of the sheaf @2,,, (cf. [10], [2, Chaper 1, 1.14]). We denote it by
(. &*—> % and for brevity we write

Z*:=Specan Og,y
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for it.

3.5 LEMMA. Let n: Z=ZXM—M be a product family of an analytic
variety 4, parametrized by a complex space M. Then, concerning its
analytic spectrum {: Z*—Z% we have the following :

For any point p=(z,t)EL=Z XM, there are open neighborhoods U
of zim Z, Vof t in M, and a biholomorphic map ¢ : L' (UXV)->U*XV
such that the diagram

H(UXYV) U*xv

\ ‘Ax idy
XV

commutes, where n: U*—>U denotes the normalization of U.

PROOF. The quetion being local, we may assume that A is a closed
complex subspace of a domain D in the complex number space C". Let ¢,=
1, g1, :+, 9. be the generators of Oz, ,-module @Z>D p and hy=1 h,, -+, R,
the images of g,=1, 9y Yo by the map O4.p. p—>@z,,, », Tespectively (cf
(3.1)). Here Ozxp.p, Oz, Og/x., denote the stalks of the sheaves Ozxp,
@ZXB,@Z,,, at peZ=ZxMcCZxD. Then hy=1, hy, -+, h, generate Ogn. »
as a Og ,-module. First, we consider Specan Ozx p in place of Z*= Specan
Og,y. In the following we denote by R[z,, ---,.] the polynimial ring in
n variables over a local C-algebra R. We have a canonical epimorphism

(3.14) o: @qu.p[xn Tty x, ] —> 62xD,p with p(xi):gi (1=,
For each 17 (1<¢<I!) and any natural number & we define
]”(Z) OZ ‘D, 7,+@sz P Jl "'+OZXD,p'g§C@ZxD.p-

Since @ZXD,,, is a finitely generated Oy.,. ,-module, it is Noetherian. Hence
we have
M =M,

for sufficiently large k. Therefore, for each 7 (1<4<l) there are 2, ‘-,
€ 0z.p.p such that

kH =AtAg:+ +Zk.(/lil-
This implies that the kernel of p contains monic polynomials

fLEOZxDm[xl]; oo ,flE@ZXD.p[xl] .
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Hence p induces an epimorphism
ag: @z vD.p[a?l, tty 931]/(./‘.1: Tty .fl) - @Z-D.p

of finitely generated ©;.p. ,-modules. Such an epimorphism ¢ can be ex-
tended to an open neighborhood of p=(z,t) in ZxD. Namely, taking
sufficiently small open neighborhoods U of z in Z and D’ of ¢ in D, for
every ¢ (1<4=<!) we may find representatives

G,elUxD",0,.,) and F,.elUxD’,0z.)x]

of ¢g; and f; such that
(i) F(G)=0,
(ii) a morphism

i OppQcCley, -+, w]/(Fy, -, 7)) —> @val

of Op.p-modules defined by 4(%,)=G;(1<i<1) is surjective, where (I}, -+,
F,) denotes the ideal sheaf of the Oy .p.-module Oy .5 &QcClx,, -+, x,] gene-
rated by the sections I}, .-, F, over UX D’ and &, the residue class of x;
in Op.pQcCle,, -+, & J/(Iy, -+, I),

(iii) & coincides with ¢ at p.
Furthermore, shrinking U and D’ sufficiently small if necessary, we may
find K,, -+, K,€I'(UXD’, Oz.p)#,, -+, %] such that the induced homomor-
phism

Ov.p@cClay, -+, x I, -, [, Ky, o, Ky) —> @sz)'

is an isomorphism of Oy.p.-modules. Therefore, by definition Spesan Ov.o
is a closed complex subspace of Ux D’xC"' defined by the ideal sheaf ([,
v FL K Ky) of Opapci. We define V:=D'AM and denote by I,
.. F, K, K, the images of F\,---, F, K,, -+, K,, by the map

F(UXD’, @ny)[wl, Ty 961] B ['(UX V,- @Z>:.1I)[x1) ) wl];

respectively. We denote by =': U xD’— D’ the projection to the second
factor. Then we have the following commutative diagram of Op.p.-
modules :
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0 0
ﬂ'*ﬂv®cc[9§1, e, ] - ”,*JV'@UXD'

[(x"* v QcCla,, )NV e B K e, Ky

l l

(3.15) @Uxor®cc[%1, < w I Y, Ky e, Ky) —> @UXD'

l

]

'l]/(F_x, tt F’t; Kl; v Ky) — 6UxV/V
| !
0

0

@U\v®cc[9«1,

where both vertical lines are exact and the first and the second hori-
zontal arrows are isomorphisms of Oy.p-modules. Hence the last horizontal
arrow in (3.15) is an isomorphism of Op.y-modules. This shows that (U X
V)* :=Specan Oy.y,y is a closed complex subspace of UxXV xC' defined
by the ideal sheaf (F,, ---,F, K, -+, Kn) of Op.v.ci. From this fact we
infer that (Ux V)* is a closed complex subspace of (U X D’)* :=Specan Qu.p.
(CUXD’'xC") defined by the ideal sheaf v*z'*J, of Ow.p,, Where v:
(UxD)*->UxD’ denotes the restriction to (U XD’)* of the projection
Prywp: UXD'xC'—-UxD’. Here it should be noticed that the map v:
(UxD')*-UxD’ is nothing but the normalization of U XD’ (cf. [20]).
On the other hand, nXxidy : U*XD'—-U XD’ is also the normalization of
UXxD’. Therefore, by the uniqueness of the normal model we have a
biholomorphic map over U XD’ :

¢

(UXDY* ———s U*x 1)

\ /ind,,,

UxnD’,

which induces a biholomorphic map over U X V:

(UxXV)* 4 U*xVv

Vi v>\ ﬁXidV
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This completes the proof, because {~'(U X V) is biholomorphic to (U X V)*
over UXV.

3.6 THEOREM (Relative Normalization Theorem). Let n: Z—M be a
locally trivial family of analytic varieties parametrized by a complex
space. Then there exists a locally trivial family =,: X—M of analytic
varieties parametrized by the same complex space M and a surjective
holomorphic map v: X—Z% over M (i.e., 7y=rcv) which enjoy the fol-
lowing properties:

(1) vi: X, Z, (Xo:=x7't), Z ="' (t), v i=viy, 0 X > Z)

18 the normalization of Z, for any tEil,

(ii) the holomorphic map v: X—>2% is locally trivial in the follow-
ing sense; for amy point pE L, there exist open neighborhoods U of p
m B, Vof n(p) in M, a biholomorphic map ¢: U—-UXV over V, where
U:=UnZ.p, and a biholomorphic map ¢: v (U)— U*X V over V,
where U* :=v " (U)N\X.(,y, such that the diagram

v (V) U*xV
v SD llf’,—,(p)X?:dV
U UxXV

commutes.
Furthermore, the family =,: X —M and the surjective holomorphic

map v: X > % over M are uniquely determined wup to biholomorphic
maps over M.

PROOF. Let @g,‘,, be the sheaf of germs of weakly holomorphic func-
tions along fibers of the family z: £—M. By Proposition 3.4 @Z,M is a
coherent Og-module. Let v: ¥ — Z be the analytic spectrum of Og,y.
We define n, :=nov: X—>M. We will show that the surjective holomorphic
map v: X—>% over M and the family =,: X —M enjoy the properties
(i) and (ii) in the theorem.

We take a point pe%%. By local triviality of the family n: Z—M,
there exist open neighborhoods U of p in &, V of z(p) in M with z(U)
=V, and a biholomorphic map ¢ : U—-U XV over V, where U:=UNZ.(p.
Furthermore, shrinking U sufficiently small if necessary, we have an
embedding ¢: V—D, where D is a domain of the complex number space C™.
We define V' :=e(V), U’':=UXV’, 2/ :=Pry.: U’'—V’, the projection of
the second factor, and ¢’ :=(@idy X e')op : U—U’, where idy : U— U denotes
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the identity map on Ufmd V— V'c, D the factorization of e. Then, by the
definition of the sheaf (g, there exists an isomorphism

(73 (sD/_l)*@tvf/Vr —> @z/»wv

of Oy-modules (cf. (3.10)). Hence we have the following commutative
diagram :

v (U) — Specan Oq.,y.

| e b

(3.16) . ~ Q-

| e b

Ve——mmV

s

~

N

On the other hand, by Lemma 3.5, shrinking U sufficiently small if
necessary, we have the following commutative diagram :

1dys Xe'
Specan (iu,,yl = U*X V'’ = Urx Vv
(3.17) ”'l 1"><idv' i;l,,xe' lnXidv
" UV = VU « UxV
,,_./i l’f, e lP'ry
v veos - V.

Therefore, by (3.16) and (3.17) we conclude that the surjective holomorphic
map v: X—>% and the family n,: X — M certainly enjoy the properties
(i) and (ii) in the theorem.

Let n1: Y—> M and p: Y— Z be another locally trivial family of
analytic varieties parametrized by the complex space M and a surjective
holomorphic map over M which enjoy the properties (i) and (ii) in the
theorem. Then, by the property (i), p: Y — % is a finite map; hence
p: Y—>Z is biholomorphic to Specan w0y over & (cf. [10]). By the
property (ii) there is naturally an isomorphism @z,ME,u*Oq, of Og-modules.
From these facts it follows that p: Y—Z% is biholomorphic to v: X -2
over &, since v: X—F is Specan Og;,. This completes the proof.

3.7 DEFINITION. We call the locally trivial family =,: X - M of
analytic varieties and the surjective holomorphic map v: X — & over M
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in Theorem 3.6, which are determined up to isomorphisms over M for a
locally trivial family =: 2% — M of analytic varieties parametrized by a
complex space M, a relative normalization of n: Z— M.

§4 Global existence of the universal locally trivial family

First, we recall the definition of a family of deformations of a holo-
morphic map between complex manifolds with a target manifold fixed,
parametrized by a complex space, and that of a morphism between such
two families.

4.1 DEFINITION. Let f: X— Y be a holomorphic map between complex
manifolds. By a family of deformations of f: X—Y with Y fixed, we
mean a sextuple (X, I, =, M, o, ¢) satisfying the following conditions :

(i) =: X—M is a surjective smooth holomorphic map,

(ii) £#: X—>Y XM is a holomorphic map such that == Pr,ol", where
Pry: YXM—M denotes the projection,

(iii) o is an assigned point of M,

(iv) ¢: X—=n"'(0) is a biholomorphic map for which f=1dy'oF .-1¢,°¢
holds, where F'.-1¢»: © '(0)— Y Xo denotes the restriction of I to the fiber
7 ') and 7dy: Y— Y Xo the identity map.

4.2 DEFINITION. Let F=(X,F, =, M,0,¢) and F'=(X"', F', z’, M’ o’
¢’) be two families of deformations of a holomorphic map f: X—Y between
complex manifolds with 1 fixed, parametrized by complex spaces. By a
morphism (resp. an isomorphism) from & into $’, we mean a pair of
holomorphic (resp. biholomorphic) maps H: X—X’ and h: M—M’ with
h(o)=o0’ such that:

(i) the diagram

> ’

Vl

\ % M idy x| Y XM’
./P"'M h \/P"u

AM/

commute, where idy denotes the identity map on VY,

(ii) H(X,) = X3, for any t M, where X,:=z"'(t) and X} =
' Y (h(t)).

For families of deformations of holomorphic maps, versaiity, univer-
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sality, and semi-universality are also defined as in Definition 2.4 and Defini-
tion 2.5 (cf. [9], [3)).

4.3 LEMMA. Let Z be an analytic subvariety with a locally stable
parametrization of a compact complex manifold Y, n: X—Z the normal-
1zation of Z, and f:=con: X— Y the composite of the normalization map n:
X—Z and the inclusion map ¢: Z<, Y. Let (X, F, =, M, o,¢) be a family
of deformations of f: X—Y with Y fixed, parametrized by a complex

space. We define & :=F(X) and let ,%’i F,. Y X M be the factorization
of F. Then there is an open meighborhood N of o in M such that:

(i) F,: X,»Y Xt (X,:=r"'(t), F,:=F\x,: X,;»Y=YXt) isa locally
stable map for any tE N,

(i) Fl.ciny: #7 Y (N)> a7 (N) s the relative normalization (cf. Defini-
tion 3.7) of the family m ;i n'(N)=N of analytic varieties, where
7 :=Pry,qg: Z—M, the restriction to % of the projection map Pr, :
YXM—DM.

PROOF. For any point q€Z Xo=1Fy(X,), we define S,:=F7;"'(q). Then
S, is a finite subset of X,, because F'y: X,—Z Xo is the normalization of
Z. By the definition of an analytic subvariety with a locally stable para-
metrization, f: X—Y is locally stable; hence, so is /y: X,— Y. Hence,
taking into consideration that F': X—Y XM is a proper map, we infer
that there exists an open neighborhood ¢/, of ¢ in Y XM such that: if
we define U,:=F-' (V) and W,:=Pr,(<V,), then there exist biholomor-
phic maps ¢,: U,—~ U,X W, and ¢,: <V~ V, X W, over W,, where we define
U,:=U,nX, and V,:=V;n(Y Xo), such that the diagram

Pq

U, U,x W,
(4.1) F | Foxidu,
q
Vs VX W,

commutes. Since {CV },ez., covers 7Z Xo, and since Z Xo is compact, we
may extract a finite subcover {CV,,”},,,.,L...,N of the covering {<{/ },cz+.. Then
{Uqubp=1..v covers X,. Since #: X—M and Pry: YXM—M are proper
maps, there exists an open neighborhood N of o in M such that = '(N)C
U=1U,, and Pr;,‘(N)CUﬁ’:lCVq#. Then, for any t€ N and g€ Z,, there
exists CVq# with qeq/q# (1<p<N). If we let g/;q/l(q)::(q', t)e V,XN,
then by (4.1) we have ¢’ Z Xo and F“‘(q):F?‘(Q)Z%;(Fg’(q'), t). Hence
the multi-germ F,: (X, F'7'(¢))—(Y Xt,q) of a holomorphic map is equi-
valent to Fy: (X, '3 (g")—= (Y Xo,q’). Therefore F,: X,— Y Xt is simul-
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taneously stable at F'7'(g), because Fy: X, — Y Xo is locally stable (cf.
Definition 1.1 and Definition 1.2). Since ¢ is any point of Z,:==7'(t) for
te N, we conclude that F,: X,— Y Xt is locally stable for any t N.

The neighborhood N of o in M also has the property (ii) in the lemma.
Indeed, from the fact that the multi-germ F,: (X,, F'7'(q)) = (Y Xt,q) of a
holomorphic map (t€ N, g Z,) is equivalent to Fy: (X,, £'5'(¢")— (Y Xo,q’)
for a certain ¢’ € Z%,, it follows that the multi-germ I'; : (X, I *(@))—(Z,, q)
of a holomorphic map is equivalent to F: (X,, F'y7(q'))—(Z, q’'). Since
F;: (X, I'v"'q") — (Z,, q') is the normalization of a germ of analytic
variety (%, q’), so is F;: (X, F'i""(@9))—(Z,, ). Therefore, since ¢ is any
point of Z, for t€ N, we conclude that F;: X,—Z, is the normalization of
7, for any t€N. Q.E.D.

4.4 THEOREM. Let Z be an analytic subvariety with a locally stable
parametrization of a compact complex manifold Y. Then there exists
the Kuranishi fomily (Z, 7, M,0) for locally trivial displacements of Z
in Y (cf. Definition 2.9) such that Z,:=7"(t) is an analytic subvariety
with a locally stable parametrization of Y for any teM. Furthermore,
if HYZ Tzv)=0, then the parameter space M is non-singular and the
characteristic map o5 :T5(M)—>HZ, Tzv) 18 bijective.

PROOF. Let n: X—Z be the normalization of Z and ¢: Zc.) the
inclusion map. We define f:=¢om: X—Y. We denote by (GC)° the dual
category of germs of complex spaces. We define two deformation functors
D and L from (GC)° to Set, the category of sets, by :

D : (M, 0)— {isomorphism classes of the families of deformations of the
holomorphic map f: X— Y with Y fixed, parametrized by
(M, o)},

L: (M, 0)—{isomorphism classes of the locally trivial families of dip-
placements of 7 in Y, parametrized by (M, o)},

where (M, 0) denotes a germ of a complex space. Given a family (¥, F,
z, M, 0, ¢) of deformations of the map f: X—Y with Y fixed, parametrized
by (M, o), we define & :=F(X¥) and =, :=Pry,q¢: Z—M, the restriction
to & of the projection map Pr,: YXM—M. Then, since f: X—Y is a
locally stable holomorphic map, (£, n;, M, o) is a locally trivial family of
displacements of 7 in Y, parametrized by (M, o). By the definitions of
morphisms in the two categories (cf. Definition 2.3 and Definition 4.2), we
conclude that the above correspondence (X, F, n, M, 0, ¢)—(Z, 7, M, 0) give
a natural transformation between the functors D and L. Furthermore,
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by Theorem 3.6 and Lemma 4.3 we infer that this correspondence is a
natural equivalence. By Flenner’s theorem [3, Theorem (8.5)] there exists
a versal family (¥, F, z, M, 0, $) of deformations of f: X— Y with Y fixed
such that the characteristic map

(4-2) 1_'0 : 71o(-/‘l_j) > EXtéx(L;\’/Y, @X)
is injective, where Ly, denotes the complex of Ox-modules of length —1:
0— f*Q, — Qv—>0 and Ext}, global hyperext (cf. [7]). We define & :=

F(X) and let 36’ — Zc, Y XM be the factorization of F. By Lemma 4.3
we may assume that the family (¥, F, z, M, 5, ) satisfies the following :

(i) F,: Xi»Vxt (X,:=7"'0t), F.:=F5,: X,»Y=YXt)is a locally
stable map for any te M,

(ii) F’: X—>Z is the relative normaliztion of the family z,: Z—
M, where z,:=Pry,,5: E—M, the restriction to & of the projection map
Pry: YXM—M. From this it follows that the family (&, z,, M,0) is a
locally trivial family of analytic subvarieties with locally stable parame-
trizations of Y. It is maximal (=versal), because the functors I and
L are equivalent (cf. Definition 2.4). We shall show that the family (&,
71, M, 0) is effective at 6 by proving that: there is naturally an isomor-
phism

(4.3) Hp(X) g,\’/y) —> Extg;l(L:\r/Y, 0\) for pz 0 y
where 9 x,y is a Oy-module defined by
0—>0y —> f*Oy —> T yp —0,

where Oy (resp. ©@y) denotes the sheaf of germs of holomorphic vector
fields on X (resp. on Y); hence the characteristic map in (4.2) coincides
with the one defined by Horikawa in [9]. We take an injective resolution
I* of Oy and define a complex Homo ,(Lyy, I") by

(gfomgX(L;\’/Y; I') = Il,el7n4[0mox([4;y/y, ]p+“)
and
dn L — n (dL X/Y ( 1)n+1df.+ll) .
Then the local hyperext and the global hyperext are given by

Exty (L, Ox) :=IH (om0 x(Lisw, I'))
and
Ethx(L;Y/Y; @X) ::HQ(P(X, L4[0’7204\’(I‘:\’/Y; [‘)) ’
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respectively (cf. [7]). By the same arguments as in the case of the usual
ext functor, we can prove that there exists a spectral sequence for which
(4.4) EPi=H?(X, Ext'(Lyy, Ox) —> B =Ext5 Ly, Ox)
(cf. [5, Theoreme 7.3.3]). Using isomorphisms
I IHom' oy (Lisy, I')) —> H U (IHom 04 (Lyiv, Ox)), (qZ0)
the local hyperext Exty,(Lyy, Ox) is calculated as follows:
0 _ for g+#1,
Extly Ly, Ox)=1 Coker{Homo (2y, Ox) —> Homo,(f*2y, Ox)}
=Coker{@y —> f*Op}=T yy  for g=1.

Hence by the spectral sequence in (4.4), we obtain the isomorphism in
(4.3). Then the effectivity at 6 of the family (Z, z,, M,5) follows from
the commutativity of the following diagram, which was proved in [28]
([23, Proposition (9.3)]) :

To HO(X: E--'TX/Y)
(@.5) T5(H) l-—f
a; 0
H (Zy mZ/Y)’
where r; denotes the characteristic map defined in [9] and § the isomor-

phism induced by the one of @p-modules 322/1737*5“»,,; (cf. [28, Proposi-
tion (9.1)].
Finally, we shall prove the latter part of the theorem. We have

(4.6) H?(X, T yyy) —> H?(Z, Tpy)  for p=20

because of the isomorphism of Op-modules 322,,,: 1«4 1y mentioned above.
Hence by (4.8) and (4.6) we have

(4.7) Ext}, Ly, Ox) —> H?" (2, Tyy)  for p=1.

Therefore if H'(Z, J1,,y) =0, then we have Exts ,(Lyy, Ox) =0, to which the
obstruction classes in Flenner’s theory of deformations of holomorphic maps
belong ; hence the parameter space M of the Flenner’'s versal family (2,
F, # M,5,3), or the parameter space of the family (&, 7, M,05), is non-
singular. Furthermore, if H'(Z, J1;,y) =0, the characteristic map =5 : T5(M)



194 Syéji Tsusol

—Exts ,(Lyyy, Ox) is bijective:; hence by (4.5) and (4.3) so is the charac-
teristic g,: To,(M)—>H"(Z, Tlzv) of the family (Z, z, M,0). Q.E.D.

4.5 REMARK. The above theorem might be considered as a generaliza-
tion of K. Kodaira’s result in [12] and M. Namba’s one in [18] or [19] to
higher dimensional cases.

4.6 DEFINITION. We say a locally trivail family (Z, z, M,0) of dis-
placements of an analytic subvariety Z in a compact complex manifold Y
is ingective if = '(t)£x"'(t') for any t, t’'eM with t+t'.

4.7 THEOREM. Let Z be an analytic subvariety with a locally stable
parametrization of a compact complex manifold Y. Then the Kuranishi
Sfamily (B, 7, M,5) for locally trivial displacements of Z in Y is;

(1) imjective and

(i1) wumiversal
in a sufficientlly small open neighborhood of & in M.

PROOF. We denote by D(Y) the Douady space of closed complex subs-
paces of Y, by #,: U (Y)-D(Y) the universal family of closed complex
subspaces of Y, and by o the point of D(Y) corresponding to the analytic
subvariety Z. By Corollary (0.2) in [4], for any point zeZ, there exists
a locally closed complex subspace N, of D(Y) containing the point 6, which
enjoy the following property :

If a: (T,0)—(D(Y),0) 1s a holomorphic map between germs of complex
spaces, then the induced family (a*U(Y),z)— (T, o) of deformations of
the germ of complex space (Z,z) is isomorphic to the trivial deformation
(Z,2) X (T, 0)—(T,0) if, and only if, a factorizes over (N,,d).

We define

:= M N, (the intersection as complex subspaces),

N
Z:=U(Y) 5 (the restriction of U(Y) to N), .
Fi=#%,5: & — N (the restriction of #,: U(Y)-D(Y) to ).

Then, by the definition of the family (&, #, N, 6) it is a locally trivial
family of displacements of Z in Y that is injective and maximal at &.
We shall prove that the Kuranishi family (&, =z, M, 0) for locally trivial
displacements of Z in Y is isomorphic to the family (&, #, N, o) in a
sufficiently small open neighboorhood of & in M. The injectivity of the
Kuranishi family (3, z, M, 5) follows from this fact. By the maximality
at o of the family (&, # N, o), there exist an open neighborhood U of o
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in M and a holomorphic map ¢: U—N with ¢(6)=06 such that ¢*Z=%
over U: and by the maximality at 6 of the Kuranishi family (Z, z, M, ),
there exist an open neighborhood V of ¢ in N and a holomorphic map ¢ :
V—M with ¢(3)=0 such that ¢*Z=% over V. Hence we have (pog)*F
= ¢**P) = ¢*(Z) = F over ¢ (U) N V: hence (cgopod)*U(Y) =% =
(moz’dﬁ)*CU(Y) on ¢ "(U)NV, where idy denote the identity map on N
and ¢y the inclusion map Nc, D(Y). Then by the universality of the
family #,: ‘TJ(Y)—»D(Y), we conclude that cgopogp=czo1dy, and so pogp=
idg on ¢~ (U)NV. From this fact it follows that ¢: U—N is surjective
as a map between topological spaces and that the homomorphism of Og-
modules Oy — ¢«Oy is injective in an open neighborhood of 6 in M. On
the other hand we have (¢op)*Z = ¢*(¢*Z) =¢*% =F over ¢ '(V)NU.
Hence by the semi-universality at o of the Kuranishi family (&, z, M, o)
(cf. Proposition 2.10), we have d(¢eop);=d(idx); (dh, denotes the Jacobian
map at peM of a holomorphic map h: M— N between complex spaces).
Then, since d(¢op);=(d¢);- (dp)s=1idrsum, We infer that the Jacobian map
(dp)s : To(M)—Ty(N) is injective. Hence by Proposition (2.4) in [2], ¢: U
—N is an immersion at 9, and so an embedding in a sufficiently small
open neighborhood of 6 in M. Therefore, since ¢: U — N is surjective as
a map between topological spaces, and since the homomorphism of Og-
modules Oy—¢.Oy is injective in an open neighborhood of 6 in N as proved
above, we conclude that ¢ is a homeomorphism and that the homomor-
phism of Og-modules O5—¢*Oy is an isomorphism in a sufficiently small
open neighborhood of 6 in N. Consequently, ¢ is a biholomorphic map
near o, and so the Kuranishi family (&, #, N, 6) is isomorphic to the family
(%, 7, N, 6) over an open neighborhood of 3 in M : hence it is injective there.

Next, we shall prove that the Kuranishi family (Z, z, M, 6) is universal
in a sufficiently small open neighborhood of 6 in M. Let ¢: U—V be a
biholomorphic map from an open neighborhood U of 6 in M into an open
neighborhood V of o in N such that ¢(6)=0 and ¢*% =% over U. Let t,
be any point of U. Suppose we are given a locally trivial [family (2, «,
M,0) of displacements of Z, :=z"'(t,) in Y, then, since the Kuranishi
family (£, #, M, ) is maximal at every point of M, there is a holomorphic
map h: M— M such that h(o)=t, and X =r*Z=h*(p*Z)=(poh)* (LU (Y))
=(zﬁ0¢0h)*cl7(Y) in an open neighborhood of o in M. Suppcse there is
another holomorphic map ¢: M — M such that g(o)=t, and X = g*Z=
(l,v°<p°g)*CL7(Y) in an open neighborhood of o in M, then by the universality
of the family #,: U (Y)—D(Y) we have cgopoh=cgzopog; hence poh=gog,
and so ~=g in an open neighborhood of o in M. That is, the Kuranishi
family (&, z, M,6) is universal at any point t€ U. Q.E.D.
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In the following, let Y be a compact complex manifold. We denote
by E(Y) the set of all analytic subvarieties with locally stable parametri-
zations of Y. We denote by Z, an analytic subvariety with a locally
stable parametrization of Y corresponding to a ‘“‘point”’ t€ E(Y). We define
a subset Z(Y) of the product space Y X E(Y) by

Z(Y) :={(y, )t E(Y),yEZ,}.

We denote by #: %(Y)—E(Y) the restriction of the projection map Prg,
YXE(Y)-E(Y) to &(Y).

4.8 THEOREM. E(Y) and Z(Y) have the structure of Hausdorff com-
plex spaces which enjoy the following properties:

(i) Z(Y) isa closed complex subspace of the product complex space
YXEY) and #: Z(Y)>E(Y) is a locally trivial family of analytic
subvarieties with locally stable parametrizations of Y parametrized by
E(Y).

(ii) (Universality) Given a locally trivial family =: Z— M of
analytic subvarieties with locally stable parametrizations of Y parame-
trized by a complex space M, there exists a wunique holomorphic map f:
M—E(Y) such that f*&(Y)=2.

(iili) We denote by D(Y) the Douady space of closed complex subspaces
of Yandby 7, : CU(Y)—»D(Y) the universal family of closed complex subs-
paces of Y (cf. [1]). Then ~the anclusion map ¢: E(Y)->D(Y) 2s a holo-
morphic immersion and *U(Y)=Z(Y).

(iv) (C= triviality) If t, € E(Y) 1s a point whose corresponding
point of E(Y),.. (the reduction of LE(Y)) is non-singular, then there exist
an open meighborhood N of t, in E(Y) and a diffeomorphism ¥ : YXN—
Y X N over N (i.e., Pryo¥ =Pry) such that ¥(Z, X N)=7"'(N).

(v) (C= type constancy) If t and t’ are two points of any con-
nected component of E(Y), then there exists a diffeomorphism ¢: Y—Y
such that o(Z)=17,..

PROOF. (i) Let t, be a point of E(Y) and Z, a corresponding
analytic subvariety with a locally stable parametrization of Y. Then, by
Theorem 4.4 and Theorem 4.7 we have the universal family (&, z, M, 0)
for locally trivial displacements of Z,, in Y. By Theorem 3.6 and Lemma
4.8, schrinking M around ¢ if necessary, we may assume that the universal
family (&, 7, M, 0) is a locally trivial family of analytic subvarieties with
locally stable parametrizations of Y. Since the family (&, z, M, ) is in-
jective (cf. Definition 4.6 and Theorem 4.7), there are injective maps @ :
Z—%(Y) and ¢: M—E(Y) such that the diagram
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— ® ~

% %(Y)
4o, b
M E(Y)

commutes. Hence the family (Z, z, M,0) gives a structure of a locally
trivial family of analytic subvarieties with locally stable parametrizations
of Y to #: &(Y)—E(Y) around Z,. By the uniqueness of the universal
family (£, #, M,6) up to isomorphisms, these local structures patch up to
give a global structure of locally trivial family of analytic subvarieties
with locally stable parametrizations of Y to #: &(Y)—E(Y). Since &
is a closed complex subspace of the product complex space Y XM, Z(Y)
is that of the product complex space Y X E()Y) with respect to the above
defined structure of a complex space.

Next, we shall prove that E(Y) is a Hausdorff space. We denote by
E(Y). the underlying topological space of the complex space E(Y). We
define a Hermitian metric on Y} and denote by d(p, q¢) the distance between
two points p, ¢ of Y with respect to this Hermitian metric. Using this
metric, we define

d'(t, t) :==Sup d(p, Z,)+Sup d(Z,, q)
PEZL qEZt!

for any two points ¢, ¢t" of E(Y). Then d’ defines a metric on E(Y). We
denote by E(Y), the topological space E(Y) whose topology is defined by
this metric d’. Since E(Y),. is obviously Hausdorff, the following claim
implies the Hausdorffness of E(Y).

CLAIM. The identity map Id: E(Y),—FE(Y), is continuous.

PROOF OF CLAIM: It suffices to prove the following: Let ¢, be a
point of E(Y) and (&, # M, 6) the universal family for locally trivial
displacements of Z, in Y. Then, for a given positive number ¢ there
exists an open neighborhood V' of 6 in M such that d'(Z,, Z,)<¢ (Z,=2Z,)
for any t€V, where Z,:=z"'(t). We denote by P, : Z— Y the composite
of the inclusion map ¢: £c. Y XM and the projection map Pry: Y XM—
Y. Let {A(p, e)}i-1...n be a finite open covering of Z, =Pry(Z,) in Y,
where p,’s are points of Z,, and

A(py, &) :={y< Y|d(y, p:) <e}

fPr 1=1,---,m. Then {P7 (A(p:, €)}i=1....n gives a finite open covering of
Z,(=Z,) in &. We take a finite open covering {U},-;.. . of Z, in &
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which satisfies the following conditions: for each 7,
(i) there exists (5) (1=4(j)<m) with U ,;C Py (A(pigy, €/4),
(ii) there is a biholomorphic map ¢,: U;—(U;NZ,) X V;, where V,:
=Prg(U;) (Prg: Y XM— M, the projection to M), such that
(a) the diagram

CU)' —‘sDJ_’(CU_,f\Z_O‘)X Vj

Pn;\ ﬁr"j
V;

commutes,
(b) @020 0 UsnZo—(U;MZ,) %o is the idently map.
We define V:=N7,V,. Let p be a point of Z,. Suppose p belongs to
U,. Then, for any point t€V, ¢;'(p, t)eU,NZ,C Py (A(pis, ¢/4)); and
since both p and ¢;'(p, t) belongs to Py'(A(pi¢», ¢/4)), we have d(p, ¢7'(p, t)
<¢/2; hence d(p, Z,)<¢/2, because ¢;'(p,t)eZ,. Since p and t are any
points of Z, and V, respectively, we have

(4.8) Sup d(p, Z,)<¢/2 for any teV.

PEZ,
On the other hand, let ¢ be any point of V and ¢ any point of Z,. Suppose
q belongs to U;. Then, since q€U;C Py (A(pi¢;,¢/4), we have d(pi¢y, q)
<e/4. Hence d(Z,, q)<¢/4, because p; ;€ Z,. Since ¢ and ¢ are any points
of Z, and V, respectively, we have

4.9) Supd(Z,,q)<e/4  for any teV.

By (4.8) and (4.9) we have
d'(Z,, Z)=Sup ¢(p, Z\)+Sup d(Z,, q) <(3[4)e<e.

PEZ, 0€Z;

This completes the proof of the claim.

(ii) By the definition of the locally trivial family #: Z(Y)— E(Y)
of analytic subvarieties with locally stable parametrizations of Y, for any
point p of the parameter space M of a given locally trivial family =: &
— M of analytic subvarieties with locally stable parametrizations of Y,
there are an open neighborhood N, of p in A and a unique holomorphic
map ¢,: N,—E(Y) such that ¢;_<Z(Y)=zwp. By the uniqueness of the
holomorphic map ¢,, these ¢,’s pach up to a global holomorphic map ¢:
M—E(Y).

(iii) This follows from the proof in Theorem 4.7 of the injectivity
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and the universality of the Kuranishi family (&, z, M,0) for locally trivial
displacements of an analytic subvarietly with a locally stable parametriza-
tion in Y.

(iv) Let #,: 3?(1")—» E(Y) and v: F(Y)> Z(Y) be the relative nor-
malization of the locally trivial family #: &(Y)—E(Y) (cf. Theorem 3.6).
v X(Y)>Z(Y) is a surjective holomorphic map over E(Y) for which
v,: X,—Z, is the normalization map for any t€ E(Y), where X, :=7,(t),
Z, =7 (t) and v, :=v.x,: X,—Z. We define F': X(Y)» YXE() to be
the composite of the map v: F(Y)—-Z(Y) and the inclusion map ¢: Z(Y)
o YXE(Y). Then (X(Y), F, Y XE(Y), #, E(Y)) is a family of locally
stable holomorphic maps into Y} parametrized by E(Y). Hence, by Theorem
3.4 in [24], for any point t,= E(Y) whose corresponding point of E(Y),.,
is non-singular, tere exist an open neighborhood of N of ¢, in E(Y) and
diffeomorphisms @ : X, X N—-7z14(N), ¥ : Y X N-» Y X N such that the diagram

X, xN ¢ —s #7Y(N)
\{l"Xidn 771\ \Ij'
Pry YXN Ll YXN
/P"'N \l /PTN
N N

commutes, where f,,: X,,— Y denotes the composite of the normalization
map v,,: X,,— Z,, and the inclusion map ¢ : Z, . Y. Hence we have
V(Z,, X N)=#"'(N), because Z,,=f, (X,) and #'(N)=F(z7"(N)).

(v) Let E, be a connected component of E(Y). Since E, is arcwise-
connected, it suffices to prove that, given a point t,€ FE,, there is an open
neighborhood N, of ¢, in E, such that for any t€ N, there is a diffeomor-
phism ¢: Y—Y with ¢(Z,) = Z,,. Since the problem is local, we may
assume that E, is a closed complex subspace of a relatively compact open
domain D of the complex number space C" containing the origin o and that
t,=o0. Furthermore, taking D sufficiently small if necessary, we may
assume that all of the irreducible components of E, as a complex space
contain the origin o. Let b: D—D be an embedded resolution of (EY) req-
Namely, b is a surjective holomorphic map from a complex manifold D into
D such that F:=b"'((E)),.q) is an analytic subset of simple normal crossing.
Then, for any te(E)),., there are an irreducible component F’ of F:=
b ((E1)req) and a point t'€ F” with b(t')=t. Note that F'n\b '(0) #¢ because
0€b(F’). We take a point, say {,, of F'n\b '(0). We denote #': Z(Y)’
—F' the pull-back of the family #,.q: Z(Y),eu—E(Y),.. (the reduction of
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#: Z(Y)—=E(Y)) by a holomorphic map b': IF'—(E,),.., Where F’L(El)

Sy6ji TsuBol

red

& D denote the factorization of b, : F'—D. Then, 7' : Z(Y)—>F’ is a
locally trivial family of analytic subvarieties with locally stable parame-
trizations of Y parametrized by F’. Since I’ is non-singular and arcwise-
cennected, by Theorem 3.4 in [24] there is a diffeomorphism ¢: Y-V
with go(Z;,):ZZb, where Z, :=7""'(t') and Zy, »=#""'(t,). On the other
hand, Z; and Z;b are biholomorphic to #, and Z7,,, respectively. Conse-
quently, we have done the proof. Q.E.D.
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