J. Fac. Sci. Univ. Tokyo
Sect. IA, Math.
39 (1992), 541-554.

Representation spaces of genus zero Fuchsian groups
and Hamiltonian torus action

Tatsuru TAKAKURA

Abstract. We construct explicitly a Hamiltonian torus action on the
SU,-representation space of a cocompact genus zero Fuchsian group and
study the topology of this space.

§1. Introduction

A symplectic structure on the representation space of the funda-
mental group of a compact orientable 2-dimensional manifold is con-
structed and applied by Goldman ([G1],[G2] see also [A-B]). On the
other hand, the importance of a Hamiltonian group action (i.e. a sym-
plectic group action with a moment map) on a symplectic manifold and
Morse theory of its moment map is recognized recently by many
mathematicians.

In this paper we construct a Hamiltonian torus action on the repre-
sentation space of a cocompact genus zero Fuchsian group and study
the structure of this space.

Let I'=I'0:a,, ---,a,) CPSL,R be a cocompact genus zero Fuch-
sian group with ramification indices a,, ---,a,. Throughout this paper
we assume that a,, ---,a, are pairwise coprime. The orbit space H/I
of the linear fractional action on the upper half plane is a 2-dimensional
orbifold with underlying topological space S? and I' is viewed as its
orbifold fundamental group. The object we consider is the space of
SU,-representations of I’

X(I', SU,) =Hom(I", SU,)/SU,.

This space can be interpreted as the moduli space of flat SU,-V-bundles

over 2-orbifold H/I', which turns out to admit a symplectic structure.
Let a¢=x.x;, denote a simple loop on the orbifold M=H/I" around

presicely two ramification points of ramification indices a; and a;, To
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this simple loop « we associate a function f, and an S'-action A.:S'X
X(I', SU,)—»>X(I', SU,) on the space X(I", SU,). The function f, is defined
by

Felo) = cos (£ tr ple))

for p€ Hom(I",G). For the presice difinition of S'-action A, see §3.
In case of the representation space of the fundamental group of a com-
pact orientable 2-dimensional manifold, similar constructions are given
by Goldman [G2].

Our main result is the following.

THEOREM. The representation space X(I',SU,) has a Hamiltonian
torus action. More explicitly, for a==2x,L,, Xy, * -+, Lapnje)—1Tapnsey the function
J« 18 the moment map of the S'-action A, on X(I', SU,) and S™-actions
As commute so that they define the Hamiltonian torus action.

Our result is closely related to the study of Kirk-Klassen [K-K] on
on the SU,-representation spaces of the Seifert fibered homology 3-sphere
d(ay, as -+, a,), as we will see in §3 and §4. Note that although
(2 (ay, a - -+, @,)) is a central extension of I', SU,-representation spaces
of this two groups are essentially the same ([B-O], [Bo]).

We comment upon another approach to the study of X(/', SU,). By
the theorem of Mehta-Seshadri [M-S], the space X(I', SU,) can be iden-
tified with the moduli space of rank2-stable parabolic bundles (with
certain conditions on weights) over P'. The latter space is studied by
Furuta-Steer [Fur-St], Bauer-Okonek [B-O], Bauer [Bau], Boden [Bo],
ete. For example the cohomology groups are completely determined in
[Fur-St], [Bau] and [B].

The author would like to express his gratitudes to Professor A.
Hattori and K. Fukaya for helpful advices and warm encouragement.
He also thanks M. Furuta and H. Ohta for valuable comments.

§2. Symplectic structure of X(I”, SU,)

In this section we construct a symplectic structure on X(I”, SU,). Our
construction is a generalization of the one given by [A-B] [G1] on
X(my(2,), SU,), where X, denotes a compact orientable surface of genus
g(>2). First, we recall some fundamental results of X(I",SU,) from
[F-S] and [K-K].



Representation spaces 543

Let I'=I'(0:a,, ---,a,) be as in §1. This group I" has a presenta-
tion

(2.1) I'={ax,, -+, @, |25i=1, 2,25 - - - 2, =1).

When we consider I” as the orbifold fundamental group of M=H/I", the
generator x; corresponds to the circle around the ramification point p;.
Set
G:SUz,
R(I",G)=Hom(I',Q),
R*(I", G)=Hom*(I', G)
={irreducible representations}.
Since a,, - - -, a, are pairwise coprime,
R*(I",G)=R(I", G)\{the trivial representation}.

Let X(I',G) and X*(I", G) denote the quotients by the adjoint action of
G on R(I',G) and R*(I", G) respectively.

LEMMA 2.2 ([K-K],[F-S]). For pcR(I',G), we set
m :={i| p(x;) # =1 € SU,}.

Then the component of R(I",G) (resp. X(I', G)) which contains o (resp.
[p]) is 2m —3 (resp. 2m —6) dimensional closed smooth manifold.

For pe R([',G) and i=1, ---,n, we have

ev-1; 0
23 oe=("" )
where 0i=2”l" for some [;,=0, - - [ ‘;‘ ] According to [K-K], the ro-
a;
tation number (I, ---,1,) characterizes the component of R(I",G) (resp.

X(I", G)) which contains p (resp. [o]).

Let R(ly, ---,l.) (resp. X(l, ---,l.)) denote the corresponding component.
Then

R([', G) = H(ll""‘ln)R(ll’ MY ln)
X(P, G) = H(ll,---,z,,)X(lh T ln)-

We use additional notations. Let R,(I',G) (resp. X,(I',G)) denote
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the union of top dimentional components of R(I",G) (resp. X(I',G)).
Since the lower dimentional components of R(I", G) (resp. X(I', G)) can be

viewed as contained in the representation spaces of I"=I"(0:a, ---, a}_,)
for some af, ---,al_,, our main objects are components of R,(I",G) and
X, Q).

Now consider the symplectic structure on X(I', G). For this purpose
it is natural to identify X (I, G) with the moduli space of flat SU,-V-
bundles over the 2-orbifold M=H|/I'. An element p€ R(I",G) defines
the principal G-bundle P(p)=HX G with the flat connection A(p) which
comes from the trivial flat connection on HXG. For a principal G-V-
bundle P—M, set

R(T, G)r={p€ R(I", G)| P(0)=P},
X(I', G)»=R(I", @):/G.

Let & (P) denote the space of all flat V-connections on P, and G(P)
denote the group of all gauge transformations on P. Then by the
holonomy representations, we have a bijection (diffeomorphism)

2.4) hol : F(P)/G(P) — X(I", G)».
As for the tangent spaces, there are natural identifications
T[A]g(P)/g(P) =H},(M, adP),
T[,,]X(F, G)P:Hl(]’, gm)-

Here H}(M, adP) is the de Rham cohomology defined by the covariant
exterior derivative d, on the space of adP-valued V-forms on M, and
HY(I', ga4o) is the group cohomology of I with coefficient in the I"-module
8440 (i.6. the vector space g with /'-action defined by Adop). As is well
known, there exists an isomorphism

(2.5) H%(M, adP) —» H*(T", g.a,)

And it is easy to verify that for *=1 the isomorphism

HY(M, adP) —> H'I", g440)

is given by the differential of the map hol (2.4). Note that the isomor-
phism (2.5) is natural with respect to the cup products of H*(M, adP)
and H*(I', gaq).
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Let C(P) denote the space of all V-connections on P. This is an
Q'(M, adP)-affine space. Here 2'(M, adP) is the space of all adP-valued
V-1-forms on M. Let B:gXg—R denote an AdG-invariant nondegenerate
inner product on g=su, (e.g. B(X, Y)=—tr XY). This defines the metric
B on the V-vector bundle adP. Now we have a symplectic structure
o on C(P) defined by

oue )=, BEA)

for AcC(P) and &, 7€ QY(M, adP)=T,C(P).

LEMMA 2.6. The symplectic structure o on C(P) reduces to define
the symplectic structure on F(P)/G(P).

This fact is well known when M is a compact orientable surface
([A-B], [G-1]). Althouth we are concerned with an orbifold H/I", the
proof is the same.

By the identification (2.4) and (2.5), we have the following.

COROLLARY 2.7. The representation space X(I', G) has a symplectic
structure. Explicitely, the symplectic 2-form o is given by

o[, [v]) = (B« ([#]U[v])) N[2],

Jor [ple X(I', G) and [u], [v1€ HYI, guso) =T X(I', G), where [z]€
H,I',R)=R 1is a generator, and By:HI', §4:0Q84s,)>H [, R) is a
natural map defined by the AdG-invariant inner product B on g.

In §3 we will need the explicit description of a generator [z] of
H,(I",R). So we take the homology class [z]€ H,(I', R), represented by

a,;—l
i l;) (25, %) 4 (T5, Bigilligg - - - wn)} € Z,([", R).

2.8) e= 3 {—

i=1

§ 3. Hamiltonian S'-actions on X(I', SU,)

In this section we define a Hamiltonian S'-action on X(I',G) asso-
ciated to a simple loop « on the 2-orbifold M=H/I" with certain condi-
tions. We give applications later. As is noted in §1, in case of
X(m(2,), G) a similar construction of an R-action is given by [G2].

First, we recall the fundamental notations from [G2]. Let f:G—R
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denote an AdG-invarianat function. Then the AdG-equivariant function
F:G—g (called the vartation function of f) is defined by

d

3.1 —
(3.1) i

f((exp tX)A)=B(X, F(A))
for Xcg, A€G. Here B:gXg—R is an inner product of G. In the
following, we set G=SU, and B(X,Y)=—tr XY for X, Yeg=su,. For

example, if f(A)=tr A, then F(A):—%(A—A‘l). Note that since F' is
AdG-equivariant exp tF(A) commutes with A for any € R.

DEFINITION 3.2. We define an AdG-invariant function f: G\{x£1}—R
by f(A):= cos“1<-;— tr A).

ev-1

0
That is to say, if A:( _w> for 0<O6<x, then f(A)=6.

0 ev-
It is easy to verify the following from the definition of the varia-
tional function (3.1).

LEMMA 3.3. Let f:G\{x1}—>R be as in (3.2). Then the variation
Junction of f, F: G\{x1}—g, is the AdG-equivariant function such that

L V)
0 ev™) 2\ 0 —+/—1)

Now we take a simple loop « on the orbifold M=H/I'. The element
of I'=x={"(M) associated to « is also written by a. We assume the
simple loop « satisfies the following condition.

for 0<0<L.

Assumption 3.4. For any p€ R,(I",G), pla)#=x1.

For example,
a=x, (rx;)* (where 1#j)

satisfy (3.4). Note that a=wzx;x, (where 4,7,k are all distinct) does
not necessarily satisfy the assumption (3.4), since R(I'(0:a;, a;, ai), G)
is not empty in general. In the following we take a=(xx;)** for some
%, J(1#7).

For the simple loop a which satisfies the assumption (3.4), we decom-
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pose M as
M=M, U M,, oM,=a,0M,= —a.
Define
fe:R(,G)—> R and F.:R,([',G)—>g

by fu(o) :=f(o(@)) and F.(p) :=F(p(a)) for p€R.([', G).
These induce

fo: X([,G)—> R and F,:X,([I,G)—g.
Now we define an S'-action on R,([',G) and X, (I, G).

DErFINITION 3.5. Let «, M;, M, be as above.

For t€ R/2xZ and p€ R.(I', G) we define t-p€ R,.([",G) by
e(r) if yeni® (M)
z(o)p(r)z.(o)™t if  y€ a7 (M)

where z,(0) =exp tF.(o) € Z(o(a)) (the centralizer of p(a) in G). This
left S'-action on R,(I’, G) induces a left S'-action on X,(I, G).

(t-0)(r) 12{

We can describe this S'-action using the linkages as in [F-S]. For
example, let a=2, - -+ %,_,(=(x,_,x,)""). Under the identification

(3.6) R, G)={(X, -, X)) €G| X5=1, X, --- X,=1}

ev=1; 0
(0
0 e~v-14;

for some [,=0, - - -, [ (;" ], the element of R,([',G) is as-

where

2rl;
a;
sociated to the linkage in G=SU,=S*=R*U{co} spanned by the n-point

Xl, Xle, X1X2X3, ct ity X1 st Xn—ly Xl o X”-:l.

Then the S*-action on R,(I", G) is the rotation of the point X; - -+ X._;
prependicular to the axis through 1 and X, .-- X, ,. Note that the
distance from 1 to X, --- X,_, is the value of the function f,. See
Figure 1.

THEOREM 3.7. Let « be a simple loop on M satisfying the assump-
tton (3.4). Then fo: X.(I',G)—R is the moment map of the S-action
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XXX,

Figure 1

on the symplectic manifold X,(I",G) associated to a. In particular this
S'-action preserves the symplectic structure o on X,(I', G).

REMARK 3.8. We need the assumption (3.4) for a simple loop « since
for f as in (3.2) the variation function F' of f is not well-defined on the
whole of G. On the other hand, if we define f:G—R by f(A)=tr A,
~%(A—A-‘) which is defined globally on
G. So we can associate to any simple loop « the R-action on X,(I",G)
with moment map f.. But in general this R-action can not be deformed
to an S'-action.

then as already seen, F(4)=

Proor OF THEOREM 3.7. We assume that a=wx2,. Otherwise the
proof is similar. We have to show that for [u]€ HXI", §asp) = T X (", G)

(3.9) (df ol ul=wpn([u], [X])

where [X1€ HYI", §aap) = T; 3 X (I, G) is the fundamental vector defined
by the S-action on X,(I",G).
That is, the cocycle X € Z'(I', g44,) is defined by

3.10) Xtr)=-2-| -0 met)
_{0 it r=w,,
| Fulo)—Adp(y)Falo) if 7=, -, ..
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Since both the funection f, and the S'-action on X,(I',G) are induced by
those on R,(I", G), we lift those to R,(I",G) for calculations. The path
0. in R.(I",G) through p whic is tangent to w€ Z'(I, ga40) = TL.R.([", G)
is given by exp(su(:)+0(s%)p(-). So the LHS of (3.9) is calculated as
follows.

@) =-L|  file)
:di Sflexp(su(a) +0(s%)p(x))
s ls=0

=B(F(o(a)), u(a))
=B(F.(p), u(a)).
The 2-form on R,(I",G) which induces the symplectic 2-form © on

X.(I',G) is also denoted by w. By (2.8) and (2.9), for u, v € Z*(I", §us,)) =
T,R.(I'", G)

Bu(w?), v(a) — Bu(er), o(ae -+« 5,))

Here recall that the cup product By(uUwv) € Z*(I", R) is the map I'XI'—R
defined by

(#, y) —> B(u(), z-v(y)) =Bz~ u(z), v(y))
= —Blu(z), v())
So the RHS of (3.9) is

0,(U, X)= —0,(X, u)
--zl%

a;

":z;:: B(X(x7"), w(xi)) — B(X(%7"), u(@iyy -« - x,,))}

By (3.10), this equals (abbreviating F.(o) to F)

” ai—l
- 5 {5 T BF—arF, (@)~ BF—27"-F, ufwus, -+ 2,) )

=~ 3 [ L5 (B, ulen) - Bldd(e)- F, ule)

a;

— (BIF, u(wess -+ )~ BAd(@) - F, w@iss - - 3.)) .



550 Tatsuru TAKAKURA

Here note that
B(Ad(x:") - F, u(x))=B(F, u(x:*")) — B(F, u(x;))

and
B(Ad(z7) - F, w(@iyy + - - .))=B(F, u(; - - - x,)) — B(F, u(:)).
Hence the last quantity equals

—B(F, u(w; - - - ¢,))=—B(Fa(0), ula™))
=B(F.(0), ula)).

This proves the theorem. &
By the theorem of Frankel ([F],[A-M-M]) an immediate consequeuce
of Theorem (3.7) is the following.

COROLLARY 8.11. Let o be as in (8.7T). Then the function f. is the
Morse function (tn the sense of Bott) with only even indices.

In [K-K], Kirk-Klassen proved a conjecture of Fintushel-Stern which
states that X(I", G) has a Morse function (in the usual sense) with only
even indices. (A similar proof is given in [T]) The main step of their
proof is the claim of (3.11) for a=xzx, --- x,_,. Thus we obtain the
alternative proof.

Now consider the Morse theory for the function f, for =22, -+ - 2,_,
(ef. [K-K, §3]). Under the identification (3.6), the critical point of f,
in X(I", G), which equals to the fixed point of the associated S*-action,
is represented by (X, ---, X,) € R.(I", G) of one of the next two types.

(A) X, X, ---, X,_, are all commutative (i.e. lie on the same maxl-
mal torus=S" of SU,).

(B) X,_, and X, are commutative.

The critical points of type (A) are identified to the elements of
X(I'0:a,da,,a,), G (where a=a, --- a,_,) and consists of finite number
of isolated points. The critical points of type (B) are identified to the
elements of X(I"(0:ay, @y, -+, Gy_s, b), G) (Where b=a,_,a,) and consist to
submanifolds of X,(I", G) of codimention 2.

By studying the critical point set of type (A) and type (B) in each
component X(I,, ---,1,) of X, (I',G) we will obtain the information about
the topology of this component, but in general we need the inductive
arguments (because of the critical submanifolds of type (B)), and it may
be rather complicated.



Representation spaces 551

But for some special components we can proceed further.

First, for example, assume that the rotation number (I, ---,1)
satisfies
(3-12) 01+ cte +(—0z)+ tt +0n—1<0n<61+ tee +0n—1<7r
for each 1=1, ---, n—1 where 01-:%. Then it is easy to see that

a;
Sela=2, - - x,_,) has only two critical values

the maximum=6,+ --- +6,_,
the minimum=46,—46,_,,

and the associated critical submanifolds consist of

a non degenerate critical point (type (A))

a (connected) submanifold of codimention 2 (type (B)).

Now the theorem of Delzant [D, Théoréme 1.2], which is an analogue
of the well-known theorem of Reeb [R], states that such a compact
symplectic manifold with Hamiltonian S*-action is just the complex
projective space. Thus we have the following.

PropoSITION 3.13 (cf. [B, LEMMA 2.13]). For the rotation number
(y, -+, 1) satisfying (3.12), the component X(1,, ---,1,) is diffeomorphic to
P3(C).

Secondly, the low dimentional (i.e. dim.<4) components can be com-
pletely determined (K-K], [B-O]). We consider this problem in the
next section.

§4. Hamiltonian torus action on X(I', SU,)

In this section we construct a Hamiltonian torus action on X(I', G)
by applying the results of §3 to some simple loops on M. We will see
that this torus action is closely related to the method of [K-K] used to
determine the 4-dimentional components of X(I”, G).

LEMMA 4.1. For distinct 1,7, k,1e{l,---,n}, two S'-actions on
X.(I', G) associated to a=wxx; and B=x,x, are commutative.

Proor. We may assume a=2,%,, =2, To distinguish the two
St-action, let
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A S'XR,(, G) —> R.(T, G)
Ay S'XR,(T, G) —> R,(T, Q)

denote the S'-actions on R,(I", G) defined by « and B respectively. What
we have to show is

[As(s, Aalt, 0)1=[Aa(t, Asls, p))1€ X. (I, G)
for s,t€ S* and p€ R,(I",G). An easy calculation shows that
Ap(s, Aalt, 0) = Ad[(2a):(0), (25).(0)1(Aa(t, Asls, 0))

where (2.).(0)=exp tF.(0) and (25).(0)=expsFs(p). This proves the
lemma.

THEOREM 4.2. For n>b5 (resp. n=4), the representation space X.(I',G)
has an effective Hamiltonian T -action (resp. S*-action).

ProoF. For n>5, the [%]’s S'-actions associated to simple loops

L1%q, X3ls, * * *, Loraf21—1L2rn/2]

are all commutative by (4.1), and define the desired Hamiltonian torus
action. As for the case n=4, two S'-actions associated to

zx, and @, (= (%,%,)7")

are essentially the same (more precisely, they are the inverse actions
of each other). Hence in this case we must take one of them. M

For example let n=5 and describe the Hamiltonian T?-action asso-
ciated to a=u,x, and 8=ux; using linkages as in § 3. This action consists
of the rotations of the point X, X, and X,X,X,X, around the axes from
X, to X.X,X; and from X, X,X, to 1. See Figure 2.

Kirk-Klassen [K-K, § 4] determined the topological type of the 4-
dimensional components of X(I',G). They proved that a 4-dimensional
component is homeomorphic to either P* X P'or P#nP? (n=0, 1, - - -, 5). Their
method is to investigate the position of the point X, X, X;. In our ter-
minology, this is equivalent to study the image of the moment map of
above T-action. That is, what they did is interpreted as the reconstruc-
tion of the 4-dimensional (symplectic) manifold from its image of the
moment map of the T?-action. In general Delzant [D] proved the
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XX

XX XX,

]_:X,X:X;X:Xz

Figure 2

following result on the Hamiltonian T"-action on a 2n-dimentional sym-
plectic manifold.

THEOREM ([D] see also [A, PROPOSITION 5.3.1]). Let M be a 2n-
dimensional compact symplectic manifold with an effective Hamiltonian
T*-action. Then M 1s T"-equivariantly symplectic diffeomorphic to a
nonsingular toric variety.

Here we mean by a toric variety a projective variety of complex
dimension, say, N on which algebraic torus T7Z acts algebraically and
there exists an open dense orbit which is isomorphic to T9¢. Toric
varieties are constructed from fans (see [O]). Now by Theorem 4.2, for
n=4,5,6, the compact symplectic manifold X,(I",G) has an effective
Hamiltonian action of the real torus of the half dimension of it. Hence
we have the following.

COROLLARY 4.3. The 2, 4, 6-dimensional components of X(I', G) admt
a structure of nonsingular toric variety.

This statement is previously noted in [K-K] without proof.
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